Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



8S 



1 



J 



• f 







z • 



* . 



* 




A 



SYSTEM 



Q E 



MECHANICS, 



B S I N G THE 



SUBSTANCE OF LECTURES UPON THAT BRANCH OF 

NATURAL PHILOSOPHY, 



By the Rev. T. P A R K 1 N S O N, M; A. 

RELLow OP Christ's college, Cambridge. 



C A M! B R I D G E,. 

Printed by J. Archdeacon Printer to the UNIVERSITY;. 

PotJ.&J.Mkarjll. and J.Deighton, in Cambridge ;T. Cadell, and P. Ei;&c3Lt^> 
iatlm Strand, B. White, in Pleetftreet, and G.Wilkie, in St.. Paul's. 

Churchyard, London. 



MDCCLXXXV. 






I -^ 



r 






r • 



» > 



.:i 



i^ 



« • 



» # . * , 



• '. > 



i 1 . 



> f • » 



/ % 



• ... 



^T' 



.>ru V ■: 



%iN 



\ . 






> t 






* i 



m 

4 ' • ( . 

1 : > ) 1 f : 

i. 4 -» . . 



; . 



r • r 



i -x 



.!.•. Jk>. -.•! «J ■ 



. I 



4 . .11 1 



TO TKE 



TUTORS, AND OTHER MEMBERS OF THE UNIVERSITY^ 



INTERESTED IN THE 



ADVANCEMENT OF PHILOSOPHICAL KNOWLEDGE^ 



THE FOLLOWING 'WORK, 



FOR THE USE OF THE ACADEMIC STUDENT, 



IS, 



WITH GJREAT DEFERENCE AND RESPECT, 



INSCRIBED 



RY THEIR VERY HUMBLE SERVANT, 



THOMAS PARKINSON, 



CRRIST'i eOLLBOt,. 

hOV. 25, 1784. 



TtiiT or 



• . J/ f "»•».. 






J ;. \ "s) .",,^.Trn,/o;'' .^ iri'l') C!'rA .•'.'iOTUT 



:-.:IT ZI CIj.TaS.'IITIlI 



■ ;(• • : •• ■• y .-: j.-. ; • .'^'io.Tim 10 Trriii/'nuy/.vciA 



,>;:o\/ v)k.iv/ojjo? hht 



. 1 .:' .'.'i I r. '..'i '.MClALiA 3IiT vO a2*J SHT SL'Ol 



<yi 



..< .i.I'i .■.::« G'jA ^0Vi3M3.1S.a TAISID HTIV/ 



c in. '.''OS XI 



'• :./.7i;;ib jjauoji Y^iHV iiis^n r v 






^ ' * •• V ' k 



. c 



» 



tf. t • • ♦ . 



/ • 



f ♦ • • > t • 



* • ■»• 



» » 









I 



• 



* .h ^ 









. I * « .> * 



r • • 

'"f '*HFE^ want ii)? fytomat?<i freatifes, 6n mechanics arid hydro- 
* *Jt' HaJtrcs hkth long been confid^red as equalfy" trouhlef6r4re t^ 
£he tutor; and difcburaging to his pupils, and fir ft induced a defire t6 
facilitate *the^ attaiirmcnt of thefe branches of fcience by a cqllefiion, 
and methoididal^af-rihgement, of their fcattered parts. Thepirefent 
coiffcides-,-V^rf ^nearly, with the propbfitions, or heiicfs of fcfturesr^ 
opdn this (Sbjeaf, Sidopted by^he genefjsrfity df tutors itt the faniver- 
fity, and is recommcridcd fey an obvious connexic/n and regular order 
of dcpchdancy. In all natural fcicncc, the analytic txiethod of rea- 
Ibning heciflarify fwrecedes the fyinthetic, and the coriverfci of' 'this 
dtfder would'tet*mih^tfr iH dncfcttainty and ch^ "f he leiiilcnct} 

and delineatioh* oi tfeble pi^^cmes* of matter/ which irc*eonccivcd 
ro gen«rat«'tht phenc^mtiia of^^ieffuft arid^motibriV'arfe therefore 
ckmcifely and generally premrfcS ihi the fiift tix chapters, * and fup- 
ply <latia, deHvcd from experience and uncontrovertec^ fa€ts, f^r 
fynthetfc cfemon ft rations, 'The ^^iTcral properties of motibti itffe 
dcfcribed- iftp'the chapter liporf-Tolidity,' bcraufe the' deleft cbni.^ 
^i{^tTohs bpvAotiarfiai-e dfKveif Yrom impuIFe, ' wWth ^aiiies^ front' 
i<flidity; -dhdUhe-laws dP motion arc introduced i\x the chapter 
iii)6itth<P?nertid! oJ^rfiaite^.'-becWufe tfcey areln^epiribLyconaicaerf 
-•' :: with 
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with it. The compofitinn^ana iiefelnriftnjrf^nrgi»« «it> immMI- 

atelyluBIequerit^ l>ecaule every propSiHbn upon* tEis lubjcA is 
deducible from the iecond law of moti(m» and may be efteemed 
a corollaiy ta it. The connection of the other parts of the trea* 
tife is, I truft, equally natural and obvious. To have divefted 
this elementary branch of philofophy of that dry, vninviting 
afpe^ (a frequently and^feelingU lameotpd by ^ youM pupil» 

was ceft^ly mbn defir:^ ; but the fame compaint is T(pplica> 
ble to the elements of all fcience, and could not, I believe, be re- 
moved without an entire change of the formality of precife de- 
finitions and propofitions. into a more undefined and lefs fcientific 
form oi compoTition^ nor consequently without facrificing real 
?^J?HX\^|t to }«^. material, amyiewejt. . .TR|^ ff^lfffo^g^fffft^my 

^"^^.i^fi^^^-^^m^ *^<»wf^r!n^it^ Al- 




titude £^ bookstand ^. arrs^ngemeiit GQinddijig,wi^h il^,i«^^f■Q». 
THc »^ is wntfcn/ii^ the^^^ 

|ormit;^i^.deiiip«)lkafion^ are diU|c<^ or <ciM;),tra£^ a& yf^^f^p^fA 
cj^dienU an4 ibisaetimes,.thou$li«s.(k'Ii^in as podSJble^ iww p|:oofa 
are gtvecL' It is ajo> eafy taik to corapo& a fyftem equally accook- 
modated to oivecy ^fctji^toa <?£ uiidetAandiags, and I dare opt 
lippe tQ have accon^p^ibed it ^ for the bcpe^pif thoTej wbO'inay^ 
jpe 4i0ratisiifi(); yuth the difcuflioa of, aqy .fubje^ ^er/s, a^uft^t^ rfh> 
fciiciicesi :tq the page or. chapter of the ,l»ft;Witcj-8[,wl»rft it i^- 
ti:eated» are always inierted. To be offecyice to. the ignoraii^ and 
uninfbirmed was. the chief motive ifor undertaking this i^rork, and 
ij^ jQole ob^jSifl of attention ia the execiit^oa of it :. thk laft (con- 
^derattqa may ferve to. obviate fonve, o^je6lionsj^. whidaj n|atttrall5^, 
^ill occuc to* fnoce enligh^oed fif(^d^^ ^^J^eady; (;oBiy<f:&^t ^i^ 
the fiafcje^ :htA, i appear to prefume upon, the expemnce thia^ 
ioay be fuppoftd ta attend my iituatioD,, t he^ leave to. expilaiiii 

myr 
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wgefidft .WI^ifiMepil denMftrtticto^ ef the iiniiec|i«>poiitt9»fire 

pottmH fiibjcSi iff ttartoi wttlt ftfctixity; ^nd extended: bRy9n4 ^ 
Hoiits xihMflpr^knh^ to im c^oideiiiiy toettifi^. kt.^tOAl :M 

aftrttl^dr iitifitif;;^ Itxniqfb bfircnesibtt^ Ait tkv faii fiA$h 
qaatp id^ iip^ a n^ fiili|ed ait oot/flimiQWiKi^ tswn 

iient iinin:«(iion, and that the capacity and comprehenfion of an 
uninformed mind are only expanded and improved by repeated 
exertions and afliduity« Science implies ibmctfaing more than a 
mere ability to go through a demonftration ; and a clear compre- 
henlive knowledge of a queftion, which may be competent foi* the 
ibiution of problems and diflipation of doubts and objefUons, is 
fierhaps only to be attained by long refle6Hon> and ftudioufly con* 
«cmplating it on every fide; and thefe are certainly much ailifted 
by different demonftraitions, which place the fubjeft in different 
points of view» and by tracing itf affinity with other truths fimi- 
lar to» or deducible fromi it^ A fiagle demonftration may eafily 
be too long, and too anxiotis. idttips to be perfpicuous may occa- 
fion perplexity and confufion ; fyx% it is not cafy to give too many 
dcmonftrations of a fundamental ]^pofition« or too many pro* 
blems and coroilaries reiulting fnp^n it- This fpecies of prolixity 
appears to me to be exti emely ufeful, as it may, at lead, teach a 
young fludent the art of thinking, an art which can only be ac« 
quired, and is found indeed to be no ealy acquiHuon. For thefe 
reafons, the reader will obferve fome leading fabje<jts extended be- 
yond the bounds abfolutely ncceflary, and fome parts will appa- 
rently be fupcrfluous: I fliall hold him juftified in thinking fo^ 
wb^i). I^il)^y be fo inforcned on the fubje^l as to pronounce them 
u(eleTs to him. 

I can- 
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tliianlcs ttb^Mr^ Fiiher and Mr!¥ificb, of Cahii CdHegeahf]^ ihk'fiitt 
for his geaoral theorem '<»f theiwcdge$!to thediiter for UsftdiMly 
reviAon of the whdle w^k, ' Had: 1' confutled thefe fpiefids mor^ 
freqlfietitly, ihany ercore >and imperfe£iuAi9, foci bplieveitbeEeiarei 
mkttji t&ig&trpofllblf'ihav^cbeenci k?oldeal^j:N^. dnnksltaiBrfaMQc 
fuftly dutto thofe gentlcmdpivvlio HaveiBiadUyrifaDik(hiisd,A(iis.Uii«i 
dertalang with fihek approbatina and fitppod^ aod: I nil^gfyiCdK* 
bfact ttas^ pbblic <^portunity t of acknbwledgia^ m^r obiqpirianr.' • 
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INTRODUCTION 



TO THE STUDY OF 



NATURAL PHILOSOPHY, 



i.T^TATURAL phenomena, in the wideft acceptation of the 
J^^ terms, denote any eflfefts in the material part of the crea- 
tion addrefTed to one or more of the fenfes ; and natural philofo- 
phy is the hiftory of thefe phenomena, and an inveftigation of the 
caufes employed in their produftion. A phenomenon may itfelf 
be a natural caufe produflive of numberlefs effefts, and each of 
thefe may alfo be a caufe of others, &c.; for, of that infinite 
variety of events obfervable in the material world, none are in- 
duced per faltum, but efFcft is dependent upon effeft in contiguous 
fucceflion. As matter is totally inadtive, and incapable of com- 
municating motion to itfelf, all its motions, and powers of pro- 
ducing a change of motion, in the various operations of nature, 
are derivative: but the inftruments immediately directing the 
movements of the feveral parts of the fyftem elude the inquifitioa 
of human ability, and whether any inexplicable effefl be owing to 
the Creator's immediate fiat, or fome fecondary material power, 
cannot be known j for the aftion of a pure fpirit upon matter can- 
not be comprehended : but many fubordinate inftruments in the go- 
vernment of nature are confpicuous, matter being imprefled by its 
great Creator with feveral attributes, which appear, and are conceived 
by fome philofophers, to refide in it, minifterial to the continuance 
of exiftence and prefervation. The rules by which thefe attributes 
are direfted in their operations, are called natural principles or 
laws, becaufe in fimilar circumftances, they are invariably the fame; 
and the attributes themfelvcs are generally called powers or forces, 

A from 






INTRODUCTION TO 

from llie rimTfitude oF tlieir effeJls to tTiofe produced hy animal 
exertions : fuch are gravity, cohefion, elafticity, magnetifm, elec- 
tricity. The uniform and regular aflion and utility of fome of 
thefe nattira! powers are verj obferv^ible ; tut the laft powers 
feem to be ftill in a ftate of analyfis, and the laws, by which their 
influence is dire£led, very imperfeftly afcertained. The attraftion 
of cohefion, or of that power by whofe influence the minute par- 
ticles of matter tend to each other at fmall diftances, is the cement 
whkh prevents the difperfibn off the component parts of matter, 
and, as far as we are competent to decide, adminifters to the 
growth of bodies in the animal, vegetable, and foflil kingdoms. 
The figures and motions of the great bodies compofing the fo- 
lar fyftem are preferved by an uninterrupted exertion of the at- 
traftion of gravity. Nor is the oppofite quality of elafticity or re^ 
pulfion lefs regular or important. The particles of air are endued 
with this repulfive power which is eflential to the preservation of 
all bodies contiguous to it, and a diminution of it Would propor- 
tionably diminilh its falutary infliience, rendering it noxious 
to animal and vegetable life; and many hard bodies are obvi- 
oufly pofTeffed of this quality probably to preferve tlieir fpecific 
nature by protedling their conftituent particles from the efiefts 
of attrition, &c. The operations of other attributes of mat- 
ter, however defultoiy and accidental apparently, are, upon the 
fuHeft information, difcovered to be reftrained within pi^fcribed 
Kmits, whofe obfervance is produftive of harmony, and violation 
of difopder. Plants and animals are always produced from their 
proper feed ; the refleftion and refra£lion of light are efFefted ao- 
cording to inviolate laws i matter, by its vis inertiae, refifts the 
aftion of any material power, and when in motion moves, accord- 
ing to determinate rules, &c. To defcribe the various phenomena 
exhibited in the production and change of motion in the material 
world, whether explicable or not, promifcuoufly, is the bufinefs of 
the natural hiftorianj arjd to feleft thofe which are explicable, and 
inveftigate the fecondary powers, or qualities, conceived to be refi- 
dent in matter, by whofe infl:rumentality they appear to be effe£ted> 
is the province and proper occupation of the natural philofopher* 
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2. The hiftorical part ol phjilofophyv o£ ckfcription of natural 
phenomena is immediately tranfccihcd from the works. o£ nature^ 
and, £roHi the kiadequacy of our ideas of i9iattci*> an inveftigatrofi 
of the feconda-ry material powers, prodjucing thetn muft be dedveil 
from the fame fource. Som< phenofQCoa being ohferved to be 
invariably coexiftent or fuqceflivc, a conntjdon is UDderftood, <x 
prefumed) to obtain between them ; and» the ob^^l of pbiloTopby 
being an evolution of this connexion^ the works of natuijc vbujce 
only it is difcoverable, muft be attentively explored, the relation 
noted, and extended, by a cautious ieleflion of all the circumflances 
of finwlitude in other phenomena^ tp a common principle or I^w 
of nature. The followmg procefe is therefore adopted by the beft 
philofophers, and is the only certain method of philofophizing. 

Firjl^ By repeated qnd accurate obfervations upon matter, or 
upon fbme general fimilar phenomena in the materral world-, the 
exiflence and qualities of any individual caufe are demonftratcd from 
the phenomena evidently and invariably attached to it ; the caufe 
of this caufe, and the caufe of this laft, &q. and the efFefts fuccef- 
fively more fubordinate and particular refulting from the phe- 
nomena, coii&iered. as me^dttnlcal catt£^ «re then inveftig^t* 
ed by again exploring the. works. o£ najtjur^, and. this proce& 
is repeated to the limit of human aibiltlry; How far the chain q& 
thefc fecondary material poMrers> eiiher ptogreffive or reg^efliv^ 
from thofe that are more general, tat, thsir iiibofdinate effects, an4 
vice verfa, is extended, is undifcaverabk} but th« philofophejc^s re^ 
fearches are foon limited by the occurrence of bodies inconceivably 
miniitq, or r^nsotved to itQMOftftfMraJlri^ cltftancQs. An exammatlon 
of the few powers that are known is, however, a rationial and not 
unprofitable employmenir; for thfly exhibit proofs of unbounded 
jower^ confunjroate wifdom, and,patQrnal benevolence iathe great 
Ccciatpr ) and by their coanexiom w^th many ufoful arts, are made 
fubfervient to the wants and infirmities of his creatures. Secondly^ 
The i'ntenfity at a given 'dii^ce^, and Uw of variation. at di^ent 
diftances, of any material power being afcectaincd by the menfui^ 
ration of its effeds, it is affumed as a priociple^ and from ijfca in^ 
flueQj:e, all fimilar phenomena are demonftrated to sefult by 

A 2 mathe- 
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mathematical or other fcientific methods of reafoning. For many 
€ffc6ts are^ upon examination, found to bear ftrong marks of 
iimilitude, which to a negligent obferver exhibit no likenefs ; and, 
thefe being divefted of all adventitious particularities, and ranged 
under the fame caufe, a few principles are difcovered to pervade 
the whole fyftem of matter, producing innumerable phenomena. 
The firft of thefe is called the analytic, and the fecond the fyn* 
thetic method of philofophizing. 

3. Examples illuftrating the analytic method of reafoning. 

Ex A MP. I. The fpherical figure of the earth proved ana- 
lytically. 

PHENOMENA. 

Phenom. I. The altitude of either pole of the equator is al- 
ways equal to the latitude of the obferver. 

Phenom. II. In an eclipfe of the moon a feftion of the 
earth's fhadow is always terminated by a circular arc. 

Many other phenomena might be adduced in proof of the glo- 
bular figure of the earth, but it is eftabliAied by thefe, becaufe no 
other afford a folution of them. This figure was imprefled at the. 
original formation of the earth, and is preferved by an unremitted 
exertion of the attraftion of gravity ; and here the analyfis ter- 
minates, the caufe of gravity being undifcovered. 

4. Ex AMP. II. The diurnal revolution of the earth proved 

analytically. 

PHENOMENA. 

Phenom, I. The fun and moft of the planets revolve round 
their axes, and a fimilar motion of the earth is analogous to thefe. 

Phenom. II. The fun, planets and fixed ftars appear to re- 
volve uniformly in circles, whofe planes are perpendicular to, and 
centers in, a line pafling through the center of the earth, and per- 
form one revolution in twenty- four hours nearly. 

Phe- 
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Phbnom. IIL The gravity of bodies is leaf): under the equator, 
and increafes as they recede from it. 

If this motion of the heavenly bodies were real, they would be 
retained in their orbits by forces tending to their correfponding 
centers in the axis of the world (Newt. feci. 2. prop. 2.), which are 
imaginary points in which no attractive powers refide ; and fome 
of thefe motions could not be effefted without the influence of 
forces infinitely greater than any mechanical powers yet difcovered. 
They are therefore apparent only, and refult from the rotation of 
the earth round an axis ; and this is confirmed by phenom.2* which 
is eafily explicable by, and inexplicable without, fuch rotation. 

5. ExAMP. III. The properties of light inveftigated ana- 
lytically. 

PHENOMENA. 

Phenom. I. If the fun s rays be admitted, through a fmall 
aperture, into a dark room, and refrafted through a glafs prifm, 
an oblong image confiding of feveral colours will be formed upon 
a fheet of paper placed at a proper diftance. 

Phenom. II. If another prifm be placed behind the former, 
fo that their axes be perpendicular, the image will be refra(5Ved 
on one fide, of the fame length and breadth as before. 

Phenom. III. Any one colour refraftcd through any number 
of prifms, always exhibits a circular image of that colour. 

If the fun's rays were equally refrangible, its image would be 
circular, and, if differently refrangible, oblong; and confequently 
(phenom. ift and 2d) light is compofed of heterogeneous parts 
differently refrangible. If the fun's rays fplitted or dilated by re- 
fra6tion, the image would be circular and increafed by every re- 
frattion, therefore (phenom. 2d) they do not fplit or dilate; and 
(phenom. 3d) the properties of homogeneous rays are innate and 
unalterable by refraflion. 

6. The 
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6« The cancktfioiia thua derived hy amalyfia are analogic^ as 
they refult from a comparifoa betweea prtfent and paft phi^no^ 
mena, and will be juft only when thefe comparifons are repeatedly 
made, and the fimilitude of the phenomena perfe6Hy eftablifhed. 
In example tht ifK the altitude of the pole being found eq^ial to 
l3ie latitude of the obferver, and a feftioji of the earth's ihadow to 
l^e a circular arc^ and tliefe phenomena being* inva-riably thc> fam« 
Jn innumerable trials, an afferance that they reiult from ibm^ 
fixed caufes and will, never vary, arifes and commands our affent. 

Philofophy therefore, when real and not fantafti^a), has for its 
bafis uniform and uncontrovef ted experience ; and hence appears 
the neceflity of adhering to the firft rule of philofophizing. 

RULE I. 

Na more cau/es of natural events ought to be (tdmi^ted than 4/^ real^ 

and fufficitnt to explain the phenomena. 

« 

7. Of thofe bodies which arc neither cpncQaled by their minute- 
nefs, nor remote diftance, few can undergo ^n analytical diffcuf- 
fion 5 and philofophy woijhd be very limited* were it confined to 
thofe only which have aftuaHy been the objefls of experiments \ 
but it is rendered univerfal by obferving the following ruks* 

RULE II, 

EffeSls of the fame kind are to be afcribed to, tbe^ fame cat{fe. 

« 

The fame caufe occafions the defbent pf bodies in different 
places of the earth, refpiration in di&reat ammals, the fenfatioa 
of heat from a culinary fire and the fun, folutions of bodies in 
differend; mejoikniumst aa4 of wat^r in ^ir, 6cc. 



RULE m. 

8. ^bofe qualities of matter which do not vary^ and are found in all 
bodies that admit of experimental examination^ ought to be confidered as 
guatitiei of all bodies in general. 

^ Thus 
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Thus, the attra6^ion of ^-avity is difoOTerid; by eiqperimdhts 
tnd atflrotaomicai obftrvHti^na, to |>er«ade hU matiter vnth .'which 
we are acquainted: ^1 bodies near the earth's Airface, and the 
moon^ gravitate towards the earth ; the waters of the fea gravitate 
tfewards the «&o6n 5 the fun, plahets, and cefnets, grivitatfe to- 
ivatds each other mutually ; and 6f this princit)le no hbSk/s ^c-*- 
teffible td ttpftfirtiiBhls tan be divefted, artd theref&re, Frotti this 
rttte, it k inifelted to be aft univerfM attribute of hiatter. 

9. As much falfe philofophy hath been difleminaled by fanciful 
hypothefes and mere metaphyfical confiderations, unfupported by 
the reality of fa£ls, the only foufxres of natural ftience^ the utility 
of the following rule is apparent. 

RULE IV. 

In experimentitl pbikfofbyy prcpofitions totle^^d from fbenoMend iJ/ 
induSiion are to be deemed^ notwithftanding contrary hypothefes y either 
accurately true or 'very nearly f&\ until other phenomena occur by which 
they may be rendered either more accurate^ or liable to exception. 

10. The exiftence, quantity at a given diftance, and law of va- 
riation at different diftances, of any natural power being demon- 
ftrated by the analytic method of reafoning, the only way by 
which they can be known ; they are aiTumed as eftablifhed gene- 
ral principles, and their adequacy to the produftion of other 
phenomena, fimilar to thofe ufed in the analyfis, is proved fyn^ 
thetically. 

Examples illuftrating the fynthetic method of reafoning. 

Ex A MP. I. The influence of the attraction of gravity, its 
quantity and law of variaticm, being afcertained analytically, it is 
affumed a« an eftablifhed general principle, and detnonftrated geo- 
metrically to be an adequate caufe of the motions of pendulums^ 
projeftiles, preceflion of the equinoxes, irregularities of the moon's 
motion, rifing and ebbing of the fea,, ahd innumerable other phe- 
nomena. 

EXAMP. 
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Ex A MP. IL The weight of the air being afcertained by expe- 
rimentsf^ it is fuppofed to be allowed, and affords an eafy folution 
of the phenomena of pumps, fyringes, barometers. Sec. 

. Ex A MP. III. The equality of the angles of incidence and ^re- 
flection of light, of the conftant ratio obtaining between the fmes 
of incidence and refraction, and the unequal refrangibility of 
different colours, are difcovered by experiments ; and, being fup- 
pofed to be univerfally true, they afford eafy explanations of the 
figure and magnitude of images formed by reflection and refrac- 
tion, of the rainbow, &c. 

Ex AMP. IV. The fpherical figure of the earth, its diurnal 
motion, and obliquity of the ecliptic are difcovered by repeated 
obfervation, and, being aflumed as known principles, they afford 
an eafy folution of the doCtrine of the fphere, of the art of dial- 
ling, of day and night and their inequalities, of heat arid cold, and 
many other phenomena. 



II. Of thefe two methods of reafoning, the latter may ftriCtly 
be denominated fcience ; for the exiftence of any natural power, 
its magnitude and variation being prefuppofed, it is demonftrated 
geometrically to be competent to the production of various effeCts, 
and, were this power changed or annihilated, the truth of this 
reafoning would remain unaltered. Whether this fcience be chi- 
merical, or accord vnth aCtual exiftence, depends upon the truth 
of the prefuppofed data, or analytic conclufions, which admit of 
various degrees of conviction from bare prefumption to certainty. 
The exiftence of fome undifcovered and ftill unknown quality of 
matter, collected only from a few experiments, amounts only to a 
prefumption; but the degree of probability increafes with their 
number, and, by repeated and uniformly concurring trials, efta- 
blifties at length an evidence as unqueftioned as the exiftence of 
matter or the fenfcs. That the qualities of matter will remain 
unchanged and continue always to produce the fame effeCts, de- 
pends upon the will of that divine Agent, who ordained that the 

various 
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various events in the material world ftiould be effected by the in- 
tervention of (imple and general material caufest a£ling with in- 
variable conftancy and ufefulnefs^ and only fuffered to tranfgrefs 
their prefcribed bounds according to the dictates of infinite wif- 
dom, power and goodnefs. Prefuming therefore upon the iden- 
tity of the fenfes and the uniformity of natural operations, the 
ftudy of philofophy may be deemed Scientific ; for, being founded 
upon the bafis of uniform and uncontroverted experience, and 
geometric demonftration, its certainty will continue with them, 
and confequently can only be afFefled or fubveited by a change or 
fubverfion of the conilitution of nature. 



12. Of all magnitudes, numbers are the moft fimple, and their 
minute differences mod: eafily difcriminated, and therefore more 
fufceptible of clear ideas than any other magnitudes ; and the rela- 
tions fubfifting between powers or forces, and the changes or veloci- 
ties produced by their exertions, are faid to be known, when reduced 
to numeral exprefliohs, though the mode of producing thefe effefts 
be unknown, and perhaps undilcoverable. The next, in degree of 
fimplicity and clearnefs of comprehenfion, are lines, furfaces and 
folids, being permanent and eafily compared by juxta-pofition. 
The conception of other magnitudes is more remote and difficult. 
Forces, velocities, and times, having no permanent reprefentatives 
like numbers and geometric magnitudes, and difappearing when not 
actually fubfifting, are beft underftood from their effe£ls ; and this 
ftudy is therefore much fimplified by finding magnitudes of eafier. 
conception, and more eafily meafurable and permanent, as numbers,, 
lines and furfaces, whofe relation is the fame with that of times 
and velocities, and natural powers. Philofophy may confequently. 
be. reduced to an inveftigation of the relation fubfifting between^ 
lines, furfaces, &c. which vary as, and may be denominated the 
reprefentatives of, natural powers and their effects ; and a* know- 
ledge of ratios, or of the rules by which thefe relations are in- 
creafed and diminifhed, is a necefiary lemma to this ftudy and here 
premifed. 

B RATIOS,' 
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13. Dzv.TTJJ^HATEVBR is capable of incnafi or deereqfi^ k 
^^ called magnitude Qr quantity, as numbers^ linai, vclo^ 
citia^ forces^ ^c.. 



14. Def. Ratio is the mutual reflation of two m^agnitudn of the 
fame kind in reJpeS of their greatnefs orfmallnefs ; tbefirjl is called the 
antecedent and. tbefecond the cotifequent of the ratlo^^ 

15. Ratio is therefore a coiDpariibn, which always implies z 
fTmilitude, and is hmited by the definition to the relative g^eatnef? 
01: fmallnefs of the quantities compared. The magnitude of the 
ratio of equal quantities is. equal to nothing j for the exiftence o£ 
ratios refiilts from the incquaKty of the quantities compared^ 
though not mcafured by it; and.it is evident, that the magnitude 
of a ratio may increafe or decrcafe through every ftagc of aflign- 
able quantity. 



X A M FLB & i 

FIG. I. Ex A MP. I. If the diftancc of E from B be equal to nothmg, 
the diameter ^fi, and chord ^E coincide, and their ratio is a ra- 
tio of equality, and its magnitude- eqtral to nothing j but as the 
arc BE incrcafes from nodiing to a fcmicircle, the magnittrdic- of 
this ratio increafes from nothing through every ftageof affignaftte* 
magnitude, and^ when E and ^coihcide^ is unaflJgnably great. 

ExAMH. H. Tlw^ ration of the taagcafi 3r^ to the fine SN. of aa 
an SA, on of ^ fwant CT ta the radius^ CS^ is. a ratio, of equa^ 
Vdc^ and: its nwguitude eqtial to nolhio&. -^fkaxk th« arc vAailhes,, 
and S and A coincide. But as the arc SA increafes from nothing, 
to a quadrant, the magnitude of this ratio increafes from nothing 

through 
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through evei7 Aage of aifignable tcagnitude^ and» wheti iS and ^ 
coincide, is unalfignably great. If the magnitude of this ratio 
(when e. g. £jt =:= 30'') be expounded by any finite line L^ 
and twice this ratio by twice this line, &)c. when S and A comcide> 
L is equal to nothing i and as S recedes from Aj L increafes and 
beoomes infioitiely great when S arrives at ^ 
' Ratios therefore are magnitudes, and like all other magnitudes 
the objedt of iatios, and capable of addition, fubtraftion, multipli^ 
tation and diviiian. They are pofitire or negative, according to 
their different effedls in addition . The fum of two pofitive, or of two 
negative ratios, will conftitute a pofitive, or negative ratio, greater 
than either of them s and, according as a pofitive ratio is greater 
6r lefs than a negative one, their fum will l>e pofitive or negative ; 
and, if they be equal, their (iim is nothing. The magnitudes of the 
tatio of LzM and of Mi L, or of 3 : 2 and of a : 3, are clearly 
equal, but of different denominations ; and any third rotio» of the 
fame denomination with, the ratio of L : Jef, will be equally en« 
creaftd by the addition of the ratio of L : Af and fubtra^ion of 
the ifatio of MzL^ If the ratio obtaining between L and M^ 
of which L is the greateft, be called pofitive, and reprefented by 
any line or number a, twice this ratio will be reprefented by twice 
47, and n times this ratio by n%a. The ratio alfo of M:L will 
be reprefented by — a^ and n x the ratio of A/ : L by « x — ^ ; 
and a line or number, reprefenting any third affirmative ratio, 
will be equally encreafed by the addition of n%a and fubtra6lion 
of » X — a. As magnitudes are only meafuraWe by magnitudes, 
fui generis, a line by a line, a furface by a furface, and a ratio by 
a ratio : to afcertain the quantity of any ratio, fome more fimple 
ratio may be ufed as a criterion. Thus logarithms are a feries of 
numbers expreiling the relation which fubfifts between any given 
ratio, confidered as a criterion, and all other ratios with which it 
is compared. 



16. Dep. In a feries t>f magnitudei of the fame kind^ iitber in^ 
creafing or iecreafingy the ratio if the extremes isfaid to ie comfmndei 
of the ratios of the intermediate termi. • 

B 2 In 
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' In the feries of magnitudes A^ By C, D, 6cc. the ratio of the firft 
to the lad, or of ^ : D, is (aid to be compounded of the ratios of 
A:B, B:C,C:Di and any ratio, as that of P^: PRy is faid to 
PIG. ir. be refolvable into, and equal to, the ratios of P^: P^, Pa : Pb^ 
PiiPc....PL:PRi for the ratio of P^: PR is a real magni- 
tude, and like other magnitudes divifible into its component parts, 
which are the ratios of P^.Pa^ PaiPby PbiPcy &c.: therefore 
the fum of any number of continued ratios^ where the antecedent 
of any ratio is the confequent of the preceding) is equal to the 
ratio of the fiilt and laft terms. 



HG.ir. 17. Cor. When any ratio, as that of P^:PJ?, is to be divided 
into any other ratios by an arbitrary infertion of other quantities 
Ptf, pi, &c.; thefe arc not necefTarily intermediate, or contained 
between P^ and PRy the ratio of P^ : PR being equal to the 
ratios of P^: Pv and of Pv : PR. For the ratia of P^: Pv is 
equal to the ratios of P^: PR and of PRiPv{i6)y and confe- 
quently the ratio of P^: PR is equal to the ratio of P^ : Pv 
diminifhed by the ratio of PR : Pv, or added to the ratia of 
Pv:P/?(is). 



ADDITION OP RATIOS. 

x8^ Prop. To add the ratiqi af A : B, C : D, E : F, Gfr. together. 

When the two ratios of AiB and C: D are to be added, let A 
FIG. 111. and Cy, B and D be refpeftively the fides of two reftangular paral- 
lelograms Xand Z'y and (Euclid, vi. 23.) the ratios of A: Band 
C : D, when compounded, are equal to the ratio of X: Z^ or of 
A xCiBx Dy thefe quantities being refpeftivdy equal to X 
and Z. When the ratios of ^ : B^ C : JD, £ : P are to be added, 
the fura of the two firft is equal to the ratio of AC : BD by the 
proeeis above; and, by making A^C and £, P x D and P,. re« 
fpe£tively the fides of two rectangles, it appears, by the fame pro*- 

cefs> that the fum of the ratios of ACiBD and of £ : P is equal to 
i thii 
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the ratio of j4CE : BDF. Whatever be the number of ratios to be 
added the procefs is finiilar, iand gives the following 

R UL E. 

Multiply the ante€edents together for a nemo antecedent i end the con* 

fequer^sfor a new confequent. . 

% • 

19. Ex AMP. 1. The fum.of the ratios of i : 2, 3 : 4, 5 : 6, 7 : Z 
is equal to the ratio of 1x3x5x7: 2x4x6x8, or of 105 : 384. 
This alfo appears from the following analogies, and article (16); 
for (38) 

1:2:: 105 : 210 
3:4:: 210 : 280 
5 : 6 :: 280 rjjd 
7 • 8 :: 336 : 384- 

« 

The fbm of the ratios of i : 2, 3 : 4, 5 : 6, 7 : 8, is equal to the 
fum of the ratios of 105 : 210, 210: 280^ 280: ^3^, 336 : 384^ or 

( 16) to the ratio of 105 : 384, as above* 

» - • 

m 

20. Ex A MP. 11; When two bodies move with uniform mo«- 
tions, philofophical writers fa^, that the fpaces defcribed S and s 
are to each other in a ratio compounded of the velocities and 
times ; the meaning of whkh is, that the ratio of tkie fpaces is 
equal to the fum of the ratio of the velocities when changed, and 
the ratio of the times when changed, or thdt the ratio of S: As 
equal to the two ratios of F:v and of T:t, or to the ratio of 
FxTtvxty (M^pofing V and / to reprefent any correfponding 
values of the velocity and time. 

21. Cor. I. If there be any mrmber of quantities ^, B, C, D, &c» 
of which ^:£ :: 12: rand B:C::Sis and C:D::T:t, jiwlU be 
to D as RST: rsti for ^: D in a ratio compounded of the ra> 
tios of AiB, B : C, C :D { 1 6), or theif c^als R :r, SUfT : /, or 

SCHO- 



14 INTRODUCTION TO 

f 

SCHOLIUM. 

22. When the terms of any jatios are forces, times, velocities, 
&c. lines or numbers are fuppofed to be taken whofe ratios are 
the fame with tiiem, and reftangnlar parallelograms whofe fides 
are thefe lines, or the produds of theie numbers a6tually multi- 
plied together, are always implied in the multiplication of fuch 
ma^itudes. The fum of the ratios of L:M (denoting forces), 
of N: P (denoting velocities), of ^: R (denoting fpaces), and of 
S : T (denoting times), is equal to the ratio of Lx Nx^>cSi 
AfxPxRxT, which fignify two produfts of numbers whofe 
faftors arc asLiM, N:P, ^:R, SiT. 



SUBTRACTION of RATIOS. 
23. Prop. TofubtraSi the ratio ofC : "bfrom that of A : B. 

Let the ratio oiAiBht equal to the ratios of €:D iXid x zyi 

AS 

and {iS)A:B::xC lyD^ and * • J' - ^ i n (Euc. v.4.) ;: AD : BC 

(Euc.v. io.)i from hence we have the following 

RULES. 

Ru LB L Divide (be mtecedent <f tbe fuhtr abend iy the snteadent 
(/* tbe ratio ta befitbtraStedfor anew araeadMt^ and tbe cmfifumt by 
tbe confequentfar a new coi^quent^ 

Or, IL Invert tbe terms of tbe ratio to be fubtraEled^ and proceed 
as in addition. 



94. Ex amtF. L Th^ ratio of 6 : 5 fubtraded frcnn.thc ratio of 

3 : 2 IS equal to the ratio of t : - or of 15 : 12, which is thus con-^ 

firmed. The ratio of 3 : 2 is equal to the ratio of 6 : 4^ which is 
equal to the ratio of 6 : 5 and of 5 : 4 (i6)s and if the ratio ojf 

6:5 
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6 : 5. be takemi awa^» fht fdnaiader k the T«& of 5 r4 or of i^ s 1 2 
{Exic V. tS')* 

■ - • » 

25. Ex A MP. II. The ratio of a r j dSmioiihed by the ratio of 

4 : 5 is equal to the ratio oiP -^ : ^ 0* of Ho : fz, which is thus con- 

firmed. The ratio of 2 : 3 is equal to, the rat«) of 4 : 6 (Euc. v. i $.), 
that is^ of 4 : 5 and 5 : 6 (16); and, if the ratio of 4 : 5 be taken 
away, tlie' remaiflder is thtf rafio «f 5 i 6 or ctf' icyt i* (Enc.v.rj'.). 

« 

MULTIPLICATION of RATIOS. 

26. Prop. To iuUt^if iir rario if A : B i^ 4M!^ mmier m. 

The ratio of ^: jS'addfed td itfelf is equal fo the ratio ofjPtB*, 
and this added to the ratio of ^ : £ is eqjual te the ratio of ^ : £3» 
and this repeated m t^mes will clearly giyefthe ratio oi^": £".(^8)» 
and we have this nilb. 

RULE. 

— * 

27.. Ex AUP.^ L Four ^es' the s^io^ of ^ t B is* ^oai tO' the 
ratio of '^ : B*, which is confiraa^ by the following procefs ; 
£or<38) 

A': n :: AiBx A'B^ 



4 • » I • 

Therefore four times the ratio oi A'.B is e^uaL to> the ratios, of 
A^ : A^B» AiB : A*B*, A*B* ; AB\ ABi : B4, or the ratio of 
.4»:J54(i6). 



28. EXAMP. 
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28. Ex AMP. IL Five times the ratio of 2:31$ equal to the 
ratio of 25 : 3S or 32 : 243, which alfo appears from the procefs 
above and (16). For (38) 

2:3:; 32 :48 

2 : 3 :: 48 : 72 

2 : 3 :: 72 : i68 ^ ; 

2 ; 3 :: 108 : 162 

2:3:: 162 : 243. 

Therefore the ratio of 2 : 3 multifdied into five is equal to the 
ratios of 32 : 48, 48 : 72^ 72 : 108, 108 : 162^ 162 : 243 ; or to the 
ratio of 32 : 243 (16). 



• 9 



DIVISION OF RATIOS. 
29.. Prop. To divide the ratio of A. : Bby anynumker ml 

... • • 

Let A =^3^ and B =/•; and the ratio of Ai B is equal to the 
ratio of V :f or to m times the ratio of * :/ (18), which is there- 

fore -z part of the ratio oiAiB^ and equal to the ratio of j^ : B"i 

« 

■ t^ 

becaufe Xr^JiV' and ysssB', Whence we have the following 

RULE. 

Extras that root bf the- terms tf the ratio which it exprejjed hy the 
' ; ^ divifir. ^ ' ; ' 

30. Ex A MP. The ratio of 32 : 162 divided by four is equal to 

1^ I 

the ratio of 32!* : 763 ♦ or of 2:3. And this is confirmed by the 
procefs ufed in exam ple (28)^ where -the f atio of 32 : 162 is equal 
to the ratio of 2 : 3 x 4f and confequently the ratio of 2 : 3 is 4:th 
of thc'ratio 6f 32 : 162. 



31, Prop. When the difference of two magnitudes is very f mall 
compared with the magnitudes themfehes^ their ratio is multiplied or 

divided 



NATURAL PHrLOSbPHY. i;^ 

divided by dWf number m, by increafing w dtminijbing their difference 
m times. 

Dem. Let the two magnitudes be A and Az^zy^ whofe differ- 
ence y is very fmall compared with Ai and m times the ratio of 
A : A i±zy is equal to the ratio of A^ : ^=ti^", ov oi AT: Ar:±^ 

mA'^^y + w .—-—A'^*y*^ &c. or (dividing the antecedent and 
confequent by -^•~') to tlie ratio of ^:-rf=4=wj^5 becaufe the 

terms involving ^, ^, &c. are evanefcent compared with the tw« 

firft, and may be negle6^ed. 

By a fimilar procdfs ^th part of the ratio oi AxAstzj appears 

to be equal to the ratio o{A:A:±z^. Q^JE, £)• 



32. Ex AMP. Twice the ratio of ji : 10 is equal to the ratio 

of TP* :7o)* or of 121 : looj and, ^cording/to this propofition, 
it is the ratio of 1 1 : 9, or of 121 : 99. 

Twice the ratio of 10 1 : 100 is equal to the ratio of loil* : iW* 
or of 1 020 1 : Toooo} and according to this proportion it is equal 
to the ratio of 10 1 : 99 or of J0201 : 9999, which is nearly equal 
to the former. 

33. ExAMP. TL A half of the ratio of loi : 100 is equal to the 

ratio of loil^: loor, or of 10.049 • ^^ nearly; and by this pro- 
pofition it is equal to the ratio of looi: loo, or of 201 : 200, or 
of 10.05 : 10. 



METHODS OP COMPARING RATIOS. 

34. Def. Proportion is an equality of ratios. When the ratios of 
A : B and C:D are equals they are /aid to be proportionaly and ufually^ 
written thus A:B::C:D,or Ais toB as CtoD. 

C 35. Cor. 
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m 



35. Cor. if ^, £, C, 2> 1)e proportional, and -<f = |B, or - x 5; 

mm 

C will be equal to JD, or to - x D j or if thefe magnitudes be 

incommenfurate, and A be greater, or lefs, than any part or parts 
of B,C will be greater^ or lefs, than the fame part or parts of D^ 

If j4 be contained between - x B and x£^ {m and « being 

any numbers whatever,) C will alio be contained between *- x i> 

and — ^ X D. This is evident from the definitions of ratios and 

proportion ^ for if A wcr^e cont^aned between —xB and — x J?, 

or — X B and x B, «hd C were not contained between — x I> 

« « 17 



and — X J5, or - x D and x D, -^'s magnitude compared 

with B's, would not be ^q'uial to Cs magnitude compared with D's^ 
or the ratios of;^l S^nd C: D ^ouldxiot be equal, and they would 
not be proportionaL 

36. Prop. J^A eannot h greater tBatty ^qtuHUf, or kfstBan, av^ 
fart or -parti of B, but at the fame time C is greater tbarty equal tOy or 
lefi tbatiy the fame part or parts ofT>y they will be proportional^ o%Pi : B; 
:;C:D. 

ti n 

and, from the hypothefis, C=-xD: therefore B/=:G anA 
A:B\'.C\D, Let thefe magnitudes be incommenfurate, and if A'^ 

be contained between — x B and x B, E wilt be contained^ 

n n 



between - x 2> and x D (35), and, from ^ fuppofmon, 

• Gwill 
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4M #M ^^^m I 

C will be contained between - x D and x D. The difFer- 

wee therefore between C and E is between - x D and — - — x D^ 

and confe^uently is not greater than —5. and becaufc this is true 
vrhatever be the magnitnde of the number », which may be un- 
aflignably great and — =» ^ C will be equal ta £^ and A: B::C 



37. Cor. I. If four magnitudes A,B^C^ D be proportional, the 
products of the extreme, and middle, terms are equal, or ^ x D = 

BxC. For let -^= — xB^ and therefore ^ = "~ >< -D (35) i confe* 

n ft 

quently -<f x D == - x^x D, and £x C=5 x - xI>=-4xD. If 
they be incommenfurate, let A be greater than — x B, and lefs than 



' ' ■ ■ — ^ 



??±-i X B, and C wiU be contained between - x X) and ^^±-£ 
n , n n 

fft 

X D (35); therefore ^ x D is contained between D x — x B and 



D X " X Bt and C x £ is contjuned between JS x - x D, . and 

n .*; :•'.•■...••.• .^^ 

B x - ' X D. The difference of thefe produ£ts is therefore not 

DB 

greater thaa —^ which,; becaufefr^in^ b;s tajctp unaifignahly 

great, =9:9^ and conle^uently, ^;xi). SSI .^ xC.r 



38. Cor. 2. If tW9 produ£b be eit^tial, their factors are propor* 

tional, Letv^xDw^xCi aH<iif!^=- xa»thcttC=»^~4^~• 
CI = (by 
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= (by fubftituting A"s value) — x D j or if ^ be lefs than " . ' 
X Bt but greater than - x 5} then C, being equal to — ^ — , will 



4M I w 4(9 

be lefs than x D, and greater than — x jB; confcquently (36) 

j4:B::C:D. In the fame manner it may be proved, that A : C 

:: B:D, if they be fmiilar; or that -^f :JSC:: i ;D, and Bud:: 

BC 
DiC, or BiAxD :: i : C, or -^ : B :: C : —7 . Any equation is 

therefore refolvable into a proportion by fo arranging the terms, 
that the re<5langle of the extreme terms may be one (ide of the 
equation, and that of the mean terms the other. 



39. Cor. 3. Ratios, which are equal to any ratio, are equal to 
each other. Lttjl:B::C:D3ndC:D::E:Fi and if ^be equal 



to - X B, or contained between - x B and xB, C will be 

n ' . fi ' n 

equal to - x D, or contained between - x JD and — '^^^ x JD (3 c), 
and alfo E will be equal to - x F, or contained between — %F and 

^ ^ X F{2S)i therefore A and E are either equal to, or coj^ain- 

ed between, the fame parts of B and F refpe£lively, and A: B:: 
-E:F(36). 



» • • 



40. Cor. 4. If ji:Bi:C:D they win be ptoportipnal inverfcly, 

ov BiAv.DiC. Let A be equal to — x B or contained between 

11 



— %B and x B, and C will be equal to - x i), or contained 

« » ^ n 

tfM 4M t Y ^^ 

between - x D arid -^^^^^ x D (35)3 therefore - x ^ is %qual to 

or 
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or greater than, and ■ - ^ x -/f is lefs, than B, or B is contained 

between — ; — x jl and - % A^ or equal to - x -^j and for the 

fame rcafon i) is contained between ■ . , x D and -• x X), or equal 

to ^ X Cs therefore (36) B.A\\D\C. 



41, Cor. 5. Magnitudes are proportional to their equimultiples 
or equal parts. Let A=^- x B, and 2-/f will be equal to — x zB^ 

and 5^= - X i Bj therefore (36X^ : B :: 2>f : 2B.x\A\ iByor 



let A be contsdned between - x J5 and x B, and 2 A will be 

;i n 



contained between - x 2:B and x 2B; and i;/f between'— 

n n n^ 



x|S and^^±ixiB} therefore (36) ^: J?:: 2/f : 2B :rS^:fB, 
&c. 



42. Cor. 6. If-rf :B::C:A^":^;:C*:Z)-and-rf*:5-::C 

i 

: Z>". For m times, or an m^^ part of, the ratio of ^ : B is equal 
torn times, or an m^^ part of, that of C: D, becaufe thefe ratios 
are equal to each other; therefore (34) ^"iB^irC*: D*> and 

A^:B^::C^:Lr. 



' , A 



43. Cor.7. liA'.B'.iCiDi then -<f+B : B :: C+i) : D. Let ^ 



4M 4M 409 1 « 

be equal to -^xB, or contained between - x B and - x B, 

n n ft 

and (35) C will be equal to - xA or-contained between - xi) 

a^d. 
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w-f- 1 



:jujd ■ ■ X Pi therefore adding B to both, -^ 4- 5 will be equal 



to ^Jltl? X B^or greater than ^ — - x B and lefs than ^ - "tl 



« '" » n 

X Bi and C+ 1> will be equal to x D, or greater than this. 



and lefs than x i>; and confequently (36) A+ B iB :: 

C+D : D. In the fame manner it may be proved, that -4— 5 : 
B::C-^D\Di zndA:B::A^C:BdtzD. 



44, Dbf. iTJat ratio is /aid to be greater or lefs than another^ *wboJe 
^mtectdent bas a greater proportion ta its confequent tbaa the anteeedent 
4>ftbe other to its confequent. 

Two ratios, whofe antecedents, or confequents, are the fame, 
^re eafily coaopared: for it is evident that the ratio of 6 : 3 is greater^ 
and the ratio of 4 : 3 lefs, than the ratio of 5 : 3; and the negative 
a'atio of ,3 : 6 is greater, and of 3 : 4 lefs, than the ratio of 3 : 5. 



45. Tbefirji method of comparing unequal ratios is to reduce them to 
nsf^^r tatiot equal to them with a common antecedent^ or confequent. 



Bx AU?« To compare the ratios o£A:B and oS C:D. Find a 
ritio Qqual to either of them, whofe antecedent or confequent is 

BC 

the antecedent or confequent of the other; thus, A:B::C:^ (38), 

BxC 
and cgnfequently the ratio ofAiB being equal to that of C : , 

«. ... ^* 

BC 
is greater or lefs than the ratia of C ; D^ according as --7 is le& 

or greater than D. 

Let 
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Let the ratios of 3 : 5 and of 6 : 9 be compared ^ and 3:5:16: 

— (10), therefore the ratio of 3 ; 5> being the fame with that o£ 
6 : 10, is a greater negative ratio than that of 6 : 9. 



46. T^be fecond method of comparing patios j is to divide the antece^ 
dents by their refpeSfive confequents^ jand that ratio mil be the greateft^. 
the quotient of wbofe terms is the great eji. 

BC 
'Exhu?. The ratio of A: B^ being equal to that of ^:-^(38)i, 

is greater than, equal to, or lefs than the ratio of C: D, according ^ 

B^C ' C 

as —J— is lefs than, equal to, or greater than D^or -^ lefs than^. 

equal to, or greater than ^, or -^ greater than, equal to^ or lefs* 

than jr.. This method h expeditious and true^ but let it bq re^- 

membered that -5 is a number as every quotient is,, and does not 
meafure the ratio of A: B, nor is the relative magnitude or ratia 

jf Q 

of the ratios of A : B and C : I>. equal to the ratio of -5 : -^ *. 



47. The third method of comparing ratios. If Kbe contained hf^ 

m m *^* T iTi 

tuoeen — x B and x B, and C be contained between — x D and 

n n ' n 



-~ — X D, the ratios of ki B and.C : D are equal: if therefore A be 

greater than — x B and C he rut greater than —xD, or if nX it 

greater than m B, iutnCitct greater tbatt mD, the ratio ef.A.: B is 
greater than. that g/fC : IX- ' 



BXAUP^ 
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• ^Ex AMP. Let the ratios to be compared be 7 : 5 and 4 : 3. Mtil- 
'tiply the firft and third by 3, and the fccond and fourth by 4, and 
the rcfulting numbers are 21, 20, 12, 12 j ahd the firft multiple 
being greater than the fecond, but the third not greater than the 
fourth, 7 has to 5 a greater ratio than 4 : 3. 



48. Def. jiny magnitude k is faid to be t or vary ^ direBly as aur 
ether B, noben A is to any new value of has 1& to a correfponding new 
value of B, that is, when A : a :: B : b, a and h being correfponding new 
values of A xind E. 



.aPiG.iV. Ex A MP. ^I. If the line mn move parallel to itfclf, and its extre- 
mities m and n be always in the lines LP, L^ Lm varies as mn. 
For LAiLa{^2L new value oi Lm)\:mn\AB (a correfponding 
Jiew value of m n). 

Ex AMP. 11. The area Lmn varies dire6lly as the fquare of Lm 
or mm for Lmn : LAB (a new value of Lmn) :: mn* : AB^ (the 
f9[uare of a new value oi mn). 



49* Def. Any magnitude A is f aid to be, or vary, inverfely as an^ 
either B, when A is to a new value of h, as a cotemporary new value of 
B is to B, or when A : a :: b :B. 



EXAMP. I. In the lever the power is inverfely as the perpendi- 
cular let fall from the center of motion upon its diredtion ; for 
let F and/ be two powers in equilibrio, P and p the perpendicu- 
lars let fall from the center of motion upon their direftions ; and 
JF;/(a new value of the power)::/ (the perpendicular let fall upon 
ysdireaion).:P. 

Ex AMP. 
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EXAMP. IL If a given fpace be defcribed in different times 
T'and /, witb unequal uniform velocities ^and Vj the velocities 
and times are inverfely as each other; for F: v (a new value of 
the velocity) ;: / (a new value of the time correfponding to v) : 7. 



Ex AMP. in. If two variable right lines yiB, AC form the equal FIG.V.. 
re£tangles AD, EFt they are inverfely as each other; for (Euc. 
vuij^,).jiBiCF (a new value o{AB):.:CE (a new v^ue of 
AC): AC' ■' ^ 



SCHOLIUM. 

50. When any quantity ^ varies dircftly, or inverfely as any 
other B, an analogy is always implied, and ji and B are not nece£- 
iarily homogeneous. 



51. Cor. I. If -^ be direfHy as B, and J3 dirieftly as C, ^ will 
be direftly as C j for (48) j4 :a:: B : i and 6 : ^ :: C:c} therefore 
(39) ji :a:vC: r, and ^ is dircftJy as C{4.S).^ 



52. Cor. 2. If ^ be as B and B as Cy A will be as BztiCy or 

as \/£C; for A:a::B\.b\'.C\Cy and (43)\B:^::B=±:C: ^=±=c; 
therefore (39) -/f :a::B=i=C:^=±:C, and. J^ is as -8=4=0(48): and 
becaufe the ratios oi Bib and C ; c are equal, B^iA^i: BC:bc and 
B: b\: s/BC ^V^- B dierefbrci. and cohfeqUeiitly. A (5.1 ),.is as* 



A/ 

53. Cor.. 3. A varies asr m%A^ or as — ; for A:a ::.m y< A : 

X i7^ or as — : - (41)) therefore (48^ A is a%mxA, or as — .. 



54^ Cor.. 
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54. Cor. 4, If -4 be as £, -rf* will be as J5% and jIT as B\ and 

£r: 3- (42)^ therefore ^- is as fi" and -4" as -BT (48 >• 



s s s 

55. Cor. 5* If 5 be as FxT, ^ will be as /^, r?as f^ and tt-o* 

S s S 

a given quantity: fw (48>/S':j::r?':n;/ and r^r-rrri/and-si 

^ F s s is 

: -::F:v^ ^^^yf*^~f - I : i (41)1 therefore t^ is as 7*, -^as F^and 
-pyidoes not vary (48), 



56. Cor. 6. If A be as B, and C^^ Dy A%C wHI be as B x Dj 
for ^:tf ::B:^and C:^::D:^; therefore the ratios of ^ : ^ and 
C : r are equal to the ratios of £ : ^ and D : ^ and the fums of thefe 
ratios are equal, or the ratio of ACzai is equal to thaLof £jD : 
bd{i^), ^viAAC:ac::BDihd{i/i), and AG is as SZ) (48). 

57. Cor. 7. If A be inverfely as jB, then B will be inverfely as 
^ ; for ^ : tf :: B : ^ (49) and b : B :; j : A\ and if jB be to ^ as 4 : 5, 
^:tf;:5:4. 

58. Cor. 8. If A be direftly as B, and B inverfely as C, -^ will 
be inverfely as C 5 for ^:tf::B:* (48) and B:*:: ^:Cj therefore 
A:a::c :C (39), and -^ is inverfely as C (49). 

59. Cor. 9. If ^ be inverfely as B, and B inverfely as C; ^ 
will be direaiy as C: for A :a::i:B a,nd i>: B::G:c, therefore 
^ :^:: C: f and ^ is'as a ' 



60. Cor. 
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tcu Con JO. If ^ X jB be always the fame, A is inverfcly as 5$ 
for ^xi?:tf x^;:i: i and A\a\\b\Bi <jr othcrwife, fincc-rfx 
Bt=zdKh^Ai4i ivb : B (38). 



61. Cor. II:. If ^ be iii«er(cf y as B^ it NvHI 1)e,sis ^andt;;^^ 
for-^:tf::3:jB(49),::-g:7 (41), therefore -^ is as -^ (48}. 1£A 
be as ^, -^ • ^ •• S • Z (4^.) ••^ • -B (41 )j and -41isinverfely as B{^^)^^ 



r ' TUT 

tz. Cor. I2» If ^ be as x^, -rf will be inverfely as -= 1 for Ali 
aw j^: — (48):; J : -^ (4i)> and -^ is inverfely as ^ (49)^. 

63. pEF. ff'any quantity A ^^ dependent upon fever aJ others P, Qj^ 
"R, S, T, all independent of each Xfther^fo that none of the quantities P,. 
Qjjl can vary, but A varies^ in-tbefame ratio, nor either SorT can 
vary^ but A varies in a contrary ration A is f aid to be asl? andCy 
and R directly , and S and T inverfely^ 

Thtfs, thefraflicm -^j^^ ^^^es as L and Af and ATdirefWy and 

^'and Z inverfety; becaufe none of the fa3:ors La the numerator 
can vary, but tlie value of the frai5tion varies m the fame ratio j, 
and none of th^ «f aS^rs^ 4n the deaooiinatorcan vary^but the valuip 
of the fraction varies in a contrary ratio. If any one of the favors 
m the numerator be multiplied t)y 2,3, &c. the value of the frac- 
tion is 2, 3, dci^ times its iertiaer value; and if any of the faftors . 
in the denominator be multiplied by j, 3, &c. the value of the: 

II 

ftadliou becomes -% -j See. of its former value. 

.23 

D2: 64fC6r.. 
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' ^4« Cor. I. If any magnitude A vary as P and ^ and R di- 
fe6lly, and as ^ and Z inverfely, thefe magnitudes being inde* 
pendent of each other, and any one may vary without affefiing the 

reft, A will vary as x Z * ^^^ ^^' ^^^^ ^^^ cotcmporary va- 
lues of P, ^^R, JT, Z^ be re(pc€lively equal to /, j^, r, ^, 2?, and lefc 
A^ when changed in tlie ratios of P: A ^: y, U : r, -y.: -, and 

•= : - , become ai that is. 

Let P:p::A:B=: A's value after the change of P. 
^:q::B :C=A*s value after the change of P, ^ 
iJ : r :: C : jD = -rf's value after the change of P, ^ R. 

-p.: • :; D : £ = -4's value after the change of P, ^ 2?, X 

•^:-::E:a=jfs value after the change of P, ^ 1?, X, Z. 

The fum of the ratios of ^ : £, B : C, C : D, D : £, £ : <7» or the ratio 

I I 

of^ : a ( 1 6) is equal to the fum of the ratios of P:/, ^ ^, P : r, -y.: -, 



.P^P *yr, -, . ^ . P^ 

the ratios of y^ : ^f— ( 1 8); and ^ vanes as yX 



(48). 



65. Cor. 2. If any of the quantities P, ^, P, X, Z be given or 
rem£un invariable, they are to be rejected, and A will vary as the 
reft. Let P be given or P = />, and, becaufe P:p::A:BtA=.B 
(38), and the ratios of P : C, C : A -^ : £> £ : <>> or the ratio of 

XZ ' xz ^ *"'* " " **' XZ 

(48). Let ^ be alfo given or ^ = y, and -4 <= P = C) : 

R r R 

41 :: v?5, : — , or .<^.is as ^r^ (48). Hence may be underftood what 

is meant by philofophical writers, when they fay the velocity iV) 

" varies 



B'=^A\a^ is equal to the ratio of ^^ • - ( 1 8), and -^ is as 
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varies as the fpace (SJ diredly, and the time (T) inverfely, or as 

S I 

^i and, if T be given, F is as 5, and, if 5 be given, Tvarics as ^. 



66. EXAMP. L The number of feet (S) defcribed in any time 
(TJy with an uniform velocity (FJ^ encreafes or decreafes direftly 
with F and T, both of which are independent of each other, and 
therefore varies zs FxT. If T be doubled or encreafed in the ra- 
tio of 2 : 1, and T be encreafed in the ratio of 3 : i, 5 will be en- 
creafed in the ratios of 2 : i and 3 : i, or of 6 : i. 



67, Ex A MP. II. The quantity of matter (^ in different bodies 
varies as the magnitude {MJ multiplied into the denfity (D). For 
if the magnitude vary in the ratio of Mim^ and the denfity or 
clofenefs of the conftituent parts, in the ratio of D : ^, the quan- 
tity of matter will be changed according to both thefe ratios, or 
^f.:M:m and D:J::Mx Dim xd^ or ^varies as Afxi>(48). 



68. Ex AMP. III. The velocity {FJ of a body moving uniformly 
in the peripheries of different circles^ varies as the radius (R) di- 
refUy, and periodic time (P) inverfely. For, if P remain conftant 
whilft the fpace defcribed or periphery varies, the velocity will en- 
creafe or decreafe dire611y as the fpace, or as jR, becaufe the peri- 
pheries of circles are as their diameters ; and if the periodic time 
be encreafed in the ratio of 2 or 3 : i, or univerfally in the ratio 
of P:/, the velocity will be changed in the ratio of i : 2 or 3, or 
of/ : P. If therefore the radius be changed in the ratio of R : r, 
and periodic time in the ratio of Pipj and F become v^ F\v as 

R : r, and p • Ij ^^ as p : -, and the velocity is as -p (4 8). 



69. Ex- 
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69. Ex AM P.IV. If Fht the velocity communicated, by the nSdon 
of a force F, to a quantity of matter reprefented by ^ and thefe 

F . 

quantities be fuppofed to vary, ^ will be as -^s for if the force 

become 2F, 3F, &c. the velocity will become 2^, 3^^ &c. and if a 

<]uantity of matter become a^ 3^ &c« the velocity commonicated 

F V F 

will be -, -, &c. and T therefore is as ^ (64)% 



A SYSTEM 



. 3' 



SYSTEM 
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MECHANICS. 



MECHANICAL philofophy acquired the name from its 
utility in the conftruftion of machines; but it is now, in a 
more general fenfe, underftood to comprehend two branches of 
fcience, cultivated at different periods of time, denominated Statics, 
or the fcience of the equilibrium and relation of powers, and Dy- 
namics, or the fcience of a6lual motion, The firft profeffes to 
defcribe the conftruftion, properties, and mechanical advantages 
of machines, and their various combinations, calculated to fuftain 
the preflfure of heavy bodies and facilitate their motion; and to 
inveiligate the equilibrium of powers afting upon them, or their 
relative magnitudes, when by oppofite exertions they deftroy each 
other's effeil or remain quiefcent. This branch comprehends 
that part called the mechanical powers, and is fometimes called 
praftical mechanics. The objeft of dynamics is the nature, ge- 
nefis, and change of a£tual motion, or an inveftigation of the di- 

redion. 



3a MECHANICS. 

reftion, quantity, and law of variation, of a force or power capa«> 
ble of generating any motion or change of motion; and vice 
versa. This comprehends the laws by which all motions are re- 
gulated, the motions refulting from collifions, the. theory of ofcil- 
lations^ proje6liles, and centripetal forces, and is fometimes called 
rational mechanics. The principles of ftatics were calculated and 
eftablifhed by Archimedes, and have, fince that period, been aU 
moft exhaufted by the labours of fucceeding writers. Galileo de- 
monftrated the laws of defcent of heavy bodies, and from him origi- 
nated the fcience of dynamics, which has fince been profecuted to 
an amazing extent in Euler's Mechanica, and Newton's Principia. 
As the objefls of mechanical philofophy are the equilibrium and 
motions of bodies ; a defcription of the different qualities, or mecha- 
nical affections of matter, producing preflure, motion, and other 
phenomena, ought to be premifed. Mechanics therefore might with 
great propriety be divided into two parts; of which the firft would 
contain the properties of matter, or the exigence, intenfity at a 
given diftance, and laws of variation at different diftances, of thofe 
general principles which are the apparent origin of motion, and the 
continuation of motion in the material world, inveftigated by 
analyfis : and the fecond would be an application of thefe princi- 
ples, containing fynthetic demonftrations of their effefts upon 
machines, commonly called the mechanical powers, when in equi- 
librio, and their relation to aftual motions, reftiliijeal and curvi- 
lineal, uniform and variable. This is the m^oft obvious diviiiou 
of the fubjeft, and every deviation from it muft be attributed ta 
the defign of this felc6lion, which is folely the utility of the acade.-^ 
mic ftudent^ 



CHAP. 
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MATTER, AND ITS PROPERTIES. 



CHAP. I. 



Of matter. 



To.TV yTATTER is the fubftance employed in the formation 
XVJl of that part of the creation » whofe exiftence is evi- 
denced by the teftimony of the fenfes ; and the moft charafteriftic 
and prominent marks of it feem to be extenfion and folidity. In- 
deed folidity is the moft difcriminating mark of matter, as it di- 
ftinguifhes it from every thing elfe; but taftes, fmells, founds equally 
indicate the exiftence, though whatever is folid and extended is the 
common and moft general defcription, of matter. Many other 
qualities invariably adhere to all matter with which we are ac- 
quainted, whether hard, foft, or fluid ; and from our ignorance of 
its internal conftitution, or that latent principle, by whofe influ- 
ence its qualities are connected, and from which they ncceflarily 
derive their origin, thefe, and many others inaccefliblc to the fenfes, 
may be ingredients in its eflence. All our knowledge of matter, 
as far as it is related to the prefent fubjeft, is either geometrical, or 
philofophical : the firft confidcrs matter as being of fome magni- 
tude, or circumfcribing fpace and having fome figure, then called 
body, and is ufually denominated ftereometry, or the menfuration 
of magnitudes of three dimenfions, length, breadth, and thick- 
nefs; and the fecond comprehends all the properties of matter ad- 
drefled to the fenfes, which may be ftiled phyfical or philofophical, 
becaufe all the phenomena of nature are conceived to refult imme- 

E diately 
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diately from them ; as extenfion, folidity, inertia, and thofe appa- 
rently more aftive qualities, gravity, magnetifm, ele^Slricity, cohe- 
fion, clafticity, Thefe laft are called mechanical affections of matter, 
or mechanical caufes, becaufe they are conceived to refide in mattpr, 
and all mechanical phenomena, or changes of motion obfervable in 
the material v^rorld, appear to be direfted by their neceffary and uni- 
form agency. The philofophical properties of matter are diftin- 
guifhable into tw^o kinds, general, and fpecific : the firft are fuch as 
iiniverfally adhere to every fpecies of matter, and of which no art 
hath been able to divert them, as extenjion^ folidity y mobility ^ quiejci^ 
bility^ inertia^ figure^ attraSiions and repulfionSy and probably many 
more which are too fubtle for the obfervation of fenfe, or have 
yet eluded the inquifition of the philofopher; and the fecond are 
fuch as are attached only to particular fpecies of matter, as opa- 
city, tranfparency, hardnefs, fluidity, colour, magnetifm, elafticity, 
&<;. AiiQther difcrimination of tlkfc qualities, is, that fome are 
incapable of intenfion qv remiffipn, aft exteniion,. fplidity, inertia, 
mobility,. %iir€i,. vyhich.vfi infeparablQ frpm-abody and its cpmr 
poijpnt pqrit«« 3Rd Qthers are- rplatiipe and capable of: eiicreflfe and 
decreafe, a& attr^^iljpijs and repiUfipnSj. whqfe: intcnfity depends, 
upon- the majgiiitH^^ and diftancc Af. thftatf»*afti'>S:Qr repelling; bo- 
dies, and as that magnitiidta»d:diften?ftm^y vary without limit, 
the influence of thefe; powe.rsrm^yv. by rficnQtenofs, docwftfe with- 
out limit, and become: Qvajiefce»t^ A, knowledge, of the: exiftence, 
and difcrimination of th^Jfe; qiiaUtte?^. i*? entirely derived from ex- 
periment and obfervation^ and: Confl:irtiUes the fum of. all: that is 
knqwn concerning matter. The intesi'n^l conftitiition pfit is un- 
known, and its effe£^s cannot be inveftigated without the. afliilance 
of experience; and whether any niore,.befidefir thofe eight general 
properties enumerated, belong, to it, and what^ or whether any, 
connection fqbfift between thofe; already difcovered, and to what 
particular conftitution fpecifif qijajitif *;are owing, muft be derived 
from the fame fource, experiment,.and if ever discovered, will pro- 
bably refult from the labour of the chymiftt 
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CHAP. II. 



Of ex t E NSION, 



7i.*^Tr^HERE are three kinds of cxtenfion, lineal, as the line fig. 
Jl AB', fuperficiaU having length and breadth, as ABCD, ^^"• 
and folid, having length, breadth and thicknefs, as AH. Ideas of 
thefe three kinds of extenfion are andefinable, and only to be ac- 
quired by the fenfes of feeing and feeling. The perceptions in- 
troduced to the mind by feeing or feeling two diftant parts of the 
line AB^ z furface A BCD, and material body AH^ convey re* 
f^dively the meaning of lineal, fuperficial and folid extenfion i 
which are difTimilar magnitudes, and incapable of comparifon 
with each other. A line, having no breadth, cannot, however re^ 
peated, conditute a furface i and a lufface, having no thicknefs, 
cannot conflitute a folid. The parts of a line, though divided 
without limit, are ftill lineal extenfion, and the parts of a furface, 
or folid, though divided into a number of parts unaHlgnably great, 
are ftill fuperficial and folid fextenfion. This quality is fo far €f- 
fential to matter that it cannot be divefted of it, or conceived to 
exift without it. 



72. Def. a magnitude is faidtd be finite when an equal to it can 
be ajjigned, br when its encreafe and decreafe are limited within ajfign^ 
able bounds. 



73. Dep. a magnitude is faid to he infinitely great or/mall^ when 
no finite ratio obtains between it and a finite magnitude ^ or when its 
encreafe or decreafe is not limited by any ajfignabk boundary. 

74. Prop. 

♦ Kcil's Phyfics. Mufchenbroek. 

B 2 
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FIG. VI. 74. Prop. AJinite right line E X is divifible in infinitum. 

Dem. a mathematical point A may be taken between X and 
E, and another B between A and jE, and this procefs may be con- 
tinued without limit, becaufe the intermediate points A^ B, &c. 
having no length, can never coincide with X or JB, or with each 
other. Q^. D. 



FIG.VIL Otherwife : Through £ and Jfdraw EP, XC parallel to each 
other, and, becaufe they never meet, a number of points a, b^ r, d^^ 
&c. greater than any affignable number may be taken in XC-^ 
and if right lines be drawn from them to any point P on the other 
fide of EX^ they will divide it into a number of parts equal to 
the number of points a^ b, r, &c. : for if they did not, two lines 
muft pafs through the fame part, that is, either interfe£t each 
other in EX^ or coincide till they arrive at it, and then diverge, 
both of which are impoilible. There is therefore no allignable 
limit to the divifibility of EX. Q^. D. 



FIG. 7j^. Con I. The finite {\irhccABCD is infinitely divifible; 
for it is equally divided with AB^ by drawing mathematical right 
lines pf^ qg^rb^ &c. from the points ^, y, r, &c. parallel to AD^ 
which having no breadth cannot coincide. 1( ABCD be a boun- 
dary of the folid AHy and mathematical planes be drawn through 
pfy qgy rby &c. parallel to AF^ they cannot coincide, having no 
thicknefs, and confequently will divide the folid into the fame 
number of parts with the furface ^5 CD, or line AB. 



76. Cor. 2. Every finite line, furface and folid, is therefore com* 

pofed of an unlimited number of parts ; and each of thefe parts 

no. IX. ^s compofed of an unlimited number, &c. For let LM be infi« 

nitely greater than L/x, and take LMi Ln :: Ln : Lo^v. Lo : L^, 

&c.} and drawing any finite line MA^ making an angle with LM^ 

and 
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and nB^ oCy pDy &c. parallel to MA and terminated by LA; 
MA is infinitely greater than nB; nB than oC\ oC than p D, 
&c. i?ut MA is infinitely divifible, and right lines, drawn from 
L to the points of divifion, will cut nB, oC^ &c. into the fame 
number of parts with it. 

yj. Cor. 3. Matter is therefore infinitely divifible, becaufe ex- 
tended. And this propofition and corollaries are applicable to 
magnitudes of every kind, as velocities, forces, times, &c. 

SCHOLIUM. 

78. The terms infinitely great and fmall are relative, and im^ 
ply a comparifon with an affignable magnitude, and compared with 
it, all infinitely great or fmall magnitudes are to each other in a 
ratio of equality; but, compared with each other, they admit of 
the fame inequality of ratios with finite magnitudes. The line 
AM is infinitely divifible, and if the points of divifion be equi^ 
diftant, any one part xy, multiplied into their number, is equal to 
A Mi and xy : AM:: unity: a number unaflignably great, or xy 
is an infinitefimal of the firfl: order. The infinitefimal xy is infi* 
nitely greater than w/, and wt than rsi for xy iwtiiwt : xs \* 
LM: Ln. But infinitefimals of the fame order may be to each 
other in any aflignable ratio; for, let LM be to JLF-as 3, 4, 5, or 
ox m: 1, and FG, being drawn parallel to MA^ will be equally di- 
vided with it, and the infinitefimal -i/ar : xy::LM: LF:: i r 3, 4, 5, 
or any number w. This is .called the mathematical divifibility of 
matter, and is equally applicable to fpace and all other magnitudes, 
which may be reprefented by extenfion ; but that an aftual divi- 
fibility, or actual feparation of the parts of matter, is limited by 
certain inviolate bounds, is inferred from the identity of natural . 
fubftances. 



PilENOM. 1. Salt diflfolved in a menftruum, becomes the fame 
fait when the menftruum is fuppofed to dry gradually. Salt con- 
verted 
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^ 'Verted> by a chymkal ppoCefs, to an acid fpirit, is, by reverfing the 
procefs, regenerated into the fame fait. Metals liqiudated by fire, 
are xeftored to their priftine Aate by the attra^lion of cohefian. 
But were the decompounded ptrticles of the fait, or metal, at- 
tenuated by the aftion of the menftruum or iSre, «id again to co- 
alefce by their, cohefive force, fubftances of a different texture and 
appearance, and of different fpecific gravities, would refult. The 
ixicft powerful natural agent, wixh which weare acquainted, is fire; 
"whkk, whether artificial or collefled in the focus of a burning glafs, 
only attenuates bodies to a limited degree by converting them into a 
thick fmoke, glafs,&c. Every fpecics of matter flu6luates and decays 
by the feparation of its component parts, and is renovated by their 
acceflion; but were the nutritious particles, adminiftering to the 
eacreaie of natural fubftances, capable of divifibility or diminu-* 
tion by attrition, &c. new fpecies of fubftances would refult with 
new properties and characters. Water and earth, compofed of 
old particles, and fragments of particles produced by attrition* 
would have a different fpecific gravity, from water and earth com- 
pofed of entire and unbroken particles ; and the nature and tex- 
tures of thefe and all other fubftances would by repeated attritions, 
be perpetually changing, which is contrary to experience. Bodies 
therefore break, not in the midft of folid particles, but where 
thofe particles cohere in a few points; and the divifibility of mat- 
ter is only a feparation of its conftituent parts, effefted by a diflb- 
lution of that cohefive force which unites them, and is limited by 
ultimate elementary particles which are a perfoft repletion of 
fpace, without pores and indivifible. 



CHAP. 
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CHAP. IIL 



Of solidity, 



79.' I ^ H'B fecond' philofophical quality of matter is that by 
X which it occupies fpace to the exclufion of all other 
matter, and is called its (blidity ; but the meaning of it cannot be 
conveyed by words, being undefinable and only to be acquired by 
the fenfe of touching. The perception introduced to the mind 
by the infuperable refiftance felt in a body is an idea of folidity. 
This refiftance, and total exclufion of matter from- fpace already 
occupied, is infeparable from all matter with which we are ac- 
quainted, whether hard, foft, or fluid; and the little refiftance ex- 
perienced in fomc' bodies, is not owing to a want of folidity, but. 
to their fluidity and foftnefs, by which qualities their component 
parts areeafily difplaced. That hard and fbft bodies arc folid, and 
cannot occupy the fame* part of fpace, appears from uncontroverted 
experience; for the oppofite fides of the fubftance comprefling 
them are never found to meet, but by removing the inteivening 
parts. And the fame is difcovered to obtain in all fluids within 
the reach of obfervation 5 for no portion of water, air, mercury^ 
&c. can occupy the fame place, becaufe they afford an infuperable 
refiftance preventing the coincidence of- the oppofite fides of the 
fubftance comprefling them ; and their dimenfions are never found 
to be diminiftied by prelfure without an adequate caufe, viz. com- 
pi-effibility, and tranfmiflion through the vaeurties of the veflel 
containing them. Numberlefs fa6ls demonftrate elc6tric and 
magnetic effluvia, whofc parts are immeafurably minutcj to be 
capable of impulfe and refiftance like other fluids; and it is in- 
ferred from analogy, that thcfe fluids, ciixumfcribed' and com- 
piefled by plane furfaces, would invariably oppofe their jun- 
ftion, were the vacuities in thofe furfaces kfs than the particles of 

the 
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the fluids. Solidity therefore is an univerfal attribute of matter, 
but its caufe is unknown and probably undifcoverable by human 
faculties. The approach of one body to another is apparently 
limited by the a£tual contact of their neareft parts, which abfo^ 
lutely fill the fpaces occupied by tliem, and confequently a nearer 
accefs and greater furfaces of conta6V, only refult from their dido- 
cation ^ but this is not allowed without controverfion. Com- 
vpreflibility, contradlion by cold, elaRicity, &c. prove that the mi- 
nute parts of fome bodies are not in mathematical conta£V, and 
their refiftance is an indication of repulfion ; and the nearer accefs 
therefore of two bodies is imagined to be impeded by a ftrong 
repulfive power, which being overcome, a mutual penetration of 
j^arts enfues, and the bodies occupy the fame part of fpace. But 
this do6lrine is ftill only hypothetical; and though the minute 
parts of fome bodies do exert an influence at a diftance, and a 
repulfive power be confeffed to obtain between them, it cannot be 
concluded, generally, to be the only caufe preventing their nearer 
approach, nor admitted as a general principle in nature, contrary 
to the common apprehenfion of mankind, till eftablifhed by fatif- 
faftory and uncontroverted experiments. The tranfmiffion of one 
body through another, and apparent penetration of parts, feem, 
and may be conceived, to refult from empty unoccupied fpace be- 
tween thofe parts; and the quantity of thefe vacuities is colleded 
from the following phenomena. 



80. Phenom- Many vacuities or pores are aflually vifible, 
through a microfcope, in every fpecies of animals, vegetables and 
foflils. The bottom of the fea is vifible at a greater depth than 
fixty feet. A man's finger, placed before the aperture of a dark 
chamber, is tranfparent by the paflage of light through its pores : 
and light is tranfmitted in almoft every direftion through glafs 
and water, and when condenfed three thoufand times in the focus 
of a burning glafs, it feems to be admitted into water and glafs 
without obftruftion. Eledric effluvia pafs through gold with a 
velocity unaflignably great, and the magnetic power is tranfmitted 
through every fpecies of matter, except iron^ without diminution* 

The 
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The volatile fpirit of fulphur tinges, with a brown colour, filver 
furrounded with repeated coverings of cloth or paper ; the fcents 
of mufk, civet, Sec. pafs through wood. Air and water imbibe 
each other; oils penetrate the vacuities of fulphur and fome ftones ; 
mercury penetrates the pores of gold, brafs, and is tranfmitted 
through human ikin, leather, &c. ; water is tranfmitted through 
the membranes of animals, and the fine tubes of vegetables, and 
may, by compreffion, be forced through gold, filver, &c.* From 
numberlefs chymical experiments it appears, that all animals, ve- 
getables, and foflils, yield water plentifully by the force of heat i 
and all bodies, whether hard or fluid, admit the particles of fire 
into their pores, through which it paflfes and is diilipated. 



8 1. Def. The magnitude of a body is the magnitude of folid exten- 
ten/ion^ that is^ lengthy breadth and thicknefsy or the number of cubical 
inches contained in it. 



82. Def. The quantity of matter in a body is the number of equal 
particles contained in it. If the matter compofing different bodies be 
reduced to equal particles without pores ^ the quantity of matter in each 
win be equal to one particle multiplied refpe^ively into their number. 



83. Def. Denfity of a body is the contiguity^ or clofe adhefion^ of its 
particles \ but this term ufually implies the ratio obtaining between the 
number of equal particles^ or quantities of matter^ in bodies of the fame 
magnitude. 



84. Def* Homogeneous bodies are thofe which have the fame den^ 
Jity in every part \ heterogeneous are thofe which have not. 



85. Dep. 

• In the celebrated Florentine experiment, a quantity of water was enclofcd in a hollow 
fphere of filver. and then forcibly comprefled by fcrews, till the fluid was feen to ooze 
tf&rough the pores of the metal and cover its furface like a dew. 

F 
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85. Dff. Tbi penfitj if a body is the remoUnefs df its tkmentJtry 
particles^ or the ratio of the fuaniities of vacuity in difftntia Mies ^ 
equal iulk. 

86. Prop. If(Xip$ B reprefent refpeSivefy the quantity of matter^ 
denfity^ and magnitude^ of a body^ and befuppofed to varyi CXjoilivary 

tf J D K Br 

Dem. If D, or £, be encreafed or diminiihed in the ratio o^ 
2, 3, &c. to I, ^will evidently be encreafed or diminifhed iri the 
fame ratio^ and D and B are unconneded } therefore (64) ^is as 
DxB. QJE. D. 

87. Cor. I. Since ^is as i> x B^ if y, d, b be cotertpordry new 
values of ^D, Bj ^: q :: DB : db, and J:|:: £ : *, & ^: | :: 
D : ^(403 or if D be given, ^is as B; and if B be given, ^is 
a»Dj and if ^ be given, Dis^ ind $ as -g. This cor. fol- 
lows alfb from (65). 



88. Cor. 2. If numbers, or lines, whofe ratio Is the fame with 
that of JD and B^ be fubftituted for them, ^s properly expreffed 
hy the product of theie numbers, or a rectangle whofe fide^ arf 
thefe lines. 



89. Cor. 3* If the denfity of a body be encreafed in the ratio of 
2^3, &c. to i» the porofity (P) will be diminifhed in the ratio 

I B 

of I to 2, 3, &c, 5 and confequently P is as jz^ or (87) as ^. If 

B be given, P is as ^j and if ^be given, P is as P; and P being 
given, P Is as ^ 

EXAMP. 
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ExAMP.. L The dcnfity of gold i$ to that of water as 19^: i, 
and coofequently the rejative quantity of pores in gold and water 
is as 1 : 19^ The relative deniities of gold and cork are as Si- : i» 
aixd their quantities of pores therefore as i : 8 il. If one half of 
the oiagoitude of gold were vacuous^ the relative quantities of 
pore and iblid parts in the water and cork^ would be refpedtively 
as 39 : s and 1^3 : k 



EXAMP*. IX If a fapdy whofe magnitude is ^ were conHiruAed of 
particles cohering in fuch a manner as to have l of its magnitude 
vacupuSj ajEid thefe particles were iimilarly conflru6led of other lefs 
particles having i of their magnitude vacuous^ and the third order 
of particles were elementary, and a perfe£l repletion of f^ace^ 
the quantity of vacuity w ould be equal toAxi + ^ixlxl + Jl 

Xix\xl=:A xT+T+l== -^ ^ h And the magnitude of va- 
cuity is to the magnitude^ of matter ae 7 : i. 



SCHOLIUM. 

90. What the ^gure and magnitude of the elementary particles, 
of matter are, cannot be known from the fenfesi which, with-erory 
ipicrofcop)cal affiftaace, are unable to difcem them. An ele*. 
mepfary pajrticle of matter hath probably never yet been feen^ A 
number of elementary particle?, uniting by the power of cohefion^ 
fprm greater particles; and thefe, tmiting again by the f&me 
power, form greater ftill ; and, this procefs being made repeatedly, 
a corpufcle is at length formed of a fenfible bulk. All bodies- 
feem to be compofed of thefe derivative corpufcles, which, formed 
of t^ofc qi; fewer rq^ieated. unipn?, coropofe bodies more.or lefs 
dfBnfe. Thjifc, derivative corgufcles, fcem fometimes to be ffmilar :. 
if a beam of light be feparated by a prifm into fmall coloured rays, 
and any (lender ray of the fame colour be minutely examined, its' 
component parts feem to hi fimilar, becaufe they affect the fight 
exa^ly in the fame manner. Eure mercqry fqueezed throughrthe 
pores of leather, or raifed intQiijimc>.and received MpQu dean glafs,. 

F z exhibit' 
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exhibit globules fimilar and undiftinguifliablc* This is alfo ob* 
fcrvable of the vapours of pure water. And, in other fpecies of 
matter, the derivative particles are combined from others exactly 
fimilar to them ; a red globe of blood is obferved, through a mi- 
crofcopc, to be compofed of fix yellowilh ferous-globes, and every 
one of thefe is compofed of fix lymphatic globes ; but farther the 
microfcope does not enable us to proceed. Every fpecies of mat-* 
ter, however different in denfity, may be conceived to be formed 
of equal and fimilar elementary particles. Thus, the particles 
FIG. X. A^ By Cy compofed each of fix equal elementary particles, are dif- 
ferent ; and thefe particles may, by a different combination, form 
different ftill ; and thefe repeated coalitions may, by changing the 
original and fucceeding numbers and their pofitions^form maffes of 
matter differing in endlefs variety. 

UNIFORM MOTION. 

91. From the folidity of matter, whether owing to repulfion or 
a6tual contact, refults its capacity of impulfe or of being protruded, 
and confequent mobility of body, as far as the caufc of mobility 
feems to be known. If the body ^, in motion, ftrikes another body 
Bf not retained in its place by any force, B will be protruded and 
move ; becaufe, from their folidity, they cannot penetrate each 
other's dimenfions ; and the communication of motion in this cafe 
is the neceffary confequence of folidity. Motion fuppofes the fuc- 
cefiive exigence of the body moving in different parts of fpace, and 
therefore cannot be underftood without prefuppofing a knowledge 
of fpace and times which therefore mud be premifed. 

92. Def. Space is that which contains the whole fenfihk creation^ 
is unlimited^ and its parts are homogeneous^ infeparflbky co^exifiing and 
unrejijling. 



93. Cor. Since fpace is unlimited in every direftion, and its 
parts fimilar and undiftinguifliable, any portion of it can only be 

^ afcer* 
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alcertained by its relation to forae affumed fenfible mark or ob- 
je6l. Hence of place, which is a part of fpace, there are two 
kinds> abfolute and relative. 

94. Def. T^be abfolute place of a body is that portion of this unli-- 
Pitted /pace 9 nvbicb is occupied by it wben fixed and immoveable \ and 
tbe relative place of a body is its fituation witb refpeSi to fome affumed 
mark or objeSl^ nvbicb itfelf may be moveable, 

95. Cor. The abfolute and relative place of a body coincide, 
when it and the aflfumed objeA are immoveable, or remain in the 
fame part of fixed fpace. But we cannot perceive the abfolute 
place of any objefl:. 



96. Def. Duration is tbat wbicb flows uniformly^ is unbounded^ 
continuous^ wbofe parts arefimilar^ and no two exift togetber. An idea 
of duration is obtained by obferving the interval between our 
ideasj or between the fucceffive appearances of any external obje6l ; 
and, as it is, ftriflly, only meafurable by a portion of duration, 
and no two parts exift together, confequently cannot be compared 
by juxta pofition, time, which is a part of duration, is of two 
kinds, abfolute and relative. 



97. Def. Abfolute time is a portion of duration^ wbofe quantity is 
only known by a comparifon witb anotber portion; and confequently tbe 
relation between any two parts of abfolute time is undifcoverable. Re^ 
lative time is a part of duration wbicb elapfes during ary motion of 
body ^" or any fuccejjion of external appearances. 



98. Def. An inftant is tbe boundary between any two contiguous 
portions of time ^ as a point is tbe boundary of any contiguous lines \ and 
a moment is any fmall portion of time. 

99. Def- 
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99* Def. Alffolute motion is a change of abfolute plfice^ mid ahfo^ 
lute reft is a ^rmanence in the fame ab/obOe place. 



100. Dep. The dirediion of motion is the pofition of the line upon 
which it is made. When the motion is reOilineah its direSfion is this 
right line *, when curvi lineal^ the di region is the tatigent to that point 
of the curve where the moving point is. 

10 1. Dep. Velocity is the quicknefs orjhwnefs of motion^ or the rate 
at which a body moves. 



102. Dep. a body is faid to move with an uniform^ acceler/sted^ or 
retarded velocity^ when it continues the fame^ encreafes^ or decreafes. 
When the encreafe^ or decreafe^ of velocity is the fame in any equal times^ 
the acceleration, or retardation^ is faid to be uniform ; and when this 
encreqfe or decreafe^ (fvfhcity, enfrjgqpfs or decreafes in 4fny, equal times^ 
the acceleration, or retardation, encTJeafes or^ decreafes in the fame ratio. 



103; Dep. l^he line joining all the fufcej^e places, through which 
a moving body paffes, is called tbejpace defcribed% 

104. Prop. If S reprefent the fpace uniformly defcribed noitb the 
%fel0city V in the time T, Off J tbefe ^uigmtujUs be fitpfofedto vary, S 
will vary asYx T.* 



Dbm. 

* This propofition 11 pioved, not inelegantly, by the following procefi : Let f and / be 
icfpe^ively defcribed uaiformly, with the velocities Fukd v, in the times T'and /$ and 

fifiiS: *-^ (38} = the fpace defcribed in the time./ with an nnifbrm velocity equal 

to Fi and ?^uiiF:v and $ X t Xv^s^F^kT (37), 9nA {j9) S i n: FxTt 
V X /. Q:,E. D. 
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Dem. If either ForT he encreafed or dlminlfhed in the ratio 
of 2, 3, 4 .... ff^ I, the fpace will evidently be eilcreafed or dimi- 
nifhed in the fame ratio ^ and becaufe /^ and T 3rc anconn^fted, 
or either of tliem may be changed without afieflitig the Others 
S will vary as Tx ^ (64). QJE. D. 



S S 

105. Cor. t. Becaufe S Is a$ Fx 7*, F Will be ds ^ T as ^ and. 



If 5 be given, t^s^ and Fsls^ {6^). 



106. Cor. 2. If ^be giveni S is is % or the fpaces dtfciibfed, 
with the fame unifomi velodty^ are true meafures of time, And 
may be fubftitutcd for it. Ai?d, T being given, S is as F, or the 
ipaces deicribed in the fame time uniformly, are meafures of the 
velocity: if F, or any other fymbol, be called velocity, it denotes 
the length or number of feet defcribcd uniformly in one fecond. 
Or any othfcr titoe. Let ariy Values 6f the velocity be to each ''^atE 
other as J: B, 6f- as 3 : 2, arid arty Coteinpora'ry values of the time FiG.'m. 
be as C : D, or as 5 : 4, and the tpttce^ dercribed will be to each 
other as Xi Z, or as 3 x 5 : 2 x 4r 



io'7. Cof. 3'. If liftcs therefore be fiib'fti'tuted: for F arid T, the 
(pace S y/iW be as l!he r eft'arigie, whole fides are thefe Tmes j and, 
if numbers be fuhftituted for them, the ipace will be equal to the 
produ£t of thefe numbers, the time equal to the quotient of the 
Ipace divided by the vielocity, and ihh velocity equal to the quo- 
tient of the fpace by the time. Let F be equal to n feet in one 
' fecond, and .T=p feconds; and ^ is a^ualLy.equa^ to « x^ feet, T 

ajftually «<|t»al to p feconds, and Fist ^ feet irt one fecond. 



KeJl's Phyfiw, Left. IX. 



VARI- 
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VARIABLE MOTION. 

1 08. Prop. In variable Jinite velocities^ the velocity during an in* 
Jiniteiy fmall time^ is uniform. 

Dem. The encreafe, or decreafe of velocity produced in any 
finite time, is finite, and, if the whole encreafe or decreafe be di- 
vided into any infinite number of increments or decrements, each 
will be infinitely fmall and vanifli, compared with the whole velo* 
city, which therefore is uniform. C^E. D. 



1 09. Cor, If therefore y, F", T', reprefent correfponding incre- 
ments of S, V^ tr, refpeftivelyj V will be evanefcent compared 

with Vi y will vary as ^x T' ( 104), T as s=/» and T as y (105). 



PLATE 110. Prop. ^ the abfcijfa AS of any curve DEF reprefeni the 
FIG XL ^^'^ time^ and the ordinates AD, BE, CF, &c. be as the velocities at 
' the infants A, B, C, &c.. the fpaces defcribed in the times A B, B C, 
will vary as the areas A E, B F, &c. 



Dem. For let Am^mn^ np^ Sec. be moments of time, and^the 
fpaces defc libed in thefe moments, are as the re6tangular paralle* 
lograms -rfy, wr, » v, (107) &c.} and the whole fpaces, defcribed 
in the fums of thefe moments, i.e. in the times A By BCt are as the 
fums of thefe parallelograms^ or as the areas AE^BF. Q^. D. 



III. Cor. I. If the relation between /^and T, or the ordinate 
and abfcifia, be given, the relation between the fpaces, or the areas 
AE,BF may be found. 



112. Cor. 
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112. Cor. 2. If the area ^E be always as the fpace defcribed plate 
(5) in the time ^B or T, the velocity is as the ordinate BE; fig.xi. 
for according to this fuppolTition, 5' is as AD x Am, or AD x 7\ 
and (109) as Fx T-, therefore F\s as AD. 



113. Cor. 3. HAS reprefent the fpace defcribed, and the or- 
dinates AD, BE^ CF» &c. be always inverfely as the velocities at 
thofe points; the times of defcribing AB, BC^ &c. will be as the 
correfponding areas AEy B F, &c. For the time of defcribing any 

fmall fpace Am is as — , or as Am x AD ; and confequently the 
fum of the moments, or whole time of defcribing AB, is as AE, 



114. Prop. Tbe acceleration and retardation of velocity^ vary as the 
change uniformly produced direStly, and the moment of time in which they 
are produced inverfely. 

If the changes of velocity, uniformly produced in the fame time, 
beas 2:t, the acceleration is as 2:1(102); and if the times, in which 
the fame change of velocity is efFefted, be as i : 3, the law of ac- 
celeration is as 3 : i, or inverfely as the times; becaufe if the times 
were as 3:3, the changes of velocity uniformly produced in thefe 
equal times, which meafure the ratio of acceleration, would evi- 

denily be as 3:1, therefore the acceleration is as ^„ and in the 
fame manner the retardation is as — ^,. Q^. D. 



115. Cor. If the velocity vary as the time, the acceleration and 

retardation are conftant; for V: v:\T\t, and, fuppofing « =z= 

y 
the number of moments of time, or changes of velocity, — {V') : 

V T t V 

— {'d) :: - (T') : - (/'); or V is as T and = is given. 

G NOTE. 



I 

I' 
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NOTE. 

P LAT E •! l6. PROP. In 'variaUe motions^ if the 'Uilecity (V) in awjf fimt L, hi a$ awy f^wir •/ the 

!• Jhact dtfcrihtd^ thi time (T) ofdifcrih'tnz thatjhace nun hefnmd. 
FIG.XII. 

Let the body begin to move from A^ and AL zz s, and ^ be as «"» and T the time of de- 
fcribing AL. 7* is as - (109) as — , and T = — - + C (corredion). Q;^E. D. 

117. Cor. I. If r* be conftant, or « = ; T will be as (k) the (pace defcribed. 

1 18. Cor. 2. If F be as the (pace defcribed, or « = i ; 7* r: - or is infinite, and the body 

will never move from the point A* There are therefore no motions in nature, whofe velo- 
cities are not in a lefs ratio than that of the fpaees defcribed, in the beginning of motion. 



T» 



119. Cor. 3. If rbe as the power of the fpace de(cribed, whofe exponent is J, \ 

— I •» 2, &c. the time will be as that power of the fpace defcribed, whofe exponent is ^, J, 

FIG. 120« Cor. 4. Let the body move in AL^ and the velocity (V) be as the ordinates of the 

Xlil. carve line AM^ which meets LA in A^ and confequently txAjVzzi 0. It is evident, that if the 

time of defer] bing^Z. be finite, or (i i8)^beas{bmepowerof^Z, whofe exponent is lefs than 

unity, or fradbional, the tangent at A will be perpendicular to AL. Let F be as AL" and f- 

as » X AL*^* X ALf and y: jtLiin X AL'^* ; i; and, if r be as any power of AL, whofe 

ill 

exponent is lefs than unity, viz. {, r: AL : : i X AL"* : i : : ^ : 1 : : - : i,when AL va- 

lAL- ^ 

niflies, and confequently the fluxion of the ordinate LM is infinitely greater than that of the 

abfcifs AL, 

121. EXAMP. If AMB be a fcmicircle, AB = za, AL =: /, and the velocity at any 
point Lf as LM, or fuch as would defcribe a X LM feet in 1"; 7' =: the fluent of -, or of 



V 



/ / as' AM 



-r> or • - , or . -, or ■ ^ ^^ feconds. Therefore the whole 

time of defcribing ^5 = ~, feconds, which is a given qaantlty, and whatever be the 

length of AB^ it will be defcribed in the fame time. 

pL/^TE 122. PROP. The times of defcrihing AL and 2l\ (T and t) nxiith Velocities nvhich are ahvtijs 
11. io each other as the ordinates LM, 1 m ofjimilar <ur<ves AM, am, are e^uaL 
F [G. 
^IV, • Eulcr's Mcchanica. 

DEM. 
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DEM. Let AL and ^ / be homologous fpaces, whofe ratio 13 that of/ \ f, and itAL zz t, 

A J ^ ft ft 

and LM =: v ; 41/ = ^» and Im = lAf x k The time of deiciibing AL or (T) = 

• • • • 

flu.-,and/ = fla.^ rrfln. r^=fl».-^ = ^- Q:,E. D. 
V /« LM *» ^ 

123. DEF. T&e fcaU of 'velocity is a line nvho/e ordinates are as the velocities at ikefi fmute 
ftom lAjhenee they are dranjun^ If the My move in AL, at in tb$ lafi pf9fofitim^ tic. AM is tbi 
fcale ofofelocitj, 

1 24. DEF. The fcale of time is a litu wbofe ordinates are as the time. If the ordinate M C2«P LAT E 

be always as the time of defcrihing AM, the line AQjs called the fcale of time, II* 

FIG«XV« 

125. PROP. If the fcale of 'velocity (V) be given, the fcale of the time (T) may befoani. 

For 7 is as p and T'z: flu. of -p. + C, and if the relation of the ordinate and abfcifiy or 
FsLnd S be known, the fluent of -^ may be found. Q^E. D. 



126. Cor. If the fcale of velocity AN be a circular arc, the time is that arc; for 7 is as 

7^ <>"■ HTr* or jtJ^, and I'iszs AN. - 

r MN ' 



127. PROP. Thefcale q/^ time AQ^being given to confiru^ the fcale of velocity. 

i 5 MS. 

f is 38 p, and F as — or ^^^ fuppoflng ^0 to be perpendicular to the curve. Take 

M^ A 

therefore MN =: j^, which is = t or as T, and AN is the fcale of velocity. 



128. Cor. I. If A^ht a right line, and 7* as m XS-, 4- is as m x j , and ^is as r- as 

T 

i I 

— T- as - , and AN is a right line. 

X o HI I 



129. Cor. 2. If r be as 5« and f as « X S^-'s; F will be as 1-— r, or as \-—. 

«x5'"-'5 mix 5*"" 

If ^^be the common parabola, or « = i ; ^5^ will be equal to a/^, and ^A^ is alfo 

m X *^ 

a parabola; and the relation cAr(M^) and the abfcile ^3f or 5 brag known, the rela- 

taon of V(MN) to S may always be found. 

G 2 R E L A^ 



I 

I 

I 

I 
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RELATIVE MOTION. 

130. Def. Relative motion is a change of relative place, and re^ 
lative reft is a permanence in the fame relative place. Relative and 
apparent motion are fometimes diftinguiflied from each other, the 
firft being defined to be that which is attributed to a moving ob- 
jeft by an obferver in motion, and the fecond that attributed to 
an obje6V really quiefcent by an obferver in motion. 



131. Def. The relative velocity of two bodies is the velocity with 
which they accede to, or recede from, each other. 

132. Cor. I. Relative motion and reft of a body coincide with 
abfolute, when the afTumed obje6l, by which its fitiiation is deter- 
mined, remains in the fame part of fixed fpace. If the earth be 
quiefcent, every fliip which moves, or is quiefcent, with refpciSl to 
a fixed obje6t upon the fhore, moves alfo abfolutely, or is abfo- 
lutely quiefcent. 



PLATE ^33- Cor. 2. If the obje£t, by which the fituation of a body is 
f/g determined, move, abfolute and relative motion. and reft do not 
xvi! coincide. If the body JB, fixed at the point B in the Ime AB, be 
the aflumed objc<5l with which the fituation of ^, placed in the 
fame line and partaking of its motion, be compared, its abfolute 
velocity will be the fum or difference of its own velocity and that 
of the line, according as they move in the fame, or oppofite, di- 
reftions. If the line A B move in the direction TX, with an uni- 
form velocity of 100 feet in 1", and A alfo move in the fame di- 
rection, with an uniform velocity of 50 feet in 1''; A's whole ab- 
folute velocity in the direction TX is 150 feet in 1", and its rela- 
tive velocity, or uniform recefs from B, is 50 feet in 1''. If the 
line-^fi move uniformly in the direftion TX with a velocity of 
100 feet in 1", and A move in the oppofite diredion XT, with a 
velocity of 100 feet in 1", it will be abfolutely quiefcent, and its 
« relative 
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relative velocity,, or B's accefs to it, will be loo feet in I'^uni* 
formly: if -^'s velocity, in the laft fuppofition, be 50 feet in i'^ 
uniformly, its relative velocity, or approach to B will be 50 feet 
in i^\ and its abfolute velocity will alfo be 50 feet in 1" m an op* 
pofite diredlion.. 

r j4. Cor. 3- A fpe£l:ator therefore, placed upon the moving line 
jiB at the point J5, only {)erceives ji*s relative motion, which 
may be always different from the true. 

♦135. Prop, Iftwoiodies A anJ B move at the fame time from A PLATK 
in the direStiom AM and AL, with uniform velocities a and b re^ piG. 
fpeSlively^ their relative velocity will be uniform^ and to a as the fine XVll. 
ofL. BAD : Z, B DA, and to b as fin. Z. BAD \fin. L. DBA or L. BAF, 
fuppofing B and D to be cotemporary pofitions of A and B, and AF to 
be parallel to B D. 



Dem. Let JB, D; C, £; Af, L; be cotemporary pofitions of -^ 
and S; and (106)^2 \b\\AB : AD\.AC\ AE :: AM : AL\ and 
confequently iJi), C£, LMy which meafure the relative velocity, 
are parallel to each other, and encreafe uniformly becaufe -^Af 
does. But the relative velocity is to ^ :: LM : AM:: fin. Z. MAL 
ifin.ZL ALMy and it is to b ::LM: AL:: fin. zL^M : fin. lLMA' 
or L.MAH. C^E.D.. 

136. Got; i. The only fenfible motion of \B to a fpeftator 
placed at Ay and fuppofing himfelf to bequiefcent,.will be along 
Ah parallel and equal to ML\ and when A hath really defcribed. 
A My B will appear to have, defcribed Ah = ML uniformly. 



137; Con. 2i If ^ and B move unifornvly with any, equal velo* piG^ 
cities in parallel direftions ^M, J3i, their relative fituation is xvjir. 
Bot changed, being always equal, and parallel».to<di^ and if aB]f^ 

fpaccj 

*' Ealer's Meckaaica. 
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fpace AMBL^ containing any number of bodies, move, their re- 
lative fituations are not affefted by it. To a fpeclator therefore 
placed in A^ in this moving fpace, and fuppofing himfclf to be 
xjuiefcent, any body B will appear to be quiefcent. 

138. Cor. 3. It is evident that the abfolute motion of a body 
may be changed into innumerable relative motions uniform and 
rectilineal, if its abfolute motion and that of the body, by which 
its fituation is determined, be fo. 

PLATB 139, Prop. If two bodies A and B movey at the fame time, from 
F I G. '^^ /v'Vr/ A> in the direSlims AM, AL, with uniform velocities, as AM, 
^^^ AL refpeQively, and B be confidered as quiefcent^ A's apparent motion 
Tvill be uniform and its direSion and velocity as the diagonal of a paral- 
lelogram xd>ofeJides are AM, and AD equal and oppojite to AL, 

Dem. Let m,l be cotemporary pofitions of ^ and B, or let 
Am : Alw AM : AL and /«r, Lm are parallel. But when B is 
at / and X, A% diftancc is equal to /w, LM\ or, fuppofing B to 
be quiefcent at the point A^ and AE, AD be refpeClively equal and 
oppofite to Ah AL^ and £», DN be drawn parallel to AM, A 
will appear at n and M But An varies as Am^ and therefore en- 
ercafes. uniformly, and AN k the diagonal of a parallelogram, 
whofe fides are AD = AL, and AM. Q^. D, 



140. Cor. I. The apparent and real velocities of A are to each 
other as AN: AMiiGn.Z^MAD : Cin.^NAD. 



141. Cor. 2. Suppofing ^and B to move as before, and A to 
be quiefcent, the diftances and direftions of yf from B will be Ab^ 
and AHj fuppofing them to be rcfpedliveJy equal and parallel to 
ml, ML. Whilft B therefore really defcribes AL, it appears to 
defcribe AHzsz AN, and in the fame right line with it; and the 

apparent 
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apparent motion of A and B, feen from each otheri are equal and 
oppofite. 

142, Cor. 3. An uniform relative motion along the diagonal F i G* 
of any parallelogram AMND may be confidered as rcfuhing from, 
and equivalent to, two uniform abfolute motions in the fides AM 
and AL = AD*, and thefe motions are in the fame plane, and their 
velocities are to each other as the diagonal and fides. 



143. Con 4. If the motions of -^ and B be oppofitc, their 
relative motion is equal to the fum of their real motions, AN 
being, in that fuppofition, equal to AM + AD. If the motions 
of A and B confpire, their relative motion is equal to the differ- 
ence of their real motions, or of -^M and AD. And if the real 
velocities of A and B be variable, according to the fame law, their 
relative velocity will vary according to that law. 



144. Cor. 5. The real motions in AM and AL are faid to be 
equivalent to a motion in AN^ becaufe they produce the fame 
cffe61: in the fame time, as if B were quiefcent at A^ and A were 
to defcribe ^iV uniformly in that time. And in the fame man- 
ner two motions in AN and AD are equivalent to a motion in 
AM^ or it§ oppofite and equal AP, according as the body de* 
fcribing AD^ or AN^ is fuppofed to be quiefcent. 



14 5, Cor. 6. If the real motion of A and 5, or -^M and ALy 
and their inclination be known, the relative motion of either of 
them may be found; for AM, MNznA^MAD^ and confequcntly 
its fupplcment AMNy being known, the bafe AN^ and the 
Z. MANy or the inclination of A*% apparent to its real path, may 
be found. 



146. Cor. 
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146. Cor. 7. The relative and real motion of A^ or AM^ AN^ 
and the angle MAN^ being known, the real motion of B^ which 
is fuppofed to be quiefcent, or AL =^AD may be found. 



PLATE 147. Prop. If two bodies A and B move at' the fame time uniformfy 
FIgIxx. ^^ '^^ direSlions AM, BL, with velocities equal to a and b, the rela^ 
five motion of B nvill be uniform and reSiilineal upon the line B N, fup-^ 
pofing AN to be always equals and parallel to right lines joining the con- 
temporary p oft ions of A and B. 



Dem. Let m,l; MyLj be cotemporary pofitions of -^ and 5, 
or let a: b:: Am: Bl::AM:BL, and mly ML will be the di- 
ftances of B from A in the points m and M. And if A be con- 
fidered as quiefcent at A, taking An^ANy refpeclively parallel 
and equal to ml, ML, B will appear at n and iVin the line BnN, 
which is therefore the apparent path of B. But a\b:i Am (nl) : 
Bl::AM{NL) : BLi therefore BnNis a right line, and en- 
creafcs uniformly, becaufe it varies as B L. QJB. D. 

148. Cor. If A and B move as in this proportion, and B be 
confidered as quiefcent, A*s apparent path will be in the right line 
ADEy parallel and equal to BnNy as is evident by taking BD 
and BE refpeflively parallel and equal to Im and LM. A's ve- 
locity will therefore be uniform and equal to jB's velocity, when A 
was considered as quiefcent. 



149. The abfolute and relative motions of 5, and their di- 
reftions being known, the dire£lion and velocity of A's motion, 
which occafioned B's relative motion, may be founds for, let A 
and B be cotemporary pofitions of A and J3, and let JB/, Bn, be 
the fpaccs defcribed in the fame time by £'s abfolute and apparent 
motion, and if In be joined, AM drawn parallel to it, will h^A's 
path, and A's velocity : J5's velocity ::nl: Bl. 

150. Cor. 
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150. Cor. !• An abfolute uniform and re6lilineal motion BL F^^- 
may be changed into any infinite number of uniform relative 
reftilineal motions, by changing the dircftion and velocity of A*s 
motion 1 for BN may be drawn of any length, and in any direflion, 
and the direftion and velocity of -^f, moving uniformly fo as to 
produce this relative motion, may be found by drawing -^ikf pa- 
rallel and equal to NL. 



151. Cor. 2. When two bodies move uniformly in right lines, 

and one of them is confidered as quiefcent, the relative motion of 

the other is therefore uniform and reftilineal 5 and the fpaces, de- 

fcribed by it relatively, vary as the velocity multiplied into the time 

S S 

(104), or S varies as Fx T, Tas 7?, and ^as ^. 



152. Cor. 3. If the relative motion of -B be variable, the abfo- 
lute motion of either ^ or J3 is variable. 



153. Prop. If a body A move in any curve line Am M, and an* plate 
other body B move in any other curve B 1 L, BV apparent motion may be p^Q^ 
found. XXI* 



Let iw, /, My L, be cotemporary pofitions of A and J5j and J5's 
diftance and the right lines in which it appears at m and M^ are 
ml and ML. Or, if A be confidered as quiefcent, and An^ AN^ 
be taken refpeclively parallel and equal to ml^ ML^ B will appear 
at n and JV, and its path will appear to ht Bn N. QJE. I. 



154. Cor. It is evident that the curve BnN^ the relative path 
of jB, maybe defcribed by the motion of -^ in different curves ; but 
all the curves defcribed by A will be equal and fimilar, and have 
their correfponding parts parallel, bccaufe they are always fubtend- 
ed by right lines equal and parallel to n /, NL, &c. 

H 155. Prop. 
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F I G. i^j*. Prop. IfBh abfolutely quitfcent^ Wid A ^ove w mtf uirvr 
line A m M uniformly^ B mil affear to move uniformly in s> curve 
equal andfmlar to A mMy und tbefe curves arejimilarly fituated mtk 
refpe^ to the points A and B. 



Let j9i, M be any contiguous pofitions of A^ which being oonfi- 
dered as quiefcent at the point A^ the cotemporary petitions of B 
are n and N^ fuppofing An^ AN to be refpeftively parallel and 
equal to Bm,BM. And becaufe An =zBm and AN= BM^ and 
the angle NAn ="angle mBM^ the fmall arc Nn=^mM, and they 
make equal angles with the diflanccs AN, BMy and An^Bm^ 
QJS. D. 

156. Cor. I. If B move in the curve BnN, andyf be quiefcent 
at the point A^ it will appear to defcribe the curve AmM fimilar 
and equal to BnN 



PLATE ^S7* Cor. 2. If A and B, placed in the fame right line ABC, 
in. defcribe the circles AmM, jB /L in the lame time uniformly, and 

XXI a! -^ ^ confidered as quiefcent, B's apparent path is a circle whofe 
center is A and radius AB. For let w, I, and M, L^ be cotem* 
porary pofitions of A and B, and B will appear at / and L ; or, 
fmce A is confidered as quiefcent, if An, AN, be drawn parallel 
and equal to m /, ML, it will appear at n and N, and its appa- 
rent diftance from A always ^=r AB, and the direction of B's ap-- 
parent motion is the fame with that of A and JB. 

158. Cor. 3. If B be confidered as quiefcent, and they move as 
in the laft corollary, A's apparent path will be a circle whofe cen- 
ter is B and radius BA^ and the diiie6^ion of its motion is the 
fame with that of B in that corollary. For taking any cotempo* 
rary pofitions «r,/, and M,L\ and, drawing Bn, BN refpeftivcly 
parallel and equal to ml, mL, A will appear at m and N, and its 
apparent difiance from B always = AB. 

159* Cor. 
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159. Cor. 4. The relative motions of ui and B feen from each ^ig. 
other, are equal and in (imilar carves. For let m and M be any ^^^^* 
4:ontiguous pofitions of wtf, and /, L correfponding pc^tions of Bi 
and joining ml, ML, B's relative motion, whilft it really deicribes 
ILy will make it defcribe nN, fuppofing ^ to be quiefcent, and jin^ 
^ AT to be refpeftively equal and parallel to //v, LM. Suppofing 
B to be quiefcent, and Bb,BH to he equal and parallel to mJ^ 
ML, or Arty JN, A will appear to defcribe bH^ which is equal 
and fimilar to iV«. 



i6o. Cor. 5, If B be immoveable and not placed in the plane 
4»f A^ motion, it will appear to defcribe a line equal and fimilar 
to the line defcribed by A, and they will be in parallel planes ; for 
taking any two contiguous portions of A^% path, the right lines 
Joining the real and apparent places of A and B are equal and pa-p 
rallel, and confequently the fmall right lines joining them are equal 
and parallel : and this and the prece(fing corollaries are true where- 
ever the eye^s imaginary place is. 

SCHOLIUM. 

1 6 1. To diftingulfli real and abfolute, from relative motion, is 
an important, but very difficult problem; becaufe the fame appa* 
rent motions may refult from real motions combined in endlefs va- 
riety. Every apparent motion of a body refults from, and may be 
explained by> its real motion and that of the fpecStator and v^v s and 
therefore its real motion, and the real motion of the fpe<3:ator,or this, 
and the apparent motion of the body, muft be prefuppofed, and, with 
the afliftahce of mathematics,the other may then bedete£ted. A fpec- 
tator ignorant of the earth's annual and diurnal motion, and fuppof- 
ing himfelf to be quiefcent, muft draw erroneous conclufions, in all 
his reafonings, concerning the abfolut:e motion of any body, becaufe 
thefe motions of the earth will communicate an apparent motion 
to a body abfolutely quieicent, and affe£l: the abfolute motion of a 
body moving (134)1 The relative motions of bodies muft there- 
fore be afcertained from obfervation, and their real motions, when 

H2 dif* 
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dlfcoverable, ar^ deduced from thefe, the properties of real motion, 
and the quantity of mechanical powers, or qualities in matter, 
that are found to generate motion. If the properties, invariably 
attached to all real motions, obtain in any obferved motion; or if 
any mechanical caufe be proved to exert an influence, which is ex-* 
aftly competent for the produdion of any obferved motion, it may 
fafely be inferred that this motion is not imaginary, but real. 



Ex A MP. L The variation of diftance between a fhip and a re- 
mote object is owing to the motion of the fhip, when the wind 
and current a6t and are competent for its production. 



FIG. Ex A MP. II. A (hip failing from fouth to north at the rate of 

x^v. g^,g miles in an hour, obferves another (hip which failed from the 

fame point E going to the fouth-weft at the rate of 7;^ miles in an 

hour nearly, and from hence it appears, that the laft fhip failed 

from eaft to weft at the rate of five miles in an hour nearly (139.)* 



Ex AMP. III. The magnitude of the earth's attraftive power, or 
any other mechanical caufe, is incompetent for the produdion of 
the diurnal revolution of the heavenly bodies, which is therefore 
probably apparent. 

Ex^ MP. IV. The aberrations of the fixed flrars are proved geo- 
metrically to refult necefTarily from the progreflive motions of 
light and of the fpeftator combined, and are confequently only ap- 
parent. 

Ex AMP. V. A real circular motion is infeparably attended with 
a centrifugal force, and diftinguifhable therefore by this effect. 
Thus the diminution of gravity, which is obferved in acceding to* 
wards the equator, affords a proof of the diurnal rotation of the 

CHAP. 
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INERTIA OF MATTER. 



162. Def. TpOWER and force are ufed fynonimoujly to Jtgnify artf 

^ aSiion upon a body^ which produces motion^ or a tendency 
to motion, as animal exertions and the influence of phyfical caufesy gra^ 
•oity, elafticity, magnetifm, Gfr. When a force aSs always with the 
fame intenfity, or produces the fame effeSt in a given time,, it is faid to 
be uniform or conjiant^ and variable when it does not. 



163. Dep. jiny momentary imprejfibn upon a body prodidcing motion^, 
or a tendency to motion, is called an impulfe, or percujion, of a pow£r or 
force. 



164. Def. Whatever refifts the aSiron of a force is called an ob* 
ftacle. 



165. D"EP, Ihertiay or vis inertia, of matter, is that quality by 
whofe influence a change, in the dire&ion or quantity of its motion, can^- 
not be- produced without the application of a force i The caufe of ai 
body's continuing in a- (Vate of reft, or o( uniform re6lilineal mo- 
tion* is not any external force, but the nature and conftitution of 
matter; and. this internal- caufe or principle is called its inertia^ 

166. This property of matter^ or inertia, is effential in the con** 
Aitation of a fyftem, whofe prefervation is neceffarily dependent 
upoHi the: regular obfervauce of prefcribed, determinate, laws $ , but 

itas 
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its exiftence can only bie colleded from experience. Tirfi^ Every 
change in the fituation of a body, from reft to motion, and 
from motion to reft and to an ancraafe or decreafe of motion, 
indicates an inertia, which is found to pervade every fpecies of mat- 
ter accelfible to obfervation, the particular fafts, adduced in proof 
of it, being innumerable and concurring to eftabli/h its univerfal 
exiftence. A quiefcent body is never difcovered to move, and mo- 
tion, or change of motion, is never induced, without the adual im- 
pre0^on of a caufe able to produce thefe effeftsj for matter not 
only continues in a ftatc of reft, by an incapacity to give motion to 
itfelf, but never ceafes to move, or changes the quantity and di- 
reiftion of its motion, without the application of fome philofophic 
influence adequate to their produftion, as magnetifm, elafticity, 
gravity, &c. or animal exertion, as pcrcuflion, protrufion, &c 
The time of the motion of a wheel upon its axis, or brafs topp 
upon a poliftied furface, is encreafed with the diminution of fric- 
tion upon the axis, or furface j and the motion of a body, placed 
upon the deck of a ftiip, and partaking of its motion, continues 
in the fame direction after the (hip has ceafed to move ; and the& 
motions are evidently difcontinued by the operation of a caufe, 
i. e. friftioh, competent to deftroy them. New motions are ob- 
ferved without any fenltble material impulfc, refulting apparently 
from an innate tendency to motion } thus, a body not fupported 
defcends towards the earth, and, projefted in a diredtion not per- 
pendicular to the earth's furface, deviates from the line of pro- 
je^ion with a vdocity perpetually variable ; and new motions 
arife amongft the minute particles of bodies \ but theie are the 
necefiary refult of eftablifhed natural powers, gravity, elafticity, 
&c. Secondly* This quality is fometimes called the vis infita, or 
vis inertite, of matter, from the iimilitude of its effe^s to tbofe 
of animal powers exercifed upon a body, both producing » 
change of motion. If a body ji^ placed upon a poliflied table, 
or fufpended by a rope, be quiefcent, it will continue in that ftate 
till urged by fome external caufe { and if another body B be pro* 
jested with any velocity, and impinge upon Ay \% will communi- 
cate motion to it, and be itfelf retard^. When the effed of j^'s 

! impadt 
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tinpa£): is conlidered in relatioii to the change produced ihA^Bin 
(aid to a)£l upon ji-, and> when confidered in relation to the 
change of motion produced in itfelf, it is (aid to be refifted by 
j1. Aftion is ufually afcribed to a moving, and refiftance to a 
quiefcent, body; but they may both be confidered as aftions, be- 
caufe they produce (imilar eflFefts, that is, a change of motion, ji^ 
by its vis inertias, deftroys a part of B's motion, and S, by endea-* 
vouring to retain its prefcnt ftate, that is, by its vis inertia?, pro-* 
trudes, and communicates motion to, -A "Thirdly^ Every change 
in the fituation of a body is therefore univerfally allov^ed to in- 
dicate fome philofophical influence, or animal exertion ; and whe- 
ther a body be quiefcent, or moving, the quantity of its inertia 
is invariably the fame j for it is difcovered from experiments, the 
only fource of information, that a force, communicating a velocity 
equal to a to the quiefcent body A^ will communicate an encrcafe 
of velocity, equal to tf, to that body moving.. The force of gra- 
vity, which communicates a velocity nearly equal to thirty-two 
feet in one fecond of time, to a body falling from a ftate of reft^ 
communicates an encreafe or decreafe of velocity equal to this, ii\ 
one fecond, to a body already moving, according as it confpires 
with, or is oppofite to, the diredion of the body's motion. Apd 
if the body B, moving with a velocity equal to ^, impinge upon 
A^t reft, and commimicate a velocity to it equal to a, and lofe a 
velocity equal to /, it appears from expcciments, that B moving 
with the velocities ^'^ «i, ^ H- 2/», ^-f- 3/^1, &c. will commuui^ 
cate an encreafe of velocity equal to «, and lofe a velocity equal 
to /, by impinging on -4 moving in the fame direilion with 
velocities equal to «r, 2/Wi Z'^y &c. Confcquently the vis in- 
ertia of A, eftimated by the velocity, and encreafe or decreafe,. 
communicated to it, is the fame in a ftate of motion a^ul reft« 
Fourthly^ As the whole vis inertiac of a body is compofed of 
that of all its parts, and as we cannot conceive the vis incr- 
tiae of the fame or equal particles to be encreafed or dirai- 
niihed, the whole vis inertias of different bodies will vary as the 
number of equal particles, or quantities of matter, contained in 
them* The invariable refult of experiment is, that bodies equal 

to 
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to A^ 2 Ay 3 Ay &c. and heterogeneous bodies, whofe weights are 
as I, 2^ 3, &c. receive the fame velocity by the a£lion of forces, 
whofe magnitudes are as i, 2, 3, &c. 



167, Def.* I'he moment J quantity of motion ^ 'ois infita^ of a body^ 
are ufedfynonimoujly to denote the impetus ^ orforce^ nvitb which it moves ^ 
or its capacity to communicate motion or preffure. 



1 68, Prop. -5^M, Qj^V^ reprefent moment ^ quantity of matter ^ and 
velocity y refpeSlively^ and hefuppofed variable^ M will vary as Q^ V. 

Dfm. Prefuming that equal particles of matter have an equal 
inertia, it is evident that the preffure of one particle upon an im- 
moveable obftacle, or the force requifite to generate or deftroy its 
velocity, will vary as this velocity, or as Tj and becaufe the impetus 
of any body is compofed of that of every particle or ^ and ^and 
Fare independent, ilf will vary as Vy. ^(64). QJS. D, 

Another demonftration. 

The moments of different bodies vary as the uniform forces 
capable of generating or deffroying them, in equal times, being 
their whole cotemporary effefts; but forces equal to F, 2F, 3F, 
&c. will evidently communicate, in the fame time, the fame velo- 
city to I, 2, 3, &c, equal particles endued with an equal inertia, 
and velocities as i, 2, 3, &c. to one particle. Therefore F, which 
is as Af, is encreafed in the fame ratio, with the velocity or V^ and 
number of equal particles or ^ and, thefe being independent, 
VaiVas^xr(64). QJE.D. 

• Keirs Pbyfics, Led. IX. 

S C H O- 
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169. Tbefe, or fitnUar demon ftration^ are iifiiaj^y atkktce^ in 
fupport of this propofition, which is perhaps more properly /and 
with more conviftion, demonftrated by experim'etits, . Thq mo- 
ments of different bodies are colie6ted by meaftirihg thd magni- 
tudes of the forces required to produce them, or the magnitudes 
of their cotemporary cfFefts fimilarly produced, in the fin^left and 
trioft mtelligible inflances, which may be deemed the common mea« 
flire df their moments. 



Exp. I. If two unequal fpherical bodies, moving in oppofite 
dire£lions, meet and after impa6l be quiefcent, their moments muft 
be equal; but their quantities of matter are always found to be in- 
verfely as their velocities. . Or, i^ they move in the fame dire£tion, 
and ofte overtakes the other, the velocity gained by the ftruck 
body, and loft by the ftriking body, are always found to be inverfely 
as their quantities of matter. 



Exp. IL If a body A be placed on the fame fide of the ful- 
crum of a ftraight lever, at the diftance of i, 2, 3, &c. feet from 
^, it will move with velocities as 1, 2, 3 5 and be reftored to an 
equilibrium by the bodies -/f, 2-/^, or 3^, &c. placed, at the diftance 
of one foot, on the other fide. And, in general, a body,whofe weight 
is ;z X ^ pounds, at the diftance of one foot from the fulcrum, is 

found to equilibrate with bodies, whofe weights are ■ , , 

23 

— — , &c% at the diftance of 2, 3, 4, &x. feet from the fulcrum re- 
"4 * ' . . ' ' * . 

fpeftively. The preffupes or ihoments, are juftly inferred from 

thefe experiments, to be as theii* weights multiplied into their di- 
ftances, or as the quantities of matter multiplied into their velo- 
cities. And the fame conclufion refults from experiments upon 
every other, however complicated, machine, when allowance is 
m^de for friction, and the velocity is properly eftimated. 

I 170. Cor. 
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V, 

M 

170. Cor. I. Since ilf varies as ^x V^ Twill vary as s^^ and ^ 

M 

as -j^ (55 ). If Unes be taken in the ratio of ^to V^ M will vaiy 

as the area of a rectangle, whofe (Ides are thefe lines i-and if nuoi^ 
bers be taken in that ratio, M will vary as their produ^b. 

« 

17 1 • Cor. 7.. If 5 reprefent the fpace defcribed, m the ticie 7*, 
with the velocity F^ M, varying as ^x T, will vary* as '^^ ('05)> 

5, varying as TxT, will vary as ^ , and. 7" will vary as -¥j^ 

• 172, Con J. If two' bodies therefore ^and JBi moving in op-^ 
polite dircftions with velocities refpeflivcly equal to a zndi, meet, 
and after impaft be quiefcent ; or if tfteir effefts to produce mo* 
tion upon any machine be oppofite and equal, and their velocities, 
when properly eftimated, be a and ^j-/fxi = Bx^, and jf:B::. 
b : a (38), or A and B are to each other inverfely as their veloci- 
ties. The cpnverfe of this is true, and if the bodies be inverfely as 
their velocities, ox A\B:ib:ay their moments are equal, or they 
are in equilibrio upon any machine,, and A,% a=:B%b (37)* 



SCHOLIUM. 

173. Forces are diftinguifhed by fome foreign writers into two 
kinds; ill, of bodies at rell, and 2dly, of bodies in motion. 

Firft, 7 be force of a quiefcent body, fucb as is conceived to rejide in 
one lying upon a tabU^ fufpended by a firings J^ft<iined by fprings^ 6fr. 
is called ifs prejfure^ tenfion^ force^ foli citation^ vis mortua^ CScn and is 
eftimated by the weight noith nvhicb the table is prejfed^ the firing Jlretch* 
^dy fp^i^g ^^^t% ^c* Xo this kind are referred centripetal and c^ntri^ 
f^g^l forces^ as their effeSls are fimilar to thofe of weights^ prejfures^ 
tenfions. 

Secondly, 
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Secondly, T^he force cf a moving body^ arifing from ifs inertia^ by 

which it communicates motion^ or a change. oj motion^ to Mni)ther body by 

impa£ly overcomes ^ gravity yfriSiion^ and other prejfuresy and is only de^ 

Jiroyed by an extinSiion of its motion^ is called the vis motrix of that 

b^dy^ or its vis viva, to dijiinguifh it from the vis mortua. 

Concerning the meafure of the.firft of thefe forces no doubts^ 
are entertained, the prefTure of one particle, upon the arm of a 
lever, being uniyerfally allpwe^ to be as its Velocity, and of a num- 
ber of particles, as that ijumber and velocity conjointly; "but the 
meafure of the vis viva Katldlpng been a fubjefl of warm conten- 
tioii between, the. adherenfsr of Ncwto the fdrmef 

malatainingat tQ Be the!prd4vi(5i;of the quantity of matter and velo- 
city^ and the latter the produfb of the quantity of matter and fquare 
of the velocity*- , The term force being defined to be that, which, 
ailing upon a body 3, cpmmuijicates motion, or a tendency to motion, 
the magnitude oJ" tlie force of a moving body, at any inftant of time, 
may be beft, and indeed can only be clearly, conceivedby meafuring 
tide motion communicated by its and in this menfuration three things 
are tp be conJfidered, viz. the magnitude of the body or quantity of 
matter to be moved, the velocity communicated, ^nd the time in 
which it is communicated. Some of, thefe circumftances may be, as 
they have been, omitted, and djffercnt meafures of the fame force 
haye refulted. The followers tpf Newton conceive forces to aSi, for 
the fame time, with their refpeaive intenfities continued uniformly, 
and eftimate their magnitudes by their cotemporary efFe6ts. If two 
forces F and/ be fuppofed to aft, at the fame inftant, upon two 
bodies ji and B, with uniform inteniities, and communicate velo*> 
cities to them, equal to /^and v refpeftively, in the fanic time,' the 
magnitudes of thefe forces are to each other 2ls AxF: Bxv^\ 
And in the communication of noiotion by the impaft of one body 
upon another, this law is found to obtain, wherever the efFefts are ' 
diftinftly underftood, and can be afcertained, the quantity of mo- 
tion, if meafured by the produ6l of the quantity of matter and ve- 
locity, remaining invariable, when eftimated in the fame direftion. 
But the followers of Leibnitz,,. adopting a different definition of 
force, derive a different concluiion : they do not fuppofe the force to 
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a6l with uniform intenfity, as it may decreafe gradually to evfrief- 
cence^ which happens in the coUifions of bodies^ and a6tions of 
iprings ; and the time of adlion^ and ibmetimes the diredion, is 
difregarded, and not deemed to affe<St the refult. Though it be 
true in fome particular cafes of the communication of motion 
from one body to another, that the force, according to their ac- 
ceptation of the term, varies as the product of thq qotantity of mat- 
ter and fquare of the velocity, or that this product is the fame 
before and after impa£l, this conclufion cannot be afili-med to ob« 
tain generally. The doftrine advancjcd by Newton is univerfally 
tf ue, according to his meaning of the term force ; but whether the 
opinion of Leibnitz be true or not, is be/l known from experiments, 
the refult of which is generally repugnant to it : and it would there- 
fore, perhaps, create lefs confufion to adhere to the old definition of 
force, include the time of aftibn, iand fuppofe the iiitenfity of the 
force, during that time, to be the fame. The diftinction between 
thefe two kinds of forces hath oftQii been urged to be fuperfluous^ 
for the following reafons. Firfl, The force of a moving body is a 
vagu? and undefinable terin j, for there is no force in a body confi- 
dered abfolutely> except its inertia^ which is alwajrs^the fame, whe- 
ther the body be quiefcent or moving; but if a moving body im- 
pinge upon another body eithc&r moving or quiefcent, . its inertia 
exerts itfelf as a force, whofe itiagnitude is relative and. depends 
upon its velocity, and the magnittide; and, velocity of the ftruck 
body. If the body ^, m6vii>g with, the fame velocity tf, impinge 
upon the quiefcent bodies B, 2 J?;, ^B, flee or upon, the' fame body 
B quiefcent, and moving with different velocities equal to i, 2 3, 
3, ^> &c, it will in every cafe produce a different cfFe6V^ and the 
change of. flate, both in the impinging and flruck body, will be 
different. Th^ force of fprings, and animal exertions, is al'fo rela- 
tive, and it feems therefore improper to talk of the abfolute force 
of a moving body, fpniigs, &c/ bccaufe it is relative. SeconJfyy^ 
No idea can be formed of an inftantaneous^ communicarron of 
motion i for, in the colli fidn of bodies, the parts which come kito 
cpntafl firft, are dif|?laced and move, and fome time elapfes before 
motion be. comnfiunicated fo theVhoJe body; This inferyal of 
time between the firft contact of^ the heareft parts of the impfngi* 

'" ' ing 
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ing bodies, and their motion, is the time of coUifion, in which the 
bodies exert a mutual, and perpetually variable preffure, by which 
their ftate is gradually changed. This is moft obfervable in foft 
bodies, or thofe whofe parts yield to percufllon ; and, as the parts 
of all bodies do yield, obtains univerfally, in a greater or lefs de- 
gree, according to the different contexture of their parts. The 
forces of percuffion are therefore preffures, exerted with variable 
intenfity for a fliort time ; and, to comprehend their magnitude,., 
this time ought to be afcertained, the quantity of preffure, for 
every inftant of this time, computed, and the whole coUefted into 
one fum. This difcrimination of forces feems therefore to be un- 
neceffary, becaufe the a6tion of collifion is nothing more than the 
operation of a continued preffure, and preffures snd percufHons are 
fimilar» and properly expreffed by the ferae term, force. The argu* 
ments adduced, in fupport of their opinion, by the advocates of Leib- 
nitz, are derived from lexperiments upon, the collifion of bodies, the 
action of elaffic fprings, the compofition and refolution of motion^, 
the iodentings or ca^vities formed in clay, tallow, fee by falling; 
bodies, and the velocity of ^uids in hydraulics. I will only pro- 
duce a, few experiments, which may convey fome ufeful know- 
ledge, are moil fh'ongly urged in fupport of this hypothefis, and^ 
appear moff to militate againfl: the old opinion. 

,9 • 

Exp. I. If one fpring be requifite to deftroy the motion of a 
body, whofe velocity is i, four fprings, equal to it, arerequifite. 
to deftroy its motion when its velocity is 2, nine fprings when itsv 
velocity is 3 ; andgenerally the number ffH'ing; varies as the fqaare^ 

of the velocity of the moving body^ 

■ 
. . . • 

'Exp. ir. The number of mten, horfes>8cc. of equal ftrength re* 
cjaifltfe ta communicate velocities, as i>^,.3^, &c*to any body, are:^ 
as i> 4> 9, &C.. or as the fquare of the veliodty. 



fiinilar- cxpsrhncnts may be tfue, arid indeed ' fee m fo be 
• eftablifhcd 
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eftabliflied by Gravefand, Defaguliers, &c.; but they prove no^ 
thing agaihft the common opinion of the force of bodies, which 
is not meafured by effefls produced in any unequal times. And 
befides, the efFe£l of any number of agents, as fprings or animal 
exertions, cannot properly be faid to meafure their force; becaufe 
their whole force is not exerted, that of each, confidered indivi- 
dually, being greater than when afting in conjunction with the 
reft, and will be greater or lefs according as the number of the reft 
is lefs or greater. 



Exp. hi. If the velocity of water, ftriking upon the float-board, 
or ladle-board, of a mill, be as i, 2, 3, &c. the effeft of the wheel 
is found to be as 1 , 4, 9, &c. or as the fquare of the velocity of 
the ftreams and the force of the water, being meafurfed by its cffeflr, 
varies therefore as the fquare of the velocity. lA this experiment 
the number of particles of water ftrikitig the board in a given 
time, encreafes as the velocity, and, the force of each being eur 
creafed in the fame ratio, the efFeft ought to be as the fquare oF^ 
the velocity. Theory is very fcldom confirmed by praftite- wifli^ 
out allowances for the operation of collateral caufes, which, pethaps, 
cannot be made with demonftrative accuracy. Such experiments 
as this are too imperfeftly underftood to juftify any general con- 
clufions againft experimental proofs clearly comprehended, or 
theoretic demonftrations, refulting from data^ which, perhaps, do 
not take place in the experimenL 

Exp. IV. Mr. Smeaton has prored, by fome very ingenious ex- 
periments (Phil. Tranf. Vol. lx vi. pag. 469.), that the mechanic 
power to be expended, varies as the fquare of the velocity to be 
generated, and the velocity as the impelling power multiplied into 
the time of aftion. But the mechanic power, according to Mr. 
Smeaton, is meafured by the weight multiplied into the fpace de- 
fcended, and from this definition, his conclufion b inevitable : 
but this power is different from what is ufually meant by mo- 
iment, force, &c. In N». 2, 3, the weight S dcfcends throiigh 

ipaces 
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f|^aces equal to lo, and 21, turns, in 28;'' and 14^" refpeftively, and 
communicates velocities nearly as 2:1; and in this experiment 
the weight S a6ls with the fame intenfity for times, whofe ratio is 
2 : 1, but its capacity to communicate motion,. if meafured by the 
ipace, muft be as 4:1.* 



Exp. V* Equal cavities are formed in clay, tallow, &c. by equal^ 

bodies falling through fpaces inverfely as their quantities of mat* 

ter^ but the cavities being equal, the caufes, or forces of the bo* 

5 
dies, are equal, or as -x (fuppofing S to reprefent the fpace) or as> 

5x^ from the fuppofition, or as ^ V^. 

Exp. VI; A ball fhot with velocities as 1,2, 3, &c. is found tcr 
form cavities in wood, clay, &c. whofe depths are as i, 4, 9, &c; 
or as the fquares of the velocities* 

■ 

The two lafl: experiments prove nothing againfl: the common 
doftrine; and though they are of practical utility,. yet admitting 
the propriety of meafuring forces by their whole efFe6ls produced 
in any unequal times,, they do not. vary, in thefe experiments, as. 
the fquare of the velocity : becaufe the cavities formed are not. the. 
whole effefl, a greater or lefs motion being communicated to the 
parts contiguous to the cavity in the ftruck body, according to the 
magnitude and velocity of the ftriking body. Afmall body, mov- 
ing with a great velocity, may. by imparl overcome the cohefivc: 
force of the particles of the ftruck body, and effect a feparation. 
Between them \ and from its great velocity, or ihort time of ac- 
tion,.littIe. motion will be communicated to the contiguous parts;, 

but. 

' ■— ■ ■!■■■■ ■ . I » > I ■ ■ ■ ■» M l. I ■■ 

* Tbefe experiments are immediately deducible from mechanical principles. Let F =. 
the radius of the barrel M\V'::z velocity generated xnKxvk the time T\ if and Z =: the re* 
ipedive fpaces pafled through by Z and iTin the time Ti and i "zlK^i diftance from tht/ 
axil Bi. And from eftabli&ied principles, the force impelling iTis .8 oz. x F^ or as /*, . 
and, becaufe F it conftant, /* x Tis as f^ ^ x 7** is alfo as Z ; but JIT: Z : : f* : i» there* 
fore X (or the fpace defcended by Sy which is as the mechanic power) =: Z X/** and is as» 
J» X r», or as V\ (PhiL Tranf. Vol. LX VI. p. 409.) 
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l>ut a great body, moving flowly, will form no cavity in the ob- 
ftacle J becaufe the moment of tbofe parts of its {iirface ii^ contaA^ 
is lefs than the cohefive force of the parts of the obftacle, and the 
parts ftruck will> by their unknown connection with the parts^ ad* 
joining, communicate motion to them, and thefe to the next, till 
the whole obflacle move. Two bodies therefore moving with the 
fame moment, may produce quite diflimilar efFe£ls ; and as lines, 
farfaces, &c. are meafur^d by the application of a common mea« 
fure, the magnitudes of forces are to be meafured by their effe^ 
.which ought to be iimilar in every refpe£t, and this fimilitnde is 
moft obfervable and beft underftood in experiments upon the lever 
and other fimple machines.* 

LAWS OF MOTION.f 

174. The laws of motion are general rules, or conftquences^ 
Tefulting from the nature and conftitution of matter^ and its re- 
lation to mechanical forces, the caufes of motion, by which it is 
governed, and from which it cannot deviate without fuffering a 
total change of its nature. Their truth is eftabliftied by a num- 
ber of concurring and uncontroverted obfervations, all informa- 
tion upon natural powers and motions derived from them being 
only deducible from thence 5 and, when thus eflablifhed, they arc 
efteemed to be uniform charafteriftic marks obtaining in all ma- 
terial motions. 

FIRST 



* Let s reprefent tbe tSkii^ or (pace through which any obftade is impelled by a moving 

body, *u be the velocity of the body : and if/ be as 'c^^ / is as 2 a; v, or as a; v, or as '^^ " (if 

/'be the time), and v therefore Is as /. The decrement of velocity is therefore as the time 
in which it is produced) and the refifbince muft be conftant ; which feems to be a heceHary' 
property of the vis viva 5 but as (bis /^tdom happens, and the via viva is really a preflbra, 
and may be meafured in the fame manner with the vis mortua, the term force may expreft 
them both. 

See Dcfagulicr, Vol. IT. p. ji. Maclaurin's Account of Sir F. Newton's Difcoveries, p. 
178. Difcours fur les Loix dc la comm. du Movement, Oper. Tom. III. and DifTcrtat. de 
vera notione virium vivarum. Aft. Pctropol. Tom. I. p. 131. MufcheU. Int. ad Phil. Nat, 
Vol. 1. p. 83, &c. Phil. Tranf. No. 371, 375, 376, 396, 400, 40:, 459. 

t Madaurin, Book II. Chap. II. N«wt. Prin. p. 13. KeU'i Miyfics, Left. Xl, Xir. 
HeUham, Lea. m, IV. 
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FIRST LAW OP MOTION^ 



175, Every body perfeveres in a Jlate of reji^ or of uniform reSliU^ 
neal motion^ unlefs affeSed iy fome external caufe, as animal exertion 
or phyfical power. 



The truth of this law is collefted by obfcrvation. It is nearly 
fynonimous to the inertia, or that quality, of matter, by which it 
continues in every new ftate ; for, this being eftablifhed, it is a 
ncceflary refult that it cannot begin to move from a ftatc of reft, 
nor, if in motion, can it accelerate, retard, or change the direc* 
tion of that motion. 



176. Con Every body, moving in a curve line, or in a right line 
with a perpetually varying velocity, is adted upon without inter*- 
miffion during its motion, by fome external force ; and every body, 
moving in a curve line, has a perpetual tendency to move in a right 
line, and to leave the curve in the direction of a tangent to that 
point of the curve where the body is. 



SECOND LAW OF MOTION. 

177. Motion^ and change of motion^ are proportional to ^ and in the 
direSlion of the force imprejfed. 

The motion communicated to a quiefcent body is proportional 
to the caufe producing it ; and when a body is accelerated or re- 
tarded, during its motion, the acceleration and retardation are 
proportional to the force producing them. If a body move upon 
an inclined plane AB^ or in any curve line LM^ by the aftion of pio. 
a force tending to any point S, the change of motion is not pro- XXVI. 
portional to the whole force diredted to that point, but to that 
part which a£ts in the direftion AB^ or NT touching the curve 
where the body isj for this part, only, accelerates or retards the 

K body's 
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body's motion. When water or air aft upon the vanes of a mill, 
or fails of a (hip, tb^ c^iaoge of n^o^ion is pot proportional to the 
whole force, of the water or air, but to that part which is aftually 
JttiprefTed'tipoh them J for> if the velocity of the water or air be 
equal to that of the vanes or fails, they will move on together 
without any acceleration 5 and, if the direftion of the air or water 
be oblique to the motion of the vanes or (hip, fome force will be 
ineflfeftuaU and the change of motion will be proportional to the 
reipainder, aftitig in the direftion of their motion. 

The truth of this law. is demon(trated by jiumbcrleis experi- 
ments upon the motion, and change of direftion and motion, com* 
mimicated by material impuKe, Every experiment upon the ef* 
fefts of conlpiring and oppolite forces, and the effefts of forces^ 
afting obliquely, or refulting from the compo(ition and refolution 
of forces, demonftrated experimentally, exhibit concurring proofs 
of its truth ; for wens oMCionj and <;hange of iinotion^ not propor- 
tional to, Mtd in the direftion oU the force impre(red» it may be 
proved geometrically that tbe£b efibfts would not take {^oe. 
The conclulion is therefore inevitable^ and, being thus eftabliflied 
by unifoitn experience^ may be ^deemed a fixed principle in nature^ 
and applied not only to the explication of fhofe pardcular expe- 
riments from whence it was deduced, but of all other natural 
phenomena. This law is alfo a proof of the inertia of matter, 
or, that being eftabiiflied, a corollary from it; for if matter 
con produce no change in itfelf, it mufl: move in the <lire£tion 
of the force impreffed j and, fince the vis inertiaB of a body is the 
fame, whether moving or quiefcent, it is evident that the genelis, 
encreafe, and decreafe, of velocity equal to F in any body, require 
exaftiy the fame force. If the force x)f collifion, or impuKi: of 
«ny force icich as gravity, be capable of generating a velocity, equal 
to F, in the body ^, it will in the fame time generate an encreaie;, 
w decreafe, of velocity equ;al inFm that body, according as it 
ccnfpires with, or oppofes its motifon. 

178, Cor* I. The velocity generated by one (ingle impulfe equal 

to » -F, « bwng a number, is equivalent to that generated by n fuc- 

ceiCve 
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ceiTive conrpiring impulfes, each of which ia equal to Fi and con* 
fequently the velocity communicated to a body by any number of 
forces a^ing in the fame direflbn is the fame, whether they a6( 
together or feparately; becaufe the generui> and eacreafe, of a ve-» 
locity = r, require exactly the £ame force. 

1^9. Cor. 2. The velocity generated, in any body, by any num* 
ber of unequal confpiring impulfes X T, Zt &c. is as their fum % 
for let Xp y, 2?, &c. be the velocities refpeftively generated by theni 
in any body-^, and (177) XiTv.x :y^ zndX: X+TT:: x : ;^-f-y, 
and X : X^ T-^- Ziixix -^y + z, &c. And the velocity, com- 
municated to any body by a force i:;:^ F^ in a given time^ is as the 
magnitude of that force i for fuppofing this force to a£t by im** 
pulfes, whofe magnitude* axe X, T^ Z, &c., Fsc if + r+ Z, 5cc. 

1 80. Cor. 3. The magnitudes of any forces are therefore as the 
fpaces uniformly dcfcribed in a given time, by the velocity which 
they communicate to the fame body ((06). 

181. Cor. 4. The velocity generated in a body in the fame time 
by two forces X, Ty afting in oppofitc dire6lions, is as their dif- 
ference} for (177) X\T\\x\y and XxX^^T^xxx^^y. 



THIRD LAW OF UOTION. 

182. ABim i$nd rfo^lon are always equal and 9ppoJke ; or tU mur 
tual aSlions of two bodies are always equal ^ and in oppofite direStions. 

This is another mle o^fiMYsble ki aU the motiong of nature, 
refulting, like the two firft, from the in^rtisi of jnatter . Wer« 
matter ctivefted of thia* pc(^rty, oiotion would be cxJiinniunicaWe 
without refiftance, and confequently without ^9S&a^ any change 
in the force communtcaiiog it. The a^ipn of all forces, whether 
operating by the vifible ttDpaft of one body upon another, or the 

K 2 invifible 
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invidble agency of gravity, magnetifm^ &c. confifts in producing^ 
preffure and motion ; ^nd reafiion in fupporting this pre(rure> or 
refifting the produ£tion of motion. And thefe this law aflerts to 
be equals when eftimated in oppofite directions; which, being 
proved experimentally, like the two firft, in all communications 
of motion with which we are acquainted, may be efteemed a ge- 
neral principle pervading the whole material fyftem. 

In the communication of preffure upon any immoveable pldne, 
whether arifingfrom the protrufion, gravity, or force of impaft, of 
a body J the meaning of the law is, that the refiftance of the plane, 
and an oppofite force equal to that producing the preffure, have 
precifely the fame effeft, as they only deftroy the force of protru* 
fion, weight, or impact. In the communication of motion by vifible 
impaCt, the meaning of the law is, that a6lion is mutual, equal and 
oppofite; or that the quantities of motion loft and gained, which 
meafure this adiion and rea6lion, are equal when eftimated in op- 
pofite direftions* It is always fuppofed, that the quantity of motion 
is eftimated by the product of the quantity of matter and velocity. 
No idea can be formed of the lofs of motion, except by communi- 
cation ; and that the quantity, loft by the impinging body, is gained 
by the ftruck body, appears from innumerable experiments upon 
the collifion of bodies. If a perfedtly hard, or a fbft body, jf, 
moving with the velocity F^ impinge upon an equal unelaftic body 
JB, they will move together, after impact, with a velocity equal to 

F . 

-^i and if ji, moving with the velocity F+ 1/, impinge upon B, 

moving in an oppofite direction with the velocity », they will 

. F 

move together, after impadt, with a velocity equal to -. And 

mm 

whatever be the magnitudes of A and J5, it is the invariable refult 
of experiments, that the quantity of matter in A^ multiplied into the 
velocity loft by it, is equal to the quantity of matter in £, multi- 
plied into the velocity which it gains by impafi; or if / and g re- 
prefent the velocities loft by A and gained by B refpectively, Ar.1 
rsiBxg. When A and B are perfectly eliaftic, the velocities loft 
and gained are doubled, and the law ftill obtains. Ax 2I being 
equal to J3 x 2^« If motion be comn\unicated to any body A, by 

any 
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any force X protrading, pulling, &c. the meaning of the law is^ 
that the reaction, or refiftance^ oiA deftroys fuch a part of -X^s force, 
as would be deftroyed by a fimilar force, capable of generating 
that motion in A^ afting in oppofition to X In the communica- 
tion of motion by unknown means, as by gravity, magnetifm, re- 
pulfion, &c, the law aflerts that the body, attrafting or repelling, 
moves in an oppofite diredlion to that of the body attra£led or re- 
pelled, and with an equal quantity of motion. The attra£tion 
between the earth, and any body upon its furface, is mutual and 
equal j for, were it not, a refUIineal motion would enfue from 
the ftronger attraction, which is contrary to experience. And, 
fmce gravity is an innate principle, it, and its elFefts will remain 
the fame when that body is detached from the earth, and confe- 
quently their attractions continue to be mutual and equal, and 
they will meet with equal moments. If two magnets A and j^, 
whofe weights are unequal, be placed upon two pieces of wood, 
floating in water within the reach of attraction, they will meet 
with velocities inverfely as their quantities of matter 5 and, if a 
reed be inferted between them to prevent their junCtion, they will 
be quiefcent, which they would not be, were th^ir attractions un- 
equal. When the weight of A is equal to 2, 3, 4, &c. times that 
of 5, its velocity, in an oppofite direction, is equal to i, J, &c. of 
£'s, the products of their weights and velocities being always found 
to be equal. And if A is repelled, B is alfo found to be repelled 
in an oppofite direction, and their velocities are always inverfely 
as their weights. This law, being found to obtain in all aCtions 
of bodies within the reach of experiments, is inferred to. obtain 
univerfally through the material fyftem. 



183. Cor. In the impaCt of bodies therefore the quantity of mo- 
tion, eftimated in the fame direction, is the fame before and after 
impact. If A^ moving with a velocity equal to ^, impinge upon 
B, moving in the fame, or an oppofite, direction^ with a velocity 
equal to ^, the fum of their moments after impaCt, is equal to A a 
-\-Bb^oy Aa — Bb^ according as they move in the fame, or op- 
pofite directions; for, if they move in the fame direction, the en- 

creafe 
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crcafe of mcMXient communicated to B is deftroyed in ^f, and their 
fum continues the fame ; and^ if they move in oppofite directions, 
the kaft moment, and a part of the other body's moment equal 
to it, are deOroyed, fo that their fum after impaft continues to be 
equal to A a *^Bb^ the fame as before impact. 

COMPOSITION AND RESOLUTION OP FORCES. 

1 84. ♦ The fame motion may be communicated to a body B by 
a linfi^e force Z, and any number of confpiring forces, into which 
it is iaid to be refblvable, and they are faid to be compounded into 
^\^7^ Z; thus the body B may defcribe the line 5P, in the fame time, by 
FIG. a force Z a^ng in that direftion, or by two, three, &c. forces JT, T^ 
xxvii. gj^ inclined to it. For it is evident, that B, aftcd upon at the 
fame time, by two forces X, Y^ in direftions making an angle, 
which ceafe to aft after the body has left the point B, will move 
in fome intermediate reftilineal direftion, and this, by changing 
the inclination and magnitude of X and 7*, which are variable 
without limit, may be any intermediate line whatever BP. The 
force Z is faid to be refolvable into the two, X and jT, producing 
the fame eflFe£t with it; and, vice versa, X and 2* are faid to be com- 
pounded into one, Z, which produces the fame effeft with them. 



185. Prop. A body B urged at the fame time ^ ^tnvo forces x^ y, 

wb(fe a&ion ctafet vben the body has left the point B, and wbofe mag^ 

XXVlil. *^'^^ ^^ Sreaioni are as two right tines B M, B N, tnaking attf an-- 

* gl^y w'^-' ^^^ ^^ if^* '^^^ i^p^U^d by one force z, nobofe magnitude and 

dire^ion are as B P, the diagonal of a parallelogram^ wbofe fdes are 

BMtfWBN.t 

Dem. 

* Newt. Princip. p. 14. Mafchoi. Ch. X. Helfliam, Led. IV. Maclaurin't Newt. 
du II. GrAvcsC Lea. I. Ch. XIIL Hermnwos, Lea. L Ch. IL V«ri«ioB.TofB. L Sed. I. 



f The magnitudes of forces, whether animal ezerdont as percnffions^ protrufions, &c. 
or philorophk powers, as gravity, magnetifm, &€. can only be compared by meararing their 
cfieds, which are fuppoicd to be produced uniformly ia the fame time. And, ia this fup* 
pofition, it is evident, that the coDclu£ons will be the fame, whether the forces JT, T be im- 
pulfts, or the fame number of impulfes always equal to themfelvcs. 
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• De A. The aoceft of 5 to; w reccfe frooi. iWP, is not 8ffe^«4 
by tbe ^aion of jr i nojr its ^ccels to, or rcoeft from, NP, by tb» 
aftion of x (fecond law of motion) : therefore they wiU cairy 3 
to Jlf P and NP refpeftively, in the fame time, whether they aft 
together or feparately. But if they aft together, B, being carried 
to both MP and A^P, muft be found at P their interfeaion, »nd 
defcribe BP umformly (firft law of motion) j which is the mag- 
nitude and direCHon of « ( 1 8o). Q;E. D. 

Otherwife, 

Let B Mt moving parallel to NP uniformly, arrive at NP in 
the fame time that B defcribes BM uniformly, which confequently 
at the «nd of that time will arrive at P. And if nfna, be any 
new pofition of BAf, and the body at /j Brt'.np'.', Telocity cf. 
BM'. velocity of Ae body :: BN'. BM{ io6)} therefore f is alvtrays 
in the diagonal J3P; Bp encreaies uniformly becaufe Bn does; and 
£P is the magnitude and direction of z ( 1 8o). (^E. D.* 

i86. Cor. f . A force «r, producing the fame efffefl with two x 
and y, which are as BM^ BN^ is as twice B s, fappofing j to be 
the bifefilion of BP. 



187. Cor. i. If any two forces aft upon a body, m directions 
which make an angle, it cannot be quiefcent. 



1 88« Cbr. 3« A force reprefented by a iide c^ a triangle BP^ 
may be fubflituted for two reprefented by the remaining fides £Af, 
MP} and it is faid to be ^qwvalent to them, becaufe they pro* 

duce 

^ This propofitioDy which is dedaced from the fecond law of motiony may be demon Arat- 
ed not inelegantly from the third. The forces x andjr, urging the body ^obliquely, partly 
oppofe each other, and fmce, from the third law of motion, the oppcfite parts are equal, the 
jMch of B w'M be equally dtltflnti&om any cotemporary poitions of it, M and AT, wh<n they 
ad feparately; which tho^refore is Bit f Jbeiog the bifedipn of ^ P. Ao4 ^bacaMfe each of 
the forces x^j carry B through Bs^ they will both carry it through zBs ox BPt the dia- 
gonal of o parallclogramy whofe fides ut BM and BN. 
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duce the fame efftdif or make a body defcribe BP in the fame 
time. And thefe three forces BM^ BP, BN are in the fame plane 
(EUC.B.XLP.IL) 



FIG. 189* Cor. 4. A force BM is equivalent to BA and udfilf; and 
XXVIII. B N to BC and CN^ and therefore thefe forces BA, AM, BC, CN, 
are equivalent to, and may be fubflituted for, the force BP. And 
any number of forces, whofe diredtions are in the fame plane, 
may be reduced to one in that plane producing the fame efied 
vtrith them. 



FIG. 190. Cor. 5. A foTct AH is equivalent to two reprefented by 
XXIX. ^jg and -4G; and AD to AH and AFi therefore any number 
of forces AG, AB, AF, &c. in different planes, may be reduced 
to one AD producing the fame effect with them. 



FIG. 191. Cor. 6. The converfe of this is true, and one force BP, 
^^^"* or AD^ may be refolved into any number, either in the fame, or 
different planes, producing the fame effeft with it. 



piG^ 192. Cor. 7, The velocity generated by 2:: velocity generated 
XXX. hyx+y:: BP : BM-h BN-, and the quantity of motion is there- 
fore diminifhed by compofition, and encreafed by refolution ; but, 
when eftimated in any given dire^ion B L, it remains invariable. 
For let BP, BM^ BN, be each refolved into two, one in the direc- 
tion BL, and the other perpendicular to it s and from fimilar tri- 
angles 

Py \Dy\\yL\yn^ 
and comp. PD \nL\\ Dy : y» :: BE : Bm, 
therefore BL^zBm-h Bn. 



193. Cor. 8. The fame force z, and ccJftfequently the fame ve- 
locity, may be generated by an infinite nqmber of pairs of forces, 

becaufe 
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becaufe the fame right line may be the diagonal of an infinite 
number of parallelograms. 

194. Cor. 9. The parts, of the two forces, direflly oppdfed to fig. 
each other, are to the parts, a6ting in the diagonal, as Mm 4- Nn 

to Bmz±z Bfj, according as the znglt MB N is not greater, or 
greater than a right angle. If x and y are given, and the angle 
MBN be fuppofed variable, arid become equal to two right angles, 
then N will come to N\ P to P', s to / {s always bifefting BP and xxxii. 
MN) and 2 fi/, or the confpiring parts of x and^, = BP* = BM 
— BNi if this angle vanifh, then iV will come to N\ P to P^, x to 
i", and zB/\ or the confpiring parts of x and;^, = BP^=s^ BM^BN. 

195. Cor. 10. If PP and the angle BMP be given, the curve plate 
line paffing through JW, in different pofitions of Af, is a circular fig. 
arc fubtended by PP; if BP and BM-^ MP be given, this curve xxxiii. 
line is an ellipfe, whofe focal diftance is BPi and if PP and the 
difference of PAf and MP be given, the curve is an hyperbola and 

BP its focal diflance. 

196. Prop, jiny three forces x, y, z, whofe dire^ions are Bx, By, J^^,^ 
BN' in the fame plane y aStng upon a body B without producing motion^ 

are to each other as the three Jides cf a triangle refpeSlively parallel to 
their direSiions. 

Dem. Let PiVbe the magnitude of 2?, and be refolved into two, 
in the directions j^P, xB\ viz. PAf, BP i which muft be refpec- 
tively equal to x and;^, becaufe in equilibrio with them, and a6t- 
ing in the fame direftionsj therefore x, ^, Zi are to each other as 
PM,PP (MAT), PiVrefpcaively. Q;^E.D. 

197. Cor. I. x^y, z are to each other as the three fides of a 
triangle refpeftively perpendicular, or equally inclined to their di* 
reftionsj for this is funilar tQ the former. 

L 198. Cor. 
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198. Cor. 2. Any two of thgfe forces are to each other inverfely 
as the fines of the angles, which their direftions make with the 
diredtion of the third. For, 

z :y :: BN : BP :: Cm. z.BPNovPBM: fin, ^BNP or NBM, 
z:x::BN: BM\\ fin. ^BMNorMBP : fin. iLMNB or NBP, 
zndx:y::BM : MN :: fin. Z.BNM or NBP : fin. z. MBN. 

199. Cor. 3. The angle atjB;^, and magnitude of x and^, being 
given, the magnitude and direftion of z may be founds for BM, 
MN and the angle BMN^ the fupplemcnt to the angle x By^ being 
known, -BiV, and the angles MBN^xid MNB or NBP^ may be 
found by trigonometry. 

PjQ 200, Cor. 4. Any number of forces in the fame plane, a£^ing 
XXXV. upon a body B which remains quiefcent, may be reduced to two 
equal and oppofite : if BM^ BN, BD, aft upon fi, they are equi- 
valent to BP and BC m oppofite direftions, which muft be equal, 
becaufe B is quiefcent. 

201. Cor. 5. Any number of forces in different planes, urging 
a body without producing motion, may be reduced to two in the 
fame plane, equal and oppofite. If BD and DC be elevated above 
the plane BNM, and PBC be the common interfe£lion of the 
planes fiAfiVand BDC\ BPy which is equivalent to BM and BN^ 
muft be equal to 5C, which is equivalent to BD and DC^ becaufe 
they are oppofite and deftroy each other. 

• 

. 202. Cor. 6. If more than three forces fiAf, BNy and BD, each 
of which is combined from two, aft in different planes, upon a 
body B without producing motion, and are eftimated in any direc- 
tion BL by letting fall parallel lines upon it, the forces rcfulting 
will produce no motion in that direftion j for the parts of BM^ 
BN, refulting from this refolution, which are in the direftion BL^ 
are equal and oppofite to the part of BD reduced to the fame di- 
reftion, and the fums of the oppofite parts, on each fide of BL^ 
muft alfo be equals becaufe B is fuppofed to be quiefcent. 

203,. Cor* 
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203, Cor. /• If the forces BAf, BiST, BC, which adl upon a body fig. 
without producing motion, be reduced to any plane FH^ by re- 
folving each into two, one perpendicular to it, and the other pa- 
rallel to the lines joining the points, where the perpendiculars 
meet it, the forces refulting will produce no motion in that plane. 

For BPy being taken equal and oppofite to jB C, will be equivalent 
to BN and BM, and BC, BP will be projefled into equal ftraight 
lines bc^bpi but BiV, MP, being equal and parallel, are projeft- 
ed into equal and parallel lines bn^mp^ and the fignxt bmpn^ 
is a parallelogram. And bm^bn^ being equivalent to bp^ will be 
equivalent to its equal and oppofite b c. 

204. Pkov. If a body Be aSted upon by twojimilar variable forces^ P I Q. 
in dtre&ions parallel /e? B P, B Quaking any angle ^ nvbich a& when the ^^^"* * 
body bath left the point B, // will defer i be a right line. 



Dem. Let the forces aft by impulfes at the beginning of equal 
particles of time, and let BD, DE, EF, and BG, GH, HI be the 
relative magnitudes of correfponding impulfes. By the adion of 
the two firft impulfes BD, BG^ the body will move in the direc- 
tion BK{iSs)^ by the two next D£, GH, it will defcribe, in the 
fame dire6tion, KL^ &c.; and, becaufe the forces are fimilar, BD 
:DE:\BG: GH^ and componendo BD : BG.iBE : BHj and con- 
fequently BKL is a right line. ' Q^. D. 






205. Cor. I. Since this demonftration does not depend upon 
the magnitude of the particles .of time, into which the whole time 
is fuppofed to be divided, it will obtain when thefe particles are 
e vanefcent arid ' the forces' aft ittceflantly. 



206. Cor. 2. If the forces be conftant, the velocity in BMis uni- 
formly accelerated ; for, in this fuppofition, fiD, DJB, &c. are equal; 
and BD : DE ::BK:KLi but BK, KL which are therefore equal,&c. 
meafure the increments of velocity communicated at 5 and ir( 106). 

L 2 207. Con 
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' 26y. Cor. 3. Every body nioving in a curve Une, i;naft be aftcd 
upoii by» at leaH^^ two diflimilar forces. 

. ... • » 

208. Cor. 4, The whole force in the direction BP is the fum 
of the iwapulfes J^Dy DEy EF^ &c, and the force in the diredion 
jPAf, \$ the fum of the impulfes jRiC, -K-L, LM^ &c. and thefe 
forces vc fimilar; for £D, I)£, &c. ipeafure the int^nfity of the 
force in the direction BF at the points B and D; and iJiC, iTZ/, 
&c. meafure the intenfity of the force in the direction BM^zt B 
and K, and BD : DE :: BK*. KL. 



fig; *Q5. P&PP> 86. ^ tf ^w^. be wge4 at thfame tithe by t'm conftant^ 

xxxvil. ^Ji^fi^l^ variable^ forces »., y, vibafe magnftudet and dhrepiioni are tbt 

two fides of a paraUeJograt^ BF, 31,. // 'will mov0 in the fame manner 

as if it nvere urged by a conftant or fimilar variable force z, reprefented 

by the diagonal. 

» • • • • 

• ' - ' ! ' • • 

« • t 

Dem. The impulfe BKv^ equivalent to i3Z> and BG\ KL to 
1>R a^nd GH\ LM to EF and UI^ &c. confequently the fum of 
thefe impulfes BM is cqijivc^lsQt %9,BF ajad BL qJe. D, 

210. Cor. !• A force reprefented Ijy one fide bf a triangle BM^ 
may be fubftituted for two fimilai* forces reprefented by the re- 
maining fides BFy FM. 

21.1. Cor. 2. A force reprefented by BM may be reduced into» 
any number of forces BR^ RS^ 5jW| l^mil^r to it, and. y ice versa. 



^1 2; Cor. 3* Three fimilar variable- forces^ . urging, a. body with- 
out producing motion, are to one anotheV as the throe fides of a 
triangle, parallel or perpendicular to their directions j and they 
are to each other inverfely as the fiaes of the aoglcs, which their 

directions 
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directions make with the diredion of the third (198); and any 
number of fimtlar forces in the fame or different planes, in cqui- 
librio, may be reduced to two, in the iame plane^ equal and op« 
pofite. 

SCHOLIUM, 

213. Prop. (204) maybe demonftrated per faltum, though per- x^^viii 
haps lefe intelligibly, by the following procefs. Let a body B be 
urged, at the fame time, by any forces x and y^ in the direflions 

jBM BNj which carry it refpedtively through Bm^Bn and BM^ 
BNy in equal times ; and it is evident that, at the end of thofe 
times, B will be in d and D. If x and y adl only at the point B, 
or if B tn :BM:: Bn: BN.tht path of B is the diagonal 5 if they 
act at Bi my n^ M, iV, &c. and 5 ^ be to B Af as the times of de- 
fcription, and jB« be to BiV as the fquares, cubes, &c. of thofe 
tiriiesj Bn\BN\\BtJf\BM^otBnO\BM}yt^c.l and the path of 
B is a parabola* &c. 

2 1 4. Prop . 87* A body B impelled by two forces tending to two equi^ f i G. 
di/lant points^ Ql.^> '^bicb at equal dijlances are equals and at unequal ^^^^^^ 
dijlances are variable according to any law whatever ^ will defcribe a 

right line. 

Dem. Let thefe forces zdi by impulfes at the beginning of 
equal particles of time, and BEjBF being the magnitude of the 
two fiift, will make B defcribe £D, which produced bifefts the 
bafe ^R; and DL, DM, the two next, will make it defcribe DNy 
bife6Ving the bafe ^R: therefore BN is a right line; and the de- 
monftration obtains when the particles of time are evanefcent^ 
and the a^lion of the forces inceflant. Q^E. D. 

' 215. Cor. The direction of the combined attra6Won of all the 
particIeS) compofing a fphere^ pafl» through the center : for let it 
be divided inlo thin laminse parallel and contiguous to each other, 

and 
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and let ^ R, be any corpufcules in a lamina,, equidiftant from PB 
palling through the center, and what has been proved of thefe two 
may be proved of every two equidiftant from P, which compofe 
the whole lamina; and the fame may be proved of every lamina« 
and confequently of the whole fphere. 



SCHOLIUM. 

2 1 6. Three forces, afting upon a body without producing mo- 
tion, are to each other as the three fides of a triangle parallel to 
their direftion, which confequently meet in the fame point of the 
body, and are in the fame plane (Euc. B. XI. P. IL). This may be 
evinced othenvife; for fince a body, a£led upon by any number of 
forces, cannot be at reft, unlefs they oppofe each other, and the 
oppoiite parts be equal, and in the fame direftion j it is clear that 
^^^'^^ a plane jiB may pafs through P, a6led upon by x,y, z in different 
FIG. XL. planes, fo that they fhall be on the fame fide oi AB^ and there* 
fore, as they partly confpire, they muft communicate motion to the 
point P, and to the whole body. And if any two of thefe forces, x, jr, 
FIG. aft againft the fame point p of the body AB^ and x ads againft qi 
^^^* X and^ will communicate motion top (187) and z to q^ and AB 
cannot therefore be quiefcent. If the diredlions of x znAy meet 
FIG. in a point p without the body, and z a6t at the point q^ AB can- 
^^^^* not be at reft; becaufe x and y have the fame cffefl: with, and are 
equivalent to, fome force in an intermediate diredlion p dy which 
is not oppofite to the direction of z^ and cannot therefore deftroy 
it. It is fuppofed, that the directions of thefe forces are inclined 
to each other \ for, if they be parallel, BA may be quiefcent, when 
they aft upon different point$. 



F I G. 217. Prop. If a body B be a6ied upon by any number ^ forces y at 
'^^"^* the fame timey ivhoje magnitudes and direSiions are BC, BA, BF, BH, 
&c. and from the bifeSHon^ m, of the diagonal BD of a parallelogram^ 
niohofejides are BC, B A, a right line be drawn to the extremity F^ofBF^ 
cutting the di^igonal BE^ of a parallelogram whofefdes are BD, BF, 
in n, and from n a right line be drawn to the extremity^ H, g/' BH, 

• cutting 
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cutting the diagonal BG of a parallelogram^ whofe Jides are BE, B H^ 
in p, Bp : BG :: unity : number offerees. 



Dem, The triangles Bpn and GpH^ Bnm and nEF^ are fimi- 
lar, and QOTik(\}XQViX\y Bp\pG:\Bn\GH{Bn + nE)::Bm:Bm^ 
EF{Bm'hBD or ^B my, therefore Bp: BG::Bn : 4.Bm::i: 4. 
The procefs is fimilar when there are more forces. Q^^ £• D. 



218. Cor. !• It is evident, from the conftrudion of the figure, 
and fimilar triangles, that Cji : Cm 1:2: i, 

mF : w«:: 3 : I, 

nH: np 1:4.1 I', and if the number of 
forces were equal to any number, m, nH would heto np::m:i. 



219. Cor. 2. The force BG, refulting from the aftion of any 
number of forces BQ BA, BF, BH, &c. either in the fame, or a 
different, plane, is to their fum as £G : BC -f- BA + BF -t- BH, 
&c. and if the magnitudes and dire£lions of thefe forces be given, 
the magnitude and direftion of BG may be found ; for CB, BA, 
and the Z. CBA being given, BD, and the z.s CbD, DBA, arc 
known J and DB, BF, and the Z. DBF (which may be found) be- 
ing given, -B£ is alfo given, and in the fame manner any other 
diagonals may be invefligated. 



220. Cor. 3. If a body therefore be a^ed upon by any number f i G; 
of forces BA, BC, BD, BE, BF,BG, the diredions of the forces XLivI 
refulting from the a£lion of two, three, four, &c. are found by 
joining AC, bifefting it in m, and taking mD : /w« :: 3 : i, «£ : «P 
:: 4 : 1, pPipq:: 5 : i, gG : yr :: 6 : i, and the diredltons are Bm, 
Bn,Bp,Bq^ B/-. Their magnitudes arc zBm,'^Bn, 4B/, ^Bq^ 
tBr^ &c* 



22 K Cor» 
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FIG. 221. Cor. 4, The fame force BP may be generated by the ac- 



XLV. 



tion of I, 2, 3, &c. forces, either in the fame, or difierent, planes^ 
whofe dire6lions and quantities are variable in infinitum: for let 
it refult from the combined aclion of four forces, and taking BP 
: B^ :: 4 : 1, through q draw any line whatever y-^, and take qA: 
jP :: 3 : 1 5 through ^ draw any line /C, and let pC be to pn:: 2 
: I ; and through n draw any line nD, and taking nE equal to it; 
the forces B^i, BC, BD, J5E, are equivalent to BP. The lines 
qA^pC^riD^ &c. may be drawn in any directions, in any different 
planes, and of any different lengths. 



FIG. 222. Prop. T'be direSiions of three forces x, y, z, aBting upon a 
• body B 'Without producing motion y ivill meet in the center of gravity of 
a trimigicy whofe diftances from the angular points^ are as the magni* 
tudes of the forces. 



Dem. Produce AB^ and taking BE = AB = 5?, complete the 

parallelogram BDEC by drawing from E lines parallel to B C, 

BDi BE IS equivalent to J5C and BD, and equal to z, which is 

equivalent to x and jr, which mufl therefore be equal to BC^ and 

BE AB 
BDj refpeflively 5 but BG = — = -— -, and B is therefore the 

center of gravity of the triangle- Q^E. D. 

Otherwife : 

Let BA, B Cy BD^ be the magnitudes of z^ x, y, refpeftively, and 
joining DC and bifefting it in G, and joining GA^ AB =a2BG 
(217). C^E.D. 

FIG. 223. Prop. If a body B, be aBedupon by four forces ^ in different 
XLVII. ^lanesy x, y, z, w, or BA, BC, BE, BF, and remain at reji^ they are 

to each other as the three fides and diagonal of a parailelopiped pa^ 

rallel to their di regions reJpeBively. 

DEMt 
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Dem. The forces BA^ BC are equivalent to BI, and BT, BE 
to BD, which muft be equal and oppofite to w or BF,^ becaufe B 
is quiefcent. QJB. D. 

224. Cor. An infinite number of parallelbpipeds may be de- ^Lvii 
fcribed, whofe (ides and diagonal are the fame : for let at, y, z^ w^ 
be invariable, and taking J3C, j5^, equal refpe£lively to;^ and Xj 
making any angle whatever ^£C, and JBJD, i D in a different plane, 
refpe£tively equal to w and z» draw BE parallel to ID, and DE 
to BL Bifedl BI in JET, and join EH, interfering DB in G; and 
becaufe the triangles BGH,EGD are fimilar, EG:GH::ED 
(iBH): BH:: 2:15 therefore thefe two forces combined with 
BE produce a force paffing through G (217)5 and becaufe DG : 
GB ::EG : GH:: 2 : i and DB : GB :: 3 : i, the force w is equal 
to DB. But the angle CBA is infinitely variable, and BD, FD 
may be drawn in any planes whatever. 



\ 



225. Prop. J/ four forces, x, y, z, w, wbicb are as BA, BD, BE, Fi G. 
BF reJpeSitvely, aSi in different planes, upon the body B witbout pro^ XLVlll. 
ducing motion, B is tbe center of gravity of a triangular pyramid nvbofe 
bafe is EAD and vertex F. 

Dem. Join AD, and bifefl it in m, and, taking «r/i to »£ :: i : 2, 
n will be the center of gravity of the triangle EAD, and nB is 
the diredion of the force refulting from x, y, z combined, and 
its magnitude is equal to 3 x B ;?, which muft be equal and oppo- 
fite to w or BF, becaufe B is quiefcent : BF is therefore equal to 
2Bn, and B confequently the center of gravity of a pyramid, 
whofe bafe is EAD and vertex -F. Q^. D. 



226. Cor. I. It is evident that fiF= 3Bff, becaufe the force 
refulting from :c -t-^ + 2; is to thofe forces as 3i5;i : BA H- BD 
4- B£(22o) and w ; x +y'{-z::BF:BA + BD + BE (hypoth.) 
therefore w = BF= ^Bn. 

M Cor. 



90 ♦ COMPOSITION, &c. 

d27« Cor. a. The force refulting from the combined a6tion of 
BAy BDy BE pafTes through the center of gravity of a triangle^ 
which is formed by joining A^E^D\ and the dire^ion of a force, 
equivalent to them^ pafTes through the fame point. 

228. Cor. 3. An indefinite number of pyramids may be defcrib- 
ed| having the diftance of their angular points from the center of 
FIG. gravity always the fame j for let BA^ BD, BE^ BF^ be invariable, 
^^^^' and making the angle ABD of any magnitude whatever, draw 
CD, BDy in any plane whatever, equal refpeftively to BE, JBF, 
and complete the parallelogram j^ CD jB, and the procefs is the 
fame as that in (224). 



CHAP. 
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CHAP- V. 



Of attraction. 



229. Def. nrHAH ponjper or principle in nature^ by wbofe influence 

bodies^ or the conftituent parts of bodies ^ accede ^ or have 
a tendency to accede^ to each other y without anyfenfible material impulje^ 
is called attraSiion. 



230. Def. That natural power ^ by wbofe influence different bodies^ 
or different parts of the fame body^ recede ^ or ban)e a tendency to recede^ 
from each other ^ without anyfenfible material effeSf^ is repulfion. 



When the changes of motion in the body A are uniformly ob- 
ferved to depend upon the fituation and diftance of another body 
By a connexion is underflood to obtain between them, expreffing 
fome quality or mechanical afFeflion of matter, fuch as gravity, 
cohefion, elafticity, magnetifm, ele6lricity, which appears to refidc 
in matter, and by whofe agency this change of motion is conceived 
to be produced. If the dire^ion of A*s motion, or tendency to 
motion, be towards J3, it is faid to be attracted by Bi and if it be 
from By it is faid to be repelled by B. 

23 1. That there are in nature motions and tendencies to motion, 
conatus accedendi ^ recedendi, both in aggregate bodies, and in 
their mitiate conftituent particles, without any fenfible caufe, and 
indeed ijiexplicable by any known properties of niatter, is un- 
queftionably certa'm. Thefe demonftratQ a fource oi motion di- 
ftindt from, and repugnant to, any material impulfe with which 

M 2 we 
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we are acquainted, which is denominated attra£lion, a term in* 
differently applied to the mechanical afFeftion and its efFefts, as 
all inexplicable powers are only meafurable by their efFefts. Thefe 
efFe£ts being found by obfervation to be different at different di- 
ftances, the intenfity of the power producing them is inferred to 
be variable, and the law of variation is difcovercd by an actual 
menfuration of thefe effe6ts at different known diftances. By this 
procefs, thefe material affeftions, though intelligible only in their 
effe£ts, are confidered as quantities capable of mathematical com* 
parifon, and their ratios are compared with thofe of lines and 
numbers. Attraction is ufually divided into two kinds : firfi^ that 
which operates at fenfible diftances, as gravity, eleftricity, mag- 
netifm ; zxi^^ fecondly ^ that, whofe effefts are limited to almoft in- 
fenfible diffances^ which is called the attraction of cohefion. 



ATTRACTION of GRAVITY- 

232. The exiftence of this fpecies of attraClion is evidenced by 
uniform experience. Matter when fupported is heavy, and, the 
ftipport being removed, accedes towards the earth ; when projefted 
obliquely, it deviates from the line of projedtion, and vibrates 
when fufpended by a ftring inclined to the earth's furface. And 
the direction of this motion of matter, and tendency to motion, 
is invariably the fame, towards the center of the earth nearly. A 
mechanical affedion is juftly inferred from thefe phenomena 
(230), which is conceived to produce this motion and tendency 
to motion, and is promifcuoufly called gravity, gravitation, or the 
attraction of gravity. But more corre^ly the tendency of a body 
towards the earth, which is meafurcd by the velocity acquired in 
a given time, is called the accelerating force of gravity ^ the weight 
or moment of a body, which is meafured by the produft of the 
quantity of matter and the accelerating force, is called its vis mo* 
trix J and the power conceived to be in the earth, which produces 
this weight and tendency towards it, is called the abfolute force^ 
or attraction of gravity; and a body influenced by it, is faid to be 
attracted by, or gravitate towards, the earth. All hard and foft 

bodies 
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bodies are fubjeft to this attra6tive power, and have weight; air, 
water, and other fluids, and the vapours ariling from them, and 
all odorous fubftances, and exhalations from all terrefl:rial bodies, 
gravitate towards the earth, as they may be colle£ted in a balance 
and a£lually weighed ; and the weight of thefe lafl fubftances is 
alfo rightly inferred ifrom the decrement of weight fuflained by 
the evaporable matter. Even fire and light, and the moft vola- 
tile vapours, feem to be under the controul of this univerfal prin- 
ciple, and no matter in the vicinity of the earth, acceflible to ex- 
periments, hath yet been difcovered to be uninfluenced by it, and 
confequently all matter may be confidered as gravitating towards 
the earth, till future fatisfa6tory experiments induce a different 
opinion. This attractive power is not confined to bodies in the 
vicinity of the earth, but extends alfo to the moon j for the moon 
defcribes equal areas in equal times about the earth's center, and 
is therefore urged by a force direfted to that center (Newt. Seft. 
IT. P. II,) and coincident in direftion with gravity: and it appears, 
from aftronomical obfervations, that it is equal in quantity to the 
force of gravity at that difl:ance, and they are confequently the 
fame power. And becaufe the revolutions of their fatellites round 
Jupiter and faturn, and of the primary planets round the fun, are 
phenomena fimilar to that of the moon round the earth, both be- 
ing aded upon by forces direfled to their refpeftive centers, which 
vary according to the fame law 5 the fatellites therefore gravitate 
towards their primaries, and thefe towards the fun (7). The 
primary planets gravitate towards each other; for jupiter and fa- 
turn, in conjunction or at their leafl: diftance, are difcovered to 
produce very fenfible irregularities in each other's motions; and 
the motions of their fatellites are faid alfo to be fubjeft to* irregu- 
larities, which are fenfible at their leaft diftance where their ac- 
tion is greatefl:. All the great bodies, compofing the folar fyftem, 
are therefore impreflcd with this principle of attraflion ; which, 
being attached to the whole of any body, muft: pervade every con- 
ftituent portion ; and the minuteft particles of matter gravitate, 
though perhaps infenfibly, towards each other. The operation of 
this principle between two fmall bodies, at the furface of the earth, 
is only rendered infenfible from the predominant influence of the 

earth ; 
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earth; for a pendulous body was obferved to be confiderably de- 
fleded from its vertical fituation by the attraction of the mountain 
Chimborazo in Peru; and, by fome ingenious experiments made 
with great precifion, Dr. Malkclyne afcertained the quantity of at- 
traction of the mountain Schehallien in Scotland.* Every moun* 
tain therefore, and every lefs portion of the earth, pofTefles thi» 
quality; which might have been inferred from (215). For if a 
particle of matter be attrafted by every part of a fphere of matter, 
equally at equal diftances, the diredlion of the combined attract 
tion will pafs through its center and v .v; but it appears, from 
experience, that all bodies defcend in directions perpendicular to 
the earth's furfacc, and, becaufe the earth is nearly fpherical, the 
whole force, producing this defcent, is direCled nearly to the cen* 
tcr, and is confequently combined of the force of every particle. 



233. Prop. The accelerating force of gravity at equal dijiances 
from the eartlos center^ is the fame in all bodies^ whether qui ef cent or 
moving^ and whatever be their magnitude^ figure^ denfty. 



Dem. This propofition is only demonftrable from experiments. 
Two equal wooden boxes, fufpended by threads of eleven feet in 
length, one of which was filled with wood, and an equal weight 
of gold fixed in the center of ofcillation of the other, were difco- 
vered by Sir I. Newton, to perform all equal vibrations in the 
fame time^ and numberlefs experiments demonftrate that all bo- 
dies, 

* If a mountaia do poffefa an attraf^ive power, a body fufpended near it will be deflected 
from its vertical pofition, and point to a falfe Ecnith, and the arc, meafuring the difta^ceof thif 
from the truc« is the meafure of the mountain's attradion. In an obfervation on the north fide 
of Schehallien, the plumb line, being deflefted towards the mountain, pointed too much to the 
fouth, and gave the dillancc of a ftar from the zenith too much to the north ; and from an 
obfervation made on the north fide, tlic diftancc was too much to the fbuth. The difference 
of the latitude of the two ftations, coileded by thefe obfcrvations, mull be greater than it 
really is, by the fum of the arcs meafuring the deflexions from the two zenichs. From ob- 
fervations often ftars near the zenith. Dr. Maflcclyne found the difference of the latitude of 
the two ftations to be 54^6; and, from a menfuration of their diilance, it was only 43': 
the difference of thefe is ii"6, and the half of it 5"8, meafurcs the attraction of the moun- 
tain. This experiment is mod convincing, and dccifive in fupport of the univerfality of gra- 
vitation. 
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dies, however different their magnitude, figure, and denfity, de- 
fccnd in an exhaufled receiver, whatever be its height, exaftly in 
the fame time ; and confequently the tendency of bodies towards 
the earth, or their accderating force, is the fame wh6th€r quief* 
cent or moving, &c.* QJE, D. 

ft 

234. Prop, ^be weight of bodies^ at the Jurface of the earthy are 
proportional to their quantities of matter. 



Dem. The weight of a body is evidently as the number of 
equal particles or quantity of matter contained in it, multiplied 
into the tendency towards the earth, or accelerating force of each^ 
and this being given (233) varies as the quantity of matter. 

Otherwife : 

The weight of any two bodies A and B, or the forces produ- 
cing them, are clearly proportional to their vis inertiae j for if the 
vis inertiae of A were to that of S, as i, 2, 3, &c. : i, it is evident 
that the weights or forces, producing the fame velocities in A and 
jB in the fame time, will be as i, 2, 3, &c, : i ; and confequently 
the weight, being as the vis inertise, will be as the quantity of mat- 
ter (166). (^E.D- 



235. Cor. If the accelerating force of gravity were encreafcd in 
any ratio, the weight of a given body would be encreafed in the 
fame ratio. Subftituting therefore W^ ^ F, for the weight, quan- 
tity of matter, and force of gravity, refpeftively, and fuppofing 

them to be variable; /^T will be as ^x Fj jF as ^5 ^as ^, and, 

if W be given, jF and ^ are inverfely as each other. 

SCHO- 

^ All bodies, whether great or fmall, denft or rare, acquire a Telocity in falling 1% 
which would carry them uniformly through 32.2 fieet in i"', and aa encreafe of velocity^ 
equal to this^ is found to be added in every fucceeding fecond of time.. e 



96 ATTRACTION of GRAVITY. 



S C H O L I U M .♦ 

236. In the fame place, and at the fame diftance from the sequa-* 
tor, bodies are found to defcend through the fame fpace in the 
fame time always; but, the force of gravity being diminiflicd un- 
equally by the diurnal rotation of the earth, they do not, and 
ought not to, defcend through equal fpaces, or perform equal vi- 
brations, in the fame time, at different diftances from the aequator. 
However, this unequal diminution of gravity, arifing from the dif- 
ferent centrifugal forces, does not afford a folution for the dif- 
ferent fpaces fallen through; and there mufl be fomc other 
caufes of inequality, which are probably the difference of diftance 
from the center, and different fpecies of matter near the places of 
obfervation. 



237. Prop, deforce of gravity varies as tbefquare of the dijtance 
from the center of the earth inverfely. 

PLATE Dem. Gravity a£ls in right lines, and, whatever be the caufe, 
fYg. ^^ equally diffufed over every point of the furface ABDC^ equi- 
Li. diftant from the center of the earth 5; and that fame influence is 
alfo equally diffufed over the furface abdc^ fimilar to the former 
and fimilarly (ituated. Taking almn equal and fimilar to ABDC^ 
the influence of gravity upon almnx influence upon abdc or 
ABDC :: almn (ABDC) ; abdc :: SA^ ; Sa\ C^. D. 

Another 

PTATR * PROP. Sufpefing the earth to Be fpherUalf the diminution of gravity, arijingfrom the centri- 
VI fig^ifi^cey varies as thefyuare of the cofint of lasitiuU. 

FIG. 

L« DEM. Let Pp be the earth's axis, and jE^its zqaator, and the centrifugal force at ^ : 

centrifugal force KiJ:: ^C : JD ; the centrifugal force at J : that part oppofite to gravity : 
JN : JL (fuppofing NL to be perpendicular to jiC) :: JC :AD; and confequently the 
centrifugal force, or dinunotion of gravity at ^: the diminution of gravity at ^ : : ^C^ 
: JD** This diminution of gravity varies therefore as JD*, or as the ibuare of the cofine 
of the place's diftance from ^ Q^E. D. 






% 
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Another demonftration : 

The magnitude of the earth's attra£live force, at different di- 
ftances, varies as the fpace through which it impels a body in 
equal times; but a body at the earth's furface falls through 16.1 
feet in i^, and the moon» at her mean diftance, nearly 60 femidia* 

16. 1 . 

meters of the earthy falls through ^ \ feet in 1" (from^obferva- 

tion): prefuming therefore that the moon is retained in her orbit 
by the earth's attradtive power, the force of gravity at the earth's 

furface, is to the force at the moon, as i6.i : > '. :: 60 x 60 : r. 
* 60 X 60 ' 

238. Con I. The firft of thefe demonftrations is applicable to 
all forces diffufed by re£lilineal effluvia of matter from a center, as 
heat^ fmells, &c. 



239. Cor.2. Putting d for the femidlameter of the earth, and ^for 

the weight of a body at the eaith's furface, its weight at any other 

W 
diftance nd{n being a number) will be equal to -;. A weight, of 

3600 lb. at the earth's furface, is equal to ^ — r- or i lb. at the 
diftance of the moon. 



240. Cor. 3. If BCand bcht homogeneous and fimilar, their 
weights at unequal diftances are equal; for they are to each other 

as ^ : ^, (237) as I : I. If they be not homogeneous, their 

weights will be as their quantities of matter, that is, as their 
weights at equal diftances, divided by the fquares of their di« 
ftances. 



N S C H O- 
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SCHOLIUM!. 

241. The variation of the force of gravity "was coUeded from 
obfervation in Peru by Meff. Condaittinc atid Bouguer. Cotida- 
laine found that the fume pendulum upon mount Picbin^, a$ 
Quito, and upon the banks <rf the river of the Amazons, perform- 
ed refpe6tively 9S720, 98740 «nd 98770 vibrations, in twenty- 
four hours. And Boiler obferved Upon the fummit of Pichmcib 

and upon the fea-ftiore, being th part nearer to the center 

of the earth, that the lengths of ifocronous pendulums were to 
each other as 438.71 to 439.7. Thefe obfervations demosftrate 
a diminution of the force of gravity in receding from the earth's 
furface ; but the law of variation cannot be collected from them> 
or any other ftmilar experiments, with precision ; betaufe the di^ 
ferent ftates of the atmofphere, of heat and cold, and different 
denfities of the earth contiguous to the different places of ebfer* 
vation, would proportionably affe£t the experiments, and thefe 
cannot be afcertained with fufficient accuracy. Froni the obfer- 
vations of Bouguer, the force of gravity upon the mountain and 
upon the fea-(hore, is as 99575 : 99802; and, fuppofmg it to vary 
inverfely as the fquare of the diftance, it is as 99575 : 99732 $ 
which differs lefs from the true law than could be expedted. 



S C H O L I U M II. 

242. An invefligation of the caufe of attra£lions mid their mode 
of operation, and particularly of this mechanical affection of mat* 
ter, its gravity, fo univerfaUy prevalent, hath long been the ob^^ 
of the philofopher's refearches, but without effeft ; the fubjcft is 
itill involved in impenetrable darkne{s,and his wifhes are unfatisfied« 
Dr.Halley refers it to the immediate agency of the Creator; Mr* 
Cotes deems it elTential to matter, like extenfion and mobility, &c« 
and Sir 1. Newton Teems to entertain a different opinion, and at- 
tributes it to fome undifcovered and invifible mechanical affection 
of matter. £le£trical and magnetic experiments prove the exifl- 

ence 
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ence of a fubtle fluid pervading the pores of the denfefl: bodies, 
and the gravity of bodies may arife from the a£tion of a fluid, 
whofe particles are fo l/nall. as to pafs through all bodies, and 
does not therefore refift their motion ; and, if endued with a 
ftrong fepplfjvp ppyrpr, it will by expanding itfelf prcfs upon grofs 
bodies. This scrfief , Newton fuppoles, is, from its repuMive force, 
much rarer within the denfe bodies of the fun and planets, than 
in .empty fpace, and in receding from them becomes perpetually 
jdcnfer aad more daftic, ^nd therefore occafions their gravity, ^vety 
hfidyhdng impelled from the<knfer towards the rarer parts of the 
fluid. This however is conjei^uraU and its truth or falfebood 
can only be efl:abUfl)ed by future experiments. All that is cer* 
tflinly known about this oiyfterions caufe,'is, that it cannot arife 
4rDm die prefibre o£ a fluid • fimilar to thoTe with which we Upc 
acquakited, whether foft or daftic, quiet of ag^tated^ for the fo|r 
lowing reafons. Firfiy Becaufe a flpid, fbbtle enough to penetrate 
the ianjoft recefies of the denfeft bodies, and fo raie as not to JniL» 
pede their motion, capnot be conceived capable of com municat;i|Tg 
imotion to them. £^^M^i$r;Becaiife the at tra£Hk>aof gravity pehetrattis 
the iitmofl: rdcefies pf bodies, and their .weights ar& proportional 
-to their quantities 4}f matter, oot magnitude of furface; but. the 
preflhre of cilery fluid widi which we are acquainted, varies as the 
furface oppofed to it. Tbirdfy^ Becaufe the attrafiioii of grayity 
«6b with equal intenfity upon bodies, whether quiefcent or. mov*- 
ang> jbot all ktiown floids act .upon qAiie^ceiit ajod. moving Mies 
with different forces. But,' however unfearcfaabie the efficieoi: 
caufe dfgcavity may be, its iioal CAuf^ i$ qloft confpicuo»i,U!, I>ei9g 
the ivefoi'VAtioA of ithp etcth «nd.Q$ber planeMk .a,nd 0f their pe* 
lioiticai revoiulioas, wluch ict only.c<ptiaued.tity.ai>.i:(ninte;rrupU 
jead exeistioa of this mechanicaj; jtSe^ictn .of m^titef . 
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and confe^vontly in6fiiteiy kb . jthfit th«t citrttljii'uig f rom coin*^ 
Sot if thb fiir£ace of P mtt (toliirg44 .IM<) <i9/ jEK>q$9!^ WUh Pfif 
ftiatttr».attrafttfig4Cicofiliiig fto^thii Uwi tt'» PObffiv^ focpc W9i44 
be propojtionably encreafed. 

, . 146* 0>f* ^* If tWpcjrttr^fifeWi; «ti* finite ilHhincit ,lwd * finite 
catio to that of gravity*, at tfeft pointof wntaiS:. it would be. ii|^ 
tntelf fiiperiof to that of jfravity* an4 if »t tha point of cqp^^ 
the ratio between this mtra^ion Vid gravity wer^ filMtff j9t fi^ijr 
alEgnable diftance it would .be.xy^iid«|«i»tf , ... 

. '347. Cpr>4...Thc sttra0»on.of'?o1»^ipni bfing.grrat ificpn- 
taA;iitki inftnfible at a finall djftance, varies in a higher than the 
Invtrfe duplicate ratio of the diffahce. 



jriG. 248. Cor. 5. Since the cohefive force or any particle P, m con- 
ilrv* **^ ^*^ *^® ^^y "P-^^» varies as the quantity of furface, it will 
be greitflft vifhen ,ite Airfji^ <>f comaft- are plane. Two Q)ecies 
of matter conftru^ed of. diflimilar particles, o, S, c, J, f,f, g, &q. 
J* «t> ffi 9i.pt qt &c^ hav*e different: dflgress, pf har4ne&} for the ^|f- 
fKC6 :of contii^*. and co)i4(lt^e ^OfpeSi^of <4^ c, 4, ficc. are greater 



1 
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249. Cor. 6. Of unequal fimilar particles, the fmalleft are ca- 
pable of the firmeft cohefion, becaufe they have the greateft fur* 
^raniiof canfftft.«Mifmre4 vntk magnjita^e?^ t^^ fvu-facea 

being diminifhed only i as the fquares, and the magnitud.es as the 
icubes, of khy lines fimH^rly plated iti theiti« ' 






c 



* 250. dor, 7. Hard hQ^it9 therefore raLa^ be conceived to be 
cont^rufted c^ v/5iy j(inalj, particles, or fuch aspre terminated' by 
plane Turface^ii; for i^olU^HoAs^ ef thefb particles iC^inc{]ited by tHis 

principle 
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famAfHil^ ^tohe&wii witlirivfaish theyvre pRmied toht impnfledL 
#9Mikiic0aftiaatBiib«d: bodies. •. And faftbodiies laay be coilcetved 

many angular points, and do not allow: of gimt iarfecte^of wv^ 
taft. 
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251. The exiftencBi^f this nat^lTAl p^w^rif coHeCled^ and a 
general idea of it foroiod, from theiibllowing £4(piliar obfervations 
and experiments. Rr/f^ jin attra&kn Jubfi/is between the component 
f{trts (j^ bard and. £>fi ^difSi ^/The forqe ^fccjuired^ tQ ffjparate^he 
contiguoQfj pjft3 of Jtiard,J)9di^ y^^^]i ^ ^4^*^ ^P ^^9 f<>^ce pf 
cohefion, is much fuperior to their gravity, though tbiey be full 9,^ 
pores and confift of portions coUe6ted into one mafs, and touch- 
ing only a few points; and it mtift be much greater hctwten the 
fmalleft particles, whofe furfaces are in contafl, without any great 
intermediate vacuities. This attra£Hon is very ftrong in all tena- 
cious and vifcid bodies, as pljfch, rofin, &c, which adhere to every 
thing in conta6l with theiti 5 and if a body VC17 fof t and vifcid be 
extended, it will again contraCl its dimenfions by th^ tendency of 
the part! to each other. Large fliip«, floating, near each other 
in a calm 1^, have a gi^at tendency to each othel*, and Aie witb 
aiffictilty kept from coming- together- U the liirfaceso^f the A^- 
ments of two leaden fcuHets, whofe diameters are notgri^iter than 
Jth of aft inth, 1)ii poBflied, '«nd oompi^e^d together by a gentle 
twift, *it is faid that a-w^ight-of loolfa* is ftieqitciit^y ireqviircd to 
fcpariate them. And if two poliflifed pkuxs of. glafs, oiarble, bwfe, 
or any metalline lubftanees,* be <:oihprcffed together md fufpend- 
|(d in an'Txh^ofted receivef^, thef^weigbtiof tiic lower: {)l4UteAviU aoc 
diffolvt thttr^ tfoheftefi } and if any fine thread be fwrapped roiind 
one^ of them f^erdl tihies, ^t confi^lerable mteYvais^ ftfjt«r opm^^ 
preffion,' 1*iirir^C(yhdioti'9s'ft^^ thay bexfcofKyved 

ttom aStaal contatt by the thicknefe of the thrwuii The C0he6\^e 
forces of thefe fubftatices i^ augmeotod by molftening th^ < Air^ 
faces'with wtiter^'bil, greait, let. ivvhich expds the air Iron itl^ir 

pores, oTi If very tenacicms, keeps-It ^wifincd^ and, preycnMi^H 
• adioa 
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9Qnon pf its repulfive. power. TUe cohdfive force of two p6i\/khA 
plane fuifaces of . metal, .whofe^difajiieterSvMrere. two indifiSt ^ hi$«te4 
in boiling water, and befineared with greafe^ioil, lea was overcdme 
by the following weights: ......:.. 

Cold greafc Hot greare. 

Planes of glafs by 1301b. by 300 lb. 

brafs. 150, , , r . 800 
copper 200' 85^ 

inarble '245 - '600 r-: 

filver 150 -^50 

iron 300 I 950. 

• ^ • • • » 

When thefe fiiffaces were moiftened with water, oil, &c. and 
•compreffed together, their cohelion was overcome by the weights 
in the following table I 

With water by 12 ob. 

oil 18 

Venice terpentine 24 

rofin 8501b. 

tallow-candle 800 

pitch I40O* 

SecofiiBy, An ottraBion fubfijis hetieeen the particles of any portions 
if water, oih mercury^ and all other fluids, except air, fire, and light. 
Small portions of thefe fluids form themielves into globnUr drops 
both in the open air and in vacuo; and if a drop of mercury be 
poured upon clean paper, or a drop of water upon the leaf of a 
plant, their fj^erical figure is not changed, the gravity of their 
parts being unable to diflblve their cohefion j and two drops of 
Iny fluid, not much attraded by the furface on which they are 
placed, will coalefce into one when in contad, as is often obferv- 
able in drops of water lodged upon the leaves of plants. If mer- 
cury, well purged of air, be poured into a clean glafs tube 70 
inches long, fo that its parts be contiguous to each other and to 
the glafe, after inverfion the whple column will remain fufpcndedi 
but the prefliire of the atmofphcre fuflrains only 29 or 30 inches, 
and the remainder muft be fuppQri:«?d by fome other agent, which 

is chiefly the mutual adhefioft.of the parts? for if they be difconr 
^ J tinued 
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tiniied by a bubble of air intervening, or by (baking the glafs, the 
column fubfides to the height of 29 or 30 inches. 

• mrdly, ^his Jpecus of attraSlion fubjijis between the particles ^^ 
different ftuids, and between them and other fubftances. If a piece of 
fir wood, whofc furface is one fquare inch, be foaked in water 
and float upon its furface, a weight of 50 grains, befides an 
equivalent to its own weight, is required to detach it from the 
'fluid; and when its furface is enlarged, a proportioaably greater 
weight is required. Water rifes near the fides of the veflel con- 
taining it, round a glafs bubble floating upon its furface, up capil- 
lary tubes of glafs, plants, &c. A remarkable inftance of this at- 
tratlion occurs in the new invented water-pump. If two wheels, or 
puUies, B and D in the fame plane,be made to revolve with great fig. 
velocity, and D be immerfed in water, a column of water will afcend ^^'* 
with the rope; and, if there be two or more grooves in B and i>, 
and as many ropes pafs over them, at the diftance of about an 
inch, the columns raifed by each rope will cohere, and the quan- 
tity of water be much augmented.* Air is incorporated with moft 
hard bodies, poffefies their interfliices, and probably ferves as a bond 
of union to their conftitucnt parts. It appears from many exi^eri- 
ments, that the quantity of air, detached from fome hard bodies in 
which it was confolidated, by the adtion of fire, or fome particular 
fermentation, is very confiderablc ; and Dr. Hale difcovered that 
I of a calculus humanus were air. It is attrafted by water, and 
perhaps all fluids, into whofe pores it infinuates itfclf, is intimately 

mixed 

• There arc two of thcfc machines, at Windfor, o^ dffferent dimcnfions; The depth 
of the well at the roand tower is 17S feet: D is the wheel in the water, its diameter a; 12 ^} ^* 

t inches, the thickness of the rope DB zz {- inch nearly; diameter of the upper wheel Bzzix 
inches ; diameter of C = 11 inches ; diameter of £ = 4 feet 6 inches ; a power, applied at 

' F turns the wheel Ground, and that, by means of the ftring £C, communicates motion to C 

" which has the fame axis with B.i * . . ' 

In the other machine the depth of the well is 9; feet, and, in this, the quantity of water 
raifed by the utmoll efTorts of*a man, was at the rate of ntae gallons in a minute. At Paris 
500 pounds of water w^e elevated through an altitude equal to 240 feet, ia ten ininutes 

; when the diameter of the ropeyfcu-rounding the puUies, did not exceed fix French Hoes, Jn 
the beginning of the motion, the column, adhering to the rop^, is always lefi^than When it 
has been worked for fome time, and xontlnucs^to ^ncreafe, till the foJTOundiflg air partake 
of its motion. 

o 
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mixed with them, and coheres too fbrongly to be feparattd wlth^ 
out the agency of fire, or fome more attradtive fubftance. If faL 
ammoniac, or corrofive mercury fublimate, be diflblved in water^ 
bubbles of air will difengage themfelves from the water^ and, ad« 
hering very tenacioufly to the thin particles of the fait, afcend with 
them, and burft upon the forface* When water, beer, &c. are 
poured intQ a glafs, or other vefiel, many bubbles of air are de.^ 
tached from the fluid by the ftronger attradion of the veifel, and 
adhere to its fides and bottom s and, if thefe be rough, or have 
more points of contadl:, the number of bubbles will be encreafed. 
Light is attradted by gla(s, water, and all tranfparent mediums, as 
appears by its refraction and r efie6tion ; and alfo by all other fub- 
ilances, as is obfervable in an experiment of Sir L Newton.* A 
beam of light admitted through an aperture into a dark chamber, 
and pafiling by the edge of any fubftance, will be defle£led from a 
rectilineal courfe, and by repeated attractions and repulfions de-^ 
icribe an undulating line in its ptflfage^ 

Op hardness, SOFTNESS, and ELASTICITY. 

2.52. Def« a bard body is that wbo/e parts are not r^ffi^ imned 
from their f laces \ as ivood^ metal^Jiones^ &c. 

Bodies conftituted in fudi a manner that their component parts 
do not give way to compreflion, and whofe cohefive force is infu* 
perable, may be called perfectly hai'd; The hardeft bodies with 
which we are acquainted, as adamant, flint, gems, tempered fteel„ 
&c. are full of vacuities, and contiguous portions of them, not 
bang in contaCt ail rounds are penetrable, and feparable by the 
aftion of a fufficient force. Fire inlinuatcs itfelf amongft the 
vacuities of the denied and bardeit bodies, and produces fnCion 
or expanfion, which cannot be effeCted without an intire fepatra- 
tion, and change of place, of their con\ponent parts. PerfeCl: 
hardnefs therefore ieems to be confined to the elementary particIcs,^ 
or leaft parts into which' bodies can be divided, whofe figure and 
<limenrions cannot be feparated by any known power, and are im- 
penetrable. 

253. Def.. 

* Ncwton*» Optics, p. 3,17. . 
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253. Dtp. A foft hodf is that wbofe parts change tbfir pofitim by 
the aStion of a fmaU farcer and retain it when the force is removed; as 
butter if now ^ wax, Gfr. 

Bodies con&tuEktd in fuch a manna: that their vacuities are not 
feplete with any fluid, and whofe parts do not repel each other, 
find are' only retained in their places by their inertia, may be 
tailed perfe^ly ibft ; but no fpecies of matter is perfe£lly foft, for 
the particles of all bodies, not poffelTed of a repelling power, re« 
quire a much greater force to feparate th6m, than what is equiva- 
lent to their inertia. The degrees of hardnefs and foftnefs are 
infinitely variable, and the limit wheffe hardnefs ends, and (bftnefs 
begins, cannot be defined. In the congrefs of hard and fofi: bo^ 
dies, there is no caufe of reparation after they come inta contafV, 
ahd they will therefore either mcfve on together, or be qulefcefnt; 
after impaft; and, the eflefts olF collifioil b«ing afcetta^ined when 
there i^ no repnlfive jjower, alToii^aAee mtfft afterwards be made 
for their different degree* 6i repulfidn. 

254. Dfi P. A/l ^laftic iady is that "ivbicb changes itt JSgu^e^ ' dr^the 
pd/tiori of its farfSy by the aStioh dfd force, and tecoFoefs^ or has a ten^ 

dency to recover. Hi figure. 

IBlaflrltity is fktd to-be ptrfcfl?,- when th6 parts of the body re* 
ttim to their firff fitilatibri with a for^e etcjual to the forco dif* 
placing theni,^arid riilpttftQ:, wfeeri tihey d6 nofc . ; . . 

255. Prop. If a pirfe&ly Ixtrd body A impinge upon a perfe^ly 
tlaflia immoveable iody B, // will be rejle^ed with a velocity equal to 
that xfipspaSt., . :' 



• ' t 



* Dem. t\\t particles, campofi^g the farface olB, are coAti- 
riualljr removed from thek* places by the compreflicm of ^, .till it 
j$rntt thdt itfiftaftcebetofheeqas^s^^ atid thea^ rsturning; to their 
;iirft fitiiatrdn wicli t Ibwe (fulfil t<r (hac (^ compreffion* dnd 

* ' 02 in 
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in adireftion oppofite to ji*s motion, A muft evidently be.iepelkd 
with a velocity equal to that of impaft. C^ E. D. 



256. Cor. I. If -^ and B be both perfeftly elaftic, the particles, 
compofing their furfaces, recede equally, though the recefs is lefs 
than when-r4 was perfefHy hard; hut the effect is the fame, the 
whole force of reditution being equal to that of compreflion, and 
coiifpiring to repel ,^^. 



2^7. Cor. 2.. If B be moveable, the velocity loft by ji is double 
of that loft by impaft only; for the parts of B*s furface, conti- 
guous to the point of impaft, reftoring themfelves with a force 
equal to that which difplaced them and adding againft^,it will be 
equally retarded, by the forces of impa£): and reftitution ; and, for 
the fame reafon, the velocity communicated to B is double of what 
it would be, were both bodies perfe£lly hard. 



258,- Cor. 3.\ The relative velocity of wf and B is the fame be- 
fore and after imparl, or the velocity with which they accede to 
each other before impact, is equal to the velocity with which they 
recede from each other after impaft ; for the forces of impact and 
reftttutibn,i being equal and oppofite, produce the fame eflfefis in 
oppofite dire6lions» and the relative velocity, which, is deftroyed 
by impaft, muft he reftored by the; force of clafticity* 
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...» « ' • I , 

259. The whole time of contaft of -/f and -B, may bfe dmdfed? 
into two equal periods, the former between their firil contact and 
the cefTation of A's compreflion, and the latter between this, 
point and their laft conta^; when they are feparated by the riefto- 
ration of their relative velocity. And, if the time of A's zovor 
preflion be divided into very fmall equal parts, ,v^*s .decrements, of 
velocity produced in them will perpstu^y epcf^ftfej from the firJ^ 

coma£k 
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cofiU^ to the end of comprc(Iion« where its force of protrudon 
vaniihesy and it is ftationary for a moment^ if B be fixed, or, if 
B be moveable, its velocity is equal, for a moment,, to that of B. 
The particles then returning, by their elafticity, to their firft fitua- 
tion, will communicate, in equal times, perpetually decreafing in-^ 
crements of velocity to A, equal to the correfponding decrements, 
daring its compreflfion, which vanifli when the furface has re« 
gained its natural ftate,. when ji leaves B,. and is. refl'e6led with ^ 
Telocity equal to that loft hy.impadt.. When ^ and B are both, 
perfectly elaftic, the. particles, contiguous to the point of impaft,. 
give way equally ; and when A is perfeftly hard, and B imper- 
feftty elaftic, or when they are both elaftic in different degrees,, 
the particles yield to imparl unequally, and a pit ctr cavity tnufl 
be formed in one of them*. 



260. Cor. 4* If the times of coqipreffion and reftitution hie dii- 
vided into the fame number of equal moments, and the decre-^ 
ments and increments of velocity^ in correfponding moments of 
compreflion.and dilatation,^ be as a: i, the velocity loft by impaft 
i& to that communicated.iaaa oppofite diredlion, in the fame ra- 
tio of « : I (Euc. B*V. P.XIL)* And, if this ratio between thefe. 
velocities always obtain, their correfponding increments and de- 
crements will always.be to each other in that ratio. > 



» . 



261. ♦Thecxiftence of elafticity, is demonftfated'by numBerleft 
escperiments. When two bodies impinge, they muft coalefce if the 
furfaces of contafl^he imp(ioveahle,.Qr, after recedmg, remain . 
immoveable} and their feparation is a proof of elafticity. Metals, . 
femimetals, ftones, gems, foflils, cartilages, moft fluids, as air and 
even water, exert an influ0nce'oppofite.ta the .dire£tion»of the force 
compreffing them^^and difcove^ a tendency to return to their natu« 
ral ftate, which is^ ia a^l of thein, ip[ipf;r^e£i and-leis than, the forcer 
inprefledi biU.iooit^ petfe^iin^^s, ivory, hardened fteel and carti« 

lages/ . 

^Ma&httbioefc, Ch, XVI.. Dc&gulkn, LeSt. Vli 
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lages. EhU'icify is ehdrgafed "by encreafing the tofity of a- body j 
for metals are rendered more elaftit by beirtg beatcli with a baot- 
mer, ahd their elafticity.wVichwas rtot perccptlWti before, becom^ 
aFter this veiy fenfible. Steel is tnoj-e felaftlc yfAntti tempered, and 
its denfity is then encreafed in the ritio of i^ex^ 1 5^738. It is aHb 
fometimes encreafed by cold, as the raftgfe of a catinon ball is 
greater wlieri the cantloh is ccfld', thlan wheit feeated, aikl the ftring 
of a violin, or a fttel lamina, is inflcaed, and tw:<mn its fittiatjon 
with lefs Force in htft thdn in-coH''wte*ther. The fph&ft^f aftibtt 
6f the component parts of ah elaftic body, and th« moment* rf 
time in which they lofe, and recoreri fheir fituatioii, arc too fmaM 
to allow of decifiVe experiments for afcdrtainittg" their ititenrtty.and 
laws of operatibni at different diftantes from their natural ftatej 
and the refult of experiments is only the relative magnitude of the 
velocity loft by impaft, or the whole efFeft of compreflion, and 
that communicated by the whole aggregate force of reftitution. 
Metal fibres, and thin fteel lamifidej exhibit n6 ekftidty utdefs 
ilretched to a certain degree, and inftefted by a terrain force,, «s 
appears frohi lax chords, whichj if a Utde Wretched and removed 
from their natural ftate, difdoVfr no tendency to rdtorn to ki and, 
when the itiflfeftion of a fibre is »ory great, tht influence of eHUlicity 
feems to be annihilated, as appears from fibres of wood^ which, if 
inflefted beyond a certain limit, remain quiefceht and have no ten- 
dency to recover their fitaatioft. Thk is alfo obfervable in elaftic 
bodies, for their elafticity is only difcovered byimpaft, and the force 
of impaa may be fo fmall as to excite no fenfible motion of the 
conftituent parts, or fo grteat as^to ddftrby their elafticity j but the 
limits where it begins and terminates are unknown. A general 
idea of elafticity may be fortted by cortfideririg the ntoft rwftple 
cafes of the vibrations off fibpe^, or thin fteel laminaj, tktid c<m>- 
ceiviHg elaftic bodies to be cdtnpcffed of thefflj ■' 



FIG. E X p . I. It any "fibre, metalte thtifH, dr thiri temina* of fbeei, 

I'VI'* whofe length is JBM ftretched ind fixfed to two infttibv^^fcble poinos 

ji ahd B, and inflefted hlto the <^ti6Jt ^fCi^ by 4 power ivthich 

ceafes to dft ai'&,it Will r^iirtt«^iffr (iiadlleit/iwit&'iiatoral-.fl^ 

jiB, 

, • ' -. • ■ r ' <. - . . t ' * . . 
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\4B> an4>. pjrocee^ing with the velocity acquired, eontinae to per* 
form nearly equal vibrations on each fide oiAB till its motion be 
deftroyed by fri£tion> and the refiftance of the air. 



EXP« IL If the diftance of this fibre from ft table» to which it 
is par^lel, be eqyal to Z>9 and a fpherical ball P, whofe diameter is 
zD% be rolled agaiinft it> t^e fib;^ will be infle&ed, and this in^ 
flection will encreaie till P be quiefcent, and» then returning to its 
firft fituation^ P will be repelled and detached from it, when ar«^ 
rived at AB^ with a velocity nearly equal to that of impafl. 

Exp. hi. Very fmall inflexions PD, PC^ of the fame fire AB^ 
are found tp be Qctrly a^ the iQ|le£ting forces | but when the in« 
£e£iions are confidfirahle, they vary a» iome power of the force> 
whofe exponent is kfs than uq^ or fradional. If ^J3 be a fmall 
brafs win& tended by a w^igjbl: W9i 3lb# and infie£^ed at P by 
weights equal to 503. and i o[;. fu^cefliv^y^ PD : PC;:| : I :: i : i; 
or the mfie^ions are 39 tb^ p^^e^iiQg Uxg^s^ 



a 

Exp. IV. If the lengths of the wire be multiplied by Z, 3^ &c* 
and the fmall infiedtions PD, PC be always to each other as i : i^ 
the infle£ling forces are found to be as i : 2 and 1 1 3, &c» or in* 

vetfely as tke lengths ©f ilii^ wit^, ; 



Exp. V. If tht lenglts xi£ the wirejbfi the ianxe as m Exp. lU, 
ff^ he e^ual tp ^Ib. a^d ^Ih. and PD : PC:; i : f» the fame ;as he- 
fore i the fafle^uigiorpes-jice as j : ji, ioj: they yzxy ^fi&ly as IT* 



262,. C^r^ uJ£F rj^prefcijt the inA«^ng fw'ce, X the ifenjfth of 
i^e wirc,/^ fj^i^l inflcaioft ,P^ or ^A Ih^F (Ejcp. i.ii.)} ;? 

is as 7| (Exp. IV..)} and jPis a»?F'('E^p. v.'):; And cotifeqttcntjy 

• if 



/ ; • T • . % ' 



112 EtA^TlCITy. 

-f * ' . ♦ * • 

if/. Ft Wht fupppfed to vaiy, the iiifleftihg force FwiU vary as 



263. Cor. 2. Fibres of unequal thickneflcs may be conceived to 
be compofcd of a greater or l«s number bf finer filnres oFthe fame 
thicknefs, and if Wy%vl^ be given, it is evident that F will be as^ 
the number of fmaller fibres, or. as the area of a fe£ti6nef the 
fibre compofed of them, or as the fquare of its diiameter (D*); 

and confequcntly F will vary as — 



264. Cor. 3. It is collected from fhefe and other Umilv expe- 
riments, that the elaflicity of a ftretched fibre appears as foon as 
it is infle£led by the impa£t of the ball, and continues to encreafe 
to the limit of infiedtion, where, the moment of the ball^ind re- 
fiftance of the fibre becoming equal and oppofite; the protrufion 
ceafes; and, becaufe the velocities of impact and refilition are al- 
ways nearly equal whatever be the velocity of impact, the velo- 
cities of P are equal, at equal diftances from the limit of infle£tion, 

both in its progrefs and regrcfs^ ^ 

• • • - • . . 

PIG. 265. Cor. 4. Elaftic bodies maybe conceived to belbrmedof 
Jl-Vii. elaftic fibres or ftrata, fuch as A By for let the fphere DBE be 
imagined to be compofed of fuch ftrata, and ftricken at 2> by a 
body perfeftly hard, and the parts neareft to D, receding by the 
force of impact, will comniunicate motion to the contiguous parts, 
and thefe to the next, till the tiifFerent- ftrata be inflefted as i^ rc- 
prefented by the dotted lines in the figure. When the motion of 
the impinging body is extinguiftied, and the particles, compofing 
the feverar flJata, are no longer protruded; they will return, by 
'x\it\t elafticity," to th^ir firft fituation $ and/ if their velocity be 
pecffi^^ jvit^lfh^^fame force in acceding tp,. and receding from^ -P; 
and confequcntly the impinging body will be reiledled with^ force 

equal 
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equal to theibrce o£ ntipaft. And that this- is not merely hypo* 
thedcal, but that motion is difiiifed horn the point of impair to- 
die remote parts of elaffic bodies, is prefumed from die foUowl|ig. 
experiments. 



Bxp. VI. If a fpherical ball of ivory A be prefled agalnft an- 
other B, whofe furfsce is frefli painted vndi any , colour, it 
will receive a fmall point of diat ooiout upon its furface; but if. 
jt impinge upon B with any vdocity, the breadth of the fpot will 
"be magnified, and become ftill greater as the velocity of imparl is 
tncresufed. And, becaufe the ball retains its fpherical figure after 
inpaA, the parts of its furface muft have loft, and recoveivd, their 
irft fituation. 

« 

Exp. VII. If two glafs balls impinge with a proper degree of 
Velocity^ the interior parts of the balls will be broken, though the 
exterior^ contiguous to the point of impad, be unbroken. 



Exp. VIII. If two ivory balls A and B be fufpended from the 
fame point by two ftring^ of the fame length, and' the lefs ball ji 
impinge upon B at refl: with a given velocity, ji will be refle6led 
ftiways to the fame height, and B will be impelled to the fame 
height, upon the graduated periphery of a circle whofe radius is* 
the length of the ftring. But if either ^ or B be hollowed and 
kad inferted in the center, or nearer to the pofterior furface, nei* 
ther ball, though their weight be the fame, will afcend as high as 
i>efore the infertion of lead. 



266. Cor. I. Motion is therefore communicated from the point 
«f impa£t to the contiguous parts (Exp.vi.)f and diffiifed from 
Jhcncc to the remote parts of every elaftic body (Exp. vii. & viii.) 



• « • • < • 
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n^. Urnr, n. .UUtoaBKMiftamBxf^ypL, ihtt die ft- agi ttm^ 

AEtotiflB «£ ^ !pacts, ftDm-tfiie point (ofain|i«A» k Aopped ib^ tlu^ 
iakrtaom'oi lead, and <ortfeqawidy ihat due f osce cf itflinitioa,. 
and change of figure, is leTs, than before it was infertal. 

wtb tnmtfir, cMDixmnkatet a treon^s saodon to ^be f aits of the 
gla6> wJudb is vifibfy oomoMUiiBatBd to tiie witer. A ncd oc 
fliokr ptaced Bgsoh the t)6eion ^ a latga g^ belU wiil faUnAtea: 
tbe bcdl 19 ftruck, f Ik ftroke pEoduciiii; a change of figore^ and, it 
a pkce of metal be tatd near the briar or lip of tbe bell mtboiifr 
touicbing it, and tbe beU be ftmskea hj any bard.body^ it is ieeik 
to touch the metaU and a fuccefllye of founds, perpettially decay* 
ing, may be beard. If the edge of the bell be pinched,, and the: 
fingers fuddenly withdrawn, the fame found is heard without pro^ 
duoBg «iy ^nfible aBOtion toanrda tbe mttal,, or difpbciag Ihei 
naedacra&it. 



268. Cor. The motion diffuiied from ^e point of imparl, to< 
the semate parts «f mi alaftic body^ is ^santiatied for foiyie time^. 
and diminiflied gradually tiU it raniflies. And tbore leora to^ 
be two Jcinds of vibrationa of tbe parts 0^ an elaAic body, one oS^ 
wittch is quick, and called a tcanior of its minute parts> aad fihe- 
ather flower and longer, by tiiiicbita figera i» changed^ and asi 
b&|unging body r€(>eUQd* 
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MECHANICAL POWERS. 



♦ripiHE exigence, infl intenfity of operation, of tke mechanical 
X affeftions, gravity, cohefton and clafticity, and the nature 
•of the other qualities of matter, being afcertain^d experimentany, 
they are affumcd as cftaHiflled principles, and'theiV efficacy in the 
produ6Hon df pijeffarc, motion, and other phenomena, is the np xt 
bbjc6l of mechanical philofophy, There are' fix fimple ijiachirtes, 
commonly ftifed mechanical powers, from the effefts. produced, 
with their intervention, by the .aAipn of ^rayity and animal exer- 
tions, viz. the lever, wheel and axis, pulley, wedge> inclined plane 
and fcrew. They are all calculated to communicate motion to 
bodies, and fuftain their prefltire, for which, the power unaflifted 
/by them, is incomp^ent; and. the artifice in all confiftsin diflri- 
buting the weight amongft ftrch sfrnnmber of agents, that the pact 
itiftamed by the power may bear a finaH r«b to the whole. 
Thus, a power incapable of comaiunicatiiig motion t8, or fup^ 
porthig the preffurcofi a. body, without mechanical affiftance,^ may 
effed its purpofe by transferring a part of the weight upon, a ful- 
crum, diftcibutingit amongft a number of pulley s, or placing it 
upon an inclined plane or fcrew ; and, by this artifice,, a power P 
may keep a, weight fufpendejd which exceeds it in any afiigned ra- 
tio, though without any acqUifition of moment in a. given di- 
re^ion t for motion is only communicable according to the e(^- 
blifhed natural relations fubfifting between matter and motion, 
and the magnitudes of two powers,, in ^quilibrioy are always in- 
verfcly as their velocities. 

* £eU'9 PbyfiM, Left. X*. HdOiam, Led, VL EaofcMi, Brop, iS, itc QtvrUr L- L 
C. X, Mufchenbrock, Ch.Vnr. Varignon, pag.305. Mftclaurin's Newtont B. If. Ch. In, 
HftnftliDii*& KUky on tht f Httcipleai of MicAttii4<. Htforgaa^ Notu i9.JB^ilUi 
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il6 MECHANICAL POWERS. 



LEVER. 



269. Def. a lever is a bar of Hoood or metal^ and is ufually re^ 
prefented by an inflexible line^ without gravity^ revolving about a fixed 
pointy called tbejtdcrump by the a&ion of a povfer upon its arms. 



PLATE The points W^ P, where me weight and power acr» are the 
pi^G. P^>^^^ ^^ fuipenfion^ and the immoveable point F^ about whicb 
LViif. jevery point of the lever revolves, is called promifcuoufly the ful- 
crum j hypo-mochlion> and center of motion. There are three 
kinds of levers r !• the fulcrum is between the power and weighty 
as in the common balance^ fciflars, fnuffers, Sec. 2. The weight 
is between the power and centre of motion^ as the oars and rud- 
der of a boat, cutting knives fixed at one end, doors^^ &c. 3. The 
power is between the weight and fulcrum, as a ladder raifed 
againft a wall, a weight raifed by the arm, where the center of mo-^ 
tion is at the (houlder, &c. 



I 



FIG. 270. Cor. I. Forces whole magnitudes are to. each other as PA^^ 
^^- PB, PC, &c. afting at P and terminated by a line AC, parallel to 
PF^ have the fame effe£l: for each may be refolved into twa 
forces^ one perpendicular, and the other parallel, to PFi of which,, 
the perpendicular parts are eq.ual and entirely employed in 
producing a rotation of the lever round P> or in fupporting a body 
fF placed on the other fide of P, and ading perpendicularly to 
F^^ and the parallel parts only produce a motion in the direc-^ 
tion PF, and do not produce any, rotation,, or contribute to the: 
fupport ofJ^ . 



FIG. ^7^* Cor. 2. If a given power, reprefented by PB] ad: at the 

*J^' fame point P in any direction PJD, its efficacy to turn the lever 

round P, or fupport any body ^, is as the chord PC of the cir* 

de whofe diameter is PB^ for PD being taken e(][ual to PB and 

refolved 
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refolved into two forces, one DE perpendicular, and the other PE 
parallel, to PF, it appears from fimilar triangles, that DE, the 
only effe^ve part of the force, is equal to PC 



zyz. Prop. Jwo powers W^P, aaing, upon m lever FW, wbo/e ^^*J" 
center of. motion is F^ at the points P and W in the direBions WM, picL 
PL in the fame plane^ and in etptilibrioy are to eadb other inverfel^j^as LXi< 
the perpendiculars let fall from ¥ upon their 



Dbm. Fi*om F as a center, with thie longer perpendicular FL^ 
defcribe a circular arc cutting the dire£tion of fV in D^ and, be- 
caufe the efficacy of thefe forces is the fame to whatever points of 
their directions they are applied^ let them be applied at L and D. 
Let D £. repre£bnt the magnitude of W and be refolved into two 
forces>, one DG in the direction FA.^nd. the other EG perpendi- 
cular to it;, and, becaufe 2>G has no effeft in making 25f r€«* 
volve, nor confequently the lever which, makes an invariable angle 
with it, and £G and P act at equal diftances from F^ in direc* 
tions perpendicular to thofe diflances, and are in equilibrio, P is 
equal to EG, and Wi P ::DE: EG :: DF {FL) : JPAf, from fi- 
mikr triangles. QJS. IX 



273. Con I. In any lever FP or FHX, thofe part&of P and pigv 
fT, which are oppofite to each other, are inverfely as their re6tili-» ^^^^^ 
neal diftances from F; for let fFA and PD, be the refpe^ve 
magnitudes of fFznd P, which aft at JfT and P, and rcfolving 
each into two forces, fFB, PJB, ccMncident with the lever, or arm 
FP which makes an invariaUe angle with it, and j4B, DE, pa-» 
rallel and oppo(tte, and drawing the perpendiculars ^^€7, DG, ta 
FP; and FM, PL, to the diredtions} it appears,r from fimilar tri* 

angles, that DE : ARiiDGi ACii — ^p — : p^ ^ (:; jrp 
^FW **^^^ ^^ X P2i s= ffTjt K FAf from, this propofition. 

274». Cor. ■ 



mt LEVER. 

£7V Coi; 4. If iHt 4k«aMii3 of JP flnil^t aAing Vfoa tl^i 
arm^ttl a Anight teycs, tndtnoqiitiyKk^ beipaiaHejL; tlMjraiv 
therefore inverfely as thai? <H63ioces». «e inTecfely' as the yortidoft 
of any line drawn through F and terminated by their directions 
(273). This follows alfo from the propofition, becaufethe di-, 
ftances, or the figments of any right Mim o« each £/to of F'and 
terminated by tlmr dire6tk>n«, are» h\ iSiis AippofitiMi^ m the pei^ 
^ndiculars ht fait from F upon theii* diroftions* 

276, Cor. 3* The velocity of any point either in a ftraight^ or 
Off Ted lever, varies as its KCtilineaX diftanea from the center of 
motion F| 4or all points delciibt fimilar circular arcs, havini; 
their centers in F, If P and liTad upea the fame right line^ awl 
their dire^ions be perpendioularyi or indintd in the £imr an^e^ 
to their rectilineal diftances, thmr" vefocities will be as thofe di-^ 
fknces, heing^ meafured by the bafss of fimilar triangles which aro 
deicribsd in the fame time: their velocities ape therefore to each 
ether inverfely as the oppofite paits of P and ff^ (2^73); 



^ I G. ^77* Cor. 4* If a lever be TOOveat)le sitout an axis jfB, or fix»d 
i«xiii. to an axis which is moveable about two centers ^ and .89 and, 
perpendiculars PF, WFy be drawn to this axis from P and fF^ to 
which their direAions are perpendicular and in the fame plane, an 
aquilibrium obtains when P : 0^ inverfely ^ their perpendicular 
diftances from the axis. 



f I G. *7^* ^^*"* 5' Thpre will be aa Qq]iiiilit>rmm upon thfi l?«er wb«»« 
j-xii. P X FP X fin. ^ FPL (or the angle which P's dire^lon makes witl* 
FP) is equal to^x FfTx fin. z.Fff'M (or the angle which ff^'s direc- 
tion makes with Fff^i for P zfTiiFM: FL:: -^"^ fin. 4.P/^^ 

rad. 
PPx fin. -^PPL ^ „ „« ^ 
; p^g; } and Fx PP X fin. z, FPL z=zW% FfTx. fin, 

jL FfVMy fuppofing the radius to be given^ 

279. Cor. 
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^79. par. 6. The HtmBAss or mo ie nd •£ any poirsrs ^, J?, ,^J, ^« 



C^ fcc«. whofe dire6kbttt are faraUdt >«ftiQr as thcxr imgntttuks 
multiplied into tlietr diftancee from the center of motion ; for lee 
$j R, S^ &e. a£tiiig at ihe &me point £» in dbefiions parallel to 
thofe of A, Bi €, &c. be in equilibrio with them refpeflively, or 
(Cor. 2.) let ji X AF = ^x EF, BxBF=zRx EF, C>iFC=: 
Sx EF9 &c.; and the dficacy of jtf, B> C, &c. to make the lever 
Involve, or fopport anj powe r afting agai nft them at JE, is evi- 
dently as ^-4- R -hS^ &€• or as^+^-^5 x BF, or, fubftituting, 
their equails. as ^ x JF+ B x BF+ € x CF„&cc. 



2B0. Cob. 7. The intenfities or moments* of ^jT; £, C,tcc. the: 
fines of whofe directions with their, rectilineal diftances to the famer 
sadius are a,. A, a &c. refpeCHvely, will be as ^ x ^ x AF-h B x^ 
BF% i^CxCFxe, &C4 for if ki ^t ^ ^^ at the fame point -E; 
In the fame direction, the fine of whofe inclinatibn to £F= i?,. 



and be in equilibrio with them, ^+ R-hS xJE^FxzsbAx AF 
%a + Bx BFx6 + Gy. CF^i c, &c^ (278). 



281. C6r. 8. If more than two powers aCt upon a lever, there^ 
will be an equilibrium when the fum of the products arifmg from 
multiplying each into the perpendicular dift^nce of its direCtioa 
from the center of motion $ or, if tlxeir directions be parallel and:' 
the lever, itraight^ into its diiCtance from is on one fide, is equal to* 
the fum of the products on the other fide. Whatever be tlie form 
of the lever, the value of the perpendicular may be fubfiifiituted. 
Ibr it* and ao^^quilibDum cbCttns wheji the fiims of the produCts^ 
•n *ecich fide of F are ^ual. 



282.' Cor. 9. Becaufe the efficacy of P 'and /T is tfie fame to 
whatever part of their direction they are applied, a bended or* 
ourved lever may be reduced to a ftraight one, making an invaria* 
Ue angle with it. And P aiid ^may thcreforevbe always (up^edi 
te.a£tia theiune. eight line^ 
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P^ATE 283. Prof. HH/rn a^ numhr of kvers WC, CE, EP, (3c. «ri 
p I G. combined together in the Jam iireSimt ibe ratio of^to W, cBi^ in 
^^^' the fame plane at their extremities^ in faralkl elireBions, and in eftti^ 
UMo.is that of WB^CDxEFiBCxDExF?. 

Dem. Let the forces $» R^P, acting at the pomts C, £, P. in 
cUre^ions parallel to thofe of H^ and P« be xefpeftively in equUi* 
brio with JET, ^Jt, and confequently (274) ff^i ^:: BC : ff^B 

^: R::DE: CD 
R:P::FP:EFi 
and, 1>y compofition of ratios, ^:P::BCxDExFP:fFBx 
CD X ER QJE. D. 

> 

284. Cor. iv If P and IF ad in different diredlons, and ^and 
R zGt alfo in ^ny other different diredions^ and ^R^Pht re* 
fpedively in equilibrio with W^ ^ J?, perpendiculars, let fall 
from the centers of motion, JB, D, F, upon their diredions, arc 
to be fubiiituted for the diftances. 



285. Cor. 2. If any of the forces, in this and the preceding pro- 
pofition and corollaries, ad in different planes, they are to be 
reduced to the fame plane by refolving each into two forces, one 
in that plane and the other perpendicular to it, of which the for* 
nier only are effedive, and are to be ufed in die feveral analogies. 

» 

9iG. 286. Prop. ^ lines be drawn from F parallel to the dire&ions of 
LXVL P and W which meet in Aj P, W, and prejiire upon F (Pr) are to 

each other as the fides and diagonal A B, A C, AF, of the parallelogram 

CABF^reJpeilivefy. 



Dem. From F let fall the perpendiculars PX; FAf, upon.the 
dircftions of P and /T, and the triangles FCM, FLB (having a 
right angle in each, and the angles FCM, FBLt&^er equal to or 

the 
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flie fiif ptenlthts of e;iS5 arejSmiiiri ^AiiekiiP •.«'':: fni^pL 
U PCiF^i ihi a ferti, whofe qiiShth^ arid flli-eaiSri afe /ift U 
*quivaleilt to P arid #'t'8i); Q^fi-D. 

287. Cor. I. A power therefore a£lm§ at F, whofe magnitude 
h to P ^^ >r iiJl' ia -J-6 4- JIC, kH& whbfi Areffions are F^, 
ii5 tad i#C, rtfpeaWdljr,' AHi.preieh^ Wl tecitiqii. ' 

; 2&8.- Cof. I. TRe linagnitade of PiWbrFf; Ss istk'e flhe of 
tht adjte fdrmed by the dirdaiom at the' 4th« (W6i for 
. PnP-.iPjd-.jiSi'.fm.bfi^FiJoiSJlCzfUi.'hffJ^t'BeiF^Ci 

, PHrf^r.FA\Ae:^fm:ofiLPC!A6iAi:^i-M:cf^CPAoiF:aSi. 
and ff^:P::AC:FC::&n.ofi.epkoiPM:CifL.bfz.cjF. 



■ 289. Cor. 3. Aliy tWOofthirefofcMV^reliufeu '' ■ - - ■" 
are to eath otlier invertbi;^ a^ ^hlj Perpendiculars 
dil^ohs-'frotn ahy ^ititf m the direfiiAii of' th 
:: fill, of ^POji 6[f^JtB : fin. (,( i-CjF :: Wt 
tfUmiif^Ko Be per"ptniftciila(r tofc d'ireaii 
arid ^W to W tfteradmi)! a«d#/': »>'':: tin. of 
«n-.ofitK^F'<5r5.rf'iV::PJ!?:'Fi?, Aippofiri^i , 

jKrjlendtduTah rerpeffive))'/ to^ th* direflibHs' 01 
HP to Be the radJuSi &C. Atid if the le'vcr be (tiaighi arid the di- 
reSions of P and IT parallel, the magnitudes of A'^ and Pr, are 
as the diftances of the other two, the perpendiculars then becom- 
ing the diflances. 

29b. Cor. 4'. IP tHeextPeiirhie's of jh(i perpendiculars Ti,M, 
Ue'joWed'by a'rigii't' lirie' LM, Pr, P arfd'^arc to each other re- 
^ea^cly as 'LilfFti and Ft, for this' triangle is' fimilar 10 FABi 
as eiflly appears' by- dcfcribing a circle upoii iti as a diameter. 



<i_ 291. Prop. 
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ilxvii ^5^'* Prop, The difiancefrpm F, quantity and direBion^ of any t^m 
* forces (Xand K fitting upm a Jiraigbt lever in the fame plane^ being 
given ^ to find the magnitude^ dire^ion and dijianceofaforce equivalent 
to them. 



Let the directions of ^and R meet in ^> and taking AB : Al> 
ii^iR^ and completing the parallelogram^ the diagonal ^£ is 
the magnitude and direction of a force equivalent to them (i85). 
But ^R and the angles ji^Rj -rfU^being given, ji^ AR^ and 
the angle SIAR may be found; and AB^ AD^ and the angle 
BAD being known, AE^ the magnitude of the combined force, 
and the angle BAE may be founds and^/f , and the angles 
A^N^ ^N being found, the angle ^J^A^ or inclination of ^^» 

to FN and ^N^ are known. C^E* L 

« . • • ... 

FIG. 2^2. Con I. If any number of forces ^R^S in the fame plane, 
txvia. ^hofe magnitudes and dire£Hons are AB^ AC, ERy aft upon the 
lever FfT^ and be in equilibrio with any other forces T^ Vy W^ 
whofe quantities and direftions are JEf G, J/J, LN^ they may be 
reduced to two which are in equilibrio; for AB and AC are equi* 
valent to AD^ and taking EF equal to ADy EF and ER are equi« 
valent to JS^» and in the fame manner HG, £!/, LNzrt equivalent 
to LPy which is in equilibrio with E^ becaufe the lever is at reft.. 
And the direftlons, and diftancea from F, of LP and £^ are. 
found as in the propoiitioiu 

FIG. 293. Cor. 2. Any number of forces, in the fame plane, whoie 
txix. magnitudes and direftions are AB, AC^EXy HG, HI, LN, may 
be reduced to one, which is equal to the preflTure upon the fulcrum; 
for, fuppofing the forces £% and LPj refuldng from the other 
forces combined,, to a£t at their interfe£tion S^ a third force equi^ 
valent to them, and confequently to the preiTure upon F,^ muft paf& 
through 5(185), and, t^ingSVySF, refpedively equal to £^ 
LPy and completing the parallelogram^ ST will be its magnitude 
and dire6lion« 

^54. Co% 



LEVER. 123 

294. Cor. 3. If any number of forces, whofc quantities and di- ^1^. 
regions are given,. a£fc upon a kver, die pofition of a fulcrum, 
about which they will be in equilibrio, and the quantity and di- 
rection of prefltire upon it, may be found; for, let the directions 
of ^and R meet in ^ and taking yfB : jfC :: ^: R, and, com- 

5>leting the parallelogram, its diagonal jiD produced, will cut the 
ever in a point, which being fupported, ^and R will be in 
equilibiio (286); and combining AD with iS, and the force, re- 
fulting from thefe, with another, &c. the diagonal will always 
snterfeft the lever in a point F, about which they will be in equi- 
librio. 



* • 

295. Lemma. If right lines be drawn from any point P to the «r- f I®* 



trtmities of the diagonal^ andfides^ of tbe parallelogram AB CD 9 tb^ 
triangle P AC, baving tbe diagonal for its bafe^ is equal to tbe differ^ 
tncej or fum of tbe triangles PAB, PAD, baving tbe fides for tbeir 
bafes^ according as P is Jituated between tbe lines forming tbe angle 
BAD, or tbofe wbicbform its fupplement to two rigbt angles. 



Dbm. Casb L Let Pl>e fituated between the lines forming the 
angle BAD% and, drawing Pnm perpendicular to ^B or CD, the 
triangle -rfPC = ^DPC—^i)P; but ^I>PC = ^ JDC + 

bPCz,zABx^ + DCx^=zABx^=APBi th^re- 

22 2 

fwcAPC^APB'-APD, 



LXX. 



Cass n. Let P be placed between the lines forming the fup- fig. 
plemental angle to BAD, and the triangles ADC^tz DPCss L'^^'- 

A B — — — ^_ 

— xmnz±iPtt {Pm) =s ABPi and, adding APD to both, 

JfPC^ABP-^ADP, Q;E.DV 



Q.a 296. Cor. 



I 



^ D^i E; , v-; E: : I^ 






when It IS within; 



• • « > • 



298. Cor. 2,- If perpendiculars .be dra^yn from Ftp thp diago« 
\ na^and fides, Fd^ P^^ Pqy -^Cx P^=p j^ x Paf=^'4D xPyji;. 
sftid WScn\P is in the diagonal AG, AB:x P^ =? AD \ P:m. 

FIG* ^gg^ Rror. If^tbisre^bi any^ number offerees Qyi, ff^ T; intbt 
LXXIV. fame plane ^wj^cb^ ate cwAined as before ^ the f urns of the produSsy 
arifing from multiplying each into the perpendicular dtftance of its di-- 
reSlion from any point F» in ibe diagonal C L^ are equal on £acb^ fider 

0jitU\ ' .:'■!' ,•.:-'• 



DEKi. Let CjD, QG^CH^CK\^ the^rciatiye.*magnitudcs pC^ 
JR,* 5; Ti refpeftively, and compouuding them, a^nd drawing per- 
pendiculars, from any point F in the laf^ diago?j^lj, .upan.their dte. 
regions, viz. Fa^ Fb, Fc, Fd^ Fg, Fb\ from the preceding lemma, 
CKxFb=:CIxFgz=zCEx Fc —<7H x F^ = CD x Ftf + CG 
X F^.— CH X FJj and confequejitly. CKs>€ T x Fb ^CH^yr. iS)X 
FX=r.Cp or ^x JP^ + CG 0^ 

300. Cor. A lever therefore^ paffing through ai^,. point j^ ii;^: 
the diagonal LC, produced in any direftion^ and in thd'fame plane, 
with the forces whick a6t upon it^ will be in equilibrio. 

301. Lemma» 
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tffl// ///i^i iXTf drawn from its extremttitsi tO' aiuther ^ed poutt .^^tot 
lobicb perpendiculars FL, FM, and Fl, Fm are drawn from F, andW 
isfuppdfedto afeendf FL has to FM a greater ratio than Fl : Fm. 



FWt aivdr drawior^ tAtf perpentHcabrsv 
rv.yz'y FL :rv iifm/^FfFL : fin. ArPv :: P^: W^, rv : FM 
:: Pr {FfTJ : FP, and comp. FL : FM:: P^xFfT: fT^xFP, 
Bya-lim^krprocd[SiJF'y»: F/:: w^x FPij^^y^FPF; and-adiHng 
theffe-anilogtej whether, FL x F»?. : FMx F/:: P^x l^^x *^x 
FP : fF^xFP' x/'^x FIF'rr P^x «r^: ^i^*> ^ Bur P^ i* 
greater than-^^ and w^than fF^ andf conftquentFy P^ x w^ 
is greater than W^-^p^ and PL x Fm «Han FMx P/i an*fhe^ 
ratio of FL : PM is greater than that oi Fl: Fm. QJE.. D, 

• r 

302. V^Kp?. J^ any twr powers 'f void' fF, w^bofi- diredHons al^ayr 
meet in the fame point Q^e in equilibria upon the lever P W in any one" 
pqfition of PW, they cannot be in equilibrio when it is in any other 
fefitiopi pw. 



£)bm: Let the. lever revolve, and bo in anyt other (ituation p^iv^x 
andc beeajafe P : W\\ FL : FM, or in a greater ratio tha^i Pl:Em 
(301) P will preponderate. Q;JJ. D. 



3^05.. Con.i. Itis-evkieat that^ the lever. cannot reft till- it pafs. 
ttnough the, points P, % 

304. Cor. 2. If the direftions of P and M^ be parallel to each* 
other, they will be in equilibrio in any pofition of the lever, be- 
caufertfai0.per|>endicalirs darawn ffiomi^ to their dir66ttoiis.are al- 
ways as the difbances, and** con&qnently in*, a. given ratio to -each / 
other. Atid, for the fame:reaibn, if the re-be^ ever fo many forces^ . 
adbpg iiv parallel dire£t2)pns upon thecarms-of aftaight lever;^. 
' a and . 
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and tn eqailibrio in any one (ituation of the lever, tfief will be in 
equilibrio in every (ituation of it. 

1^1 G. 305. Prop. If the center of motion F be placed above the Jlratght 
LXXVI. j^^^ Y^^ and P and W, affing always in parallel dire&iom^ equilibrate 
in any pojitim P W» tbey do npt equilibrate in any ntber^ p m. 

Dem. From F draw FM and Fm perpendicular to the lever, 
and P : W\\ WMiPM ::wm :pm^ or in a lefs ratio than that of 
L w : Lp or LF : LR, and confequently much Ids than that of 
the perpendiculars from the center of motion F upon the direc- 
tions, or MF: MIL Q^E. D* 



306. Cor. I. Becaufe P : ^ in a lefs ratio than that of MFi 
MR, P X MR is lefs than IFx MV^ and confequently IF will 
xlefcend. 

f LATE 307. Cor. 2. If F be placed on the other fide of the lever^ the 
p ?G. defcending body will preponderate 5 for P : ^ : : 1FM : PM ::mw 

Lxxvii. : mp, and confequently P : ^in a greater ratio than that ofLw : 
Lp or LF: LR^ and therefore much greater than that of the 
perpendiculars upon the diredions or MF: MRi and Px MR is 
greater than that oiJFx MF. 



PI G. 308. Prop. If P and W aB always at the fame dlftance from the 
••^^^^' lever, in direSions parallel to FM, and in equilibrio about F in the 
pofition PFW, and the lever be moved, the defcending body will continue 
to freponderate. 

Dem. Let FN.ps, wr, be drawn parallel to the direftions in 
which the bodies a6t, p^jv be the lever, and F« be the pofition 
of FNi and from fimilar As ^r : ^s :: ^w : ^p, and therefore 
^r : ^s in a greater ratio than nw : np or NlFi IfP or fFMi 

PL or 
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PL or P to Wi but Nr i Ns in z greater ratio than ^r : ^i, and 
confequently P : ^in a lefs ratio tlian Nr : i^x, and the body W 
will continue to preponderate. 

309. Con When the bodies are placed under the lever, the de^- 
fcending bcxly will continue to defcend, becaufe P : W in a leli 
ratio than Nr i Ni^ as eafily appears by turning the figure. 



SCHOLIUM. 

310* ki all communications of motion by impadti the quanti* 
ties of motion loft and gained being equal and oppofite, the quan- 
tity of motion eftimated in the fame direction is invariable, and 
the quantities of matter vary inverfely as the velocities loft and . 
gcuneds and if two bodies A and B a£t upon a lever, or any^other 
machine, they are fo conne£^ed that ji cannot defcend without 
making B afcend with the fame quantity of motion, and their 
quantities of matter are therefore inverfely as each other. Thefe 
cafes, having fuch marks of coincidence, are inferred to be fimilar in 
every reipe£^, and the cauTe of an equilibrium^ in the mechanical 
powers, is often imraedialely' affigned from this equality of mo- 
menta; but they are not exafUy fimilar, becaufe when ji im- 
pinges upon B^ fome part of its motion is transferred to JS, and 
'ji*s motion necefTarily precedes this communication of motion; 
but, when they zS: upon any machine, the defcending body A 
cannot be faid to communicate any part of its motion to B z£^ 
cending; becaufe,. from their conne£lion, their motion muft.ne-^ 
ceflarily commence and be extinguiflied together; and befides, tho 
power of the lever ought to be confidered. The ratio of the powei^ 
and weight may however be affigned, in every machine, from ;tfaeir 
incipient momenta ; for P and fT, a£ting upon the arms of a lever^ 
exert a preffure and have a tendency to move; andif ^r and S be the 
velocities with which A and B ftrike the lever^ ,eftiVnated in fuch 
directions that their preflures aie folely employed in refifting eacU 
other's efforts to. produce motion, no pad! being loft by obliquit}^ 
of direflion), AsX ax intaits velocity ot diftan^e from the centre o£ 

motiooLi 
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ixiollon h equal to ^ m ^ x kito its vtlocity or diftasnce, when thett 
is an equilibrium; and by fubftituting prdTures or P^and /F» for 
j4%a and Bxb, the ratio of P : fTis found to be the fame As WM 
before colle6ted from the refolution of motion. As the velocity of 
any point of a lever varies as its refliline^ diftance from the cen- 
ter of motion, all points dcfcribmg' fimilar cffcttlar arc^ rotmd it 
in the fantcr thjie, it the direftions of jP and ^ be perpehdkdaf ro 
their rectilineal: diftances, thcrr velocities will be the (kntc as thdfc 
of the points where they aft and wholly efficient, and when there 
is an equilibrium, P will he to ^iaverfely as their reftilineal di- 
F I G. ftances. But if the direftion of P or ff^ be enclined to their refti- 
xxxix. tineal^ diftance, their efiident tekfcify v*iB« imc be eqwil tb Aa* of 
the- pom* where. they aft ;- if. F\ dirt^^bn* he* llic Kite PA it iy evi- 
dent that P will have two- niotidiifi^ whilft the fever revorves^^ 6nc 
accedii^g to, of receding^ Irom^ P, acaorrfing a* the Mgh DPP is 
k(6 or greater than a rig^« angte, and the other produeing th« r^ 
tation of the lever; fbp> ddicyibing a^ circular* dre* wiih> J is^ a^e^m^ 
ter, and^-FS as radius, the power will' a£t-at eVery intermcdlatte 
point in PE whilft- the lewF defcribesi the angte PPD. The' md- 
tion in the dire£tion of th« .tevcr 19 itnefiSdemi, a¥kdS if PI^ repr^fene 
the dire6tiotvand quantity o^^'ssvelitwcity, and:beiii3foWedintbfwt^ 
PC in th^dirc^ion of PJP,andi3Cperpend5calar t(j it,.ttiis laft^onlji 
is efficient; and if the gmgle at P be very firtUli j^aDC^x. ilsper^ridi- 

cular velocity or m to, /^Z?.. or — — ^^p 7, fuBpofing.PZ.tO'bc 

perpendicular tothe direction j is -^'siefficapcy toturn the lever. The 
efffedlive' part of JS's velocity: beirtg- found' in the fame manner, and 
thefe- values of ^and'^ being fubfthuted' for them in the fuppofi-* 
tion of an equality of momlents; whatever be their dire6l}onSi thtf 
ratio of P to ^ is tha fame as that difcovered by other principiiSj 
Thus in anvequilibrium -^x PZ) x PL is given, and confequently; 

^ X PjO or the:prefrure of P in the Ime. PD is as. ^. The do- 

monftration of this fundamental propofition, afcribed*' to Archi- 
medes, depends upon this principle, that if a number of weights 
be fiifpended upon the arms of a lever, at points. equidift-^nt from* 
each other, whether on the fame fide of the fulcrum or not, their 

efficacy 
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efficacy to make the lever revolve is the fame as if they were 
united in a point bjfe6Ung the diftance of the points of fufpen- 
fion. Mr. Huygtns fays, that many fniitlefs attempts have been 
made to remedy the defe6ts of this demonflration, and propofes 
another founded on this principle^ that when two equal bodies are 
placed upon the arms of a lever, that which is moii remote from 
the fulcrum will preponderate. But this principle is not mor^ 
evident than that of Archidemes, and beiides, his procefs is pro* 
lix and tirefome. Mr. Maclaurin hath giveii a demonfliration of 
this propofitioh when the arms of the lever are commenfuratei 
and his method might eafily be extended to cafes in which they 
are incommehfurate, and be made general ; but this would add to 
the length of a procefs already yery long. The only principle in 
Sir I.Newton's demonflration that hath been controverted is 
this, which is taken for granted, " that the fame power well have 
the fame effedt to whatever point of the direction, in which it ads, 
it be applied ;'' yet no doubts are entertained of the truth 
of it, though, perhaps, from its (implicity and intuitive evidence, 
it cannot be demonftrated by more fimple principles. If the line plate 
PC and the angle PFC be invariabie, the radii PF^ CP being fix- ^y^:^ 
ed to PC at the points P and C, it is evident, that two equal forces i^^^^ 
P and ^ afting upon . the points P and C in the directions P C 
and CP, will deftroy each other, and the line PC, and confe- 
quently PF and CF, will be quiefcent. If therefore P make a 
body defcdbe the arc fTw in any fmall time, ^will make it de- 
fer ibe wWm the fame time, or they would not deftroy each other's 
efFe6ls. Equal forces therefore P and ^, ading at different points 
of the fame direction, in the fame time make the radii PP, CF 
defcribe angles at P, PFp and CPc equal to ^Pw, and there- 
fore to each other. Though this demonftration of Newton be 
general, concifc, and perfe(5lly fatisfaftory, the great utility of the 
propofition may poffihiy render other demonftrations of it not Am* 
defctving of attention. ^ 
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DEMONSTRATION OP ARCHIME.DE5. 

FIG. Let ^B be a homogeneous cylinder^ and C the hifedion of its 
Lxxx. ^y\^^ and it is evident^ that if a fulcrum, or power equal and op^ 
poiite to the prefiure upon it* be applibd at C, the parts. ^C and 
CjB wili be in equilibrio. Let any point D be taken, arid>.biied^ 
Ing AD in £, a;nd DB in P, it is- dear that two powersi tdfyoc* 
tivdy eipud to the weights of AD and D£, applied at E and F^ 
will fttpport them, and Kan: the fame cSkdt with the fulcrum, or 
power, applied at C^ ami be in equiiibrio about C: but CE ^=± Cjf 

2 2 ' ^ 

AD 

= — --J and confcquently CE : CFiiDB lAD :: force applied 

at F : force applied at E. QJS. D. 



^IG. 3 1 1« Lbmm A. If from any pwnt P, in the Jiaiginai cfa parallek^ 
XXXXI. ^am^ ABC D, /«w iraio Pm and Pq, ^f ^mvh firpendicukr to tbt 
fides y ibe perpendiculars snd fides are inverfely as each ^thrr. 



D£M« J>raw C£, CF^ perpendicular to the fides, and, from (i- 
miiar triangles, P^ iCF:: AP i AC :: P m :CE -, therefore Pft 
Pm:: CJF: CE u CD {AB) : CB {A£>) (fun, triangles). Or, this 
follows from (298), where it is proved, that ABxPm=z AD x 
Pq, and confcquently, PmiPqi: AD : AB. Q^. D. 



riG. 3'^' Prop. Jf any three fir ces W, P, Zj whofe magnitudes and 
LXXXII. directions are A B, AC, AD, tf<5? ar/ew /i&^ lever WP, Wi&/ri& /> <j/ reft^ 
W /V /© P inverfely as the perpendiculars let fall from F upon their 
direSiions. 
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Dbm. The dire£i]ons of thefe forces mud: be in the fame plane* 
and meet in the fame point» (216), and are refpe^tively as the (ides 
and diagonal of a parallelogram parallel to their directions } and Tf'i 
P ::AB :AC( 196) ::FLz FM{2 1 1 ). The efFeft will evidently be the 
fame when a fulcrum is applied at Finftead of the force Z. Q^EtD^ 

♦Dr.Hamilton's demonftration of this proportion depends upon p i g.* 
the fame principle with the above. Let the forces W^ P, Z, ftft lxxxiu, 
upon the inflexible line fFP at the points fF, P, F>^ and let the 
dire6lions of P and J^mect in C, and the direction of a force Z^ 
equivalent to them, muft pafs through C. Therefore P, /jT, Z, 
are to each other as the fides and diagonal of a parallelogram 
refpeftively parallel to their direftions, JR/#, EB, FC, and WiP.i 

jiC I BC :i tin. L. AFC {FCB):i tin. JlACFv.FM I FL. 

JF:Z::AC:FC::rin.^FCB:rin.z^FBCorBCA::P^:PN, 
fuppofing P ^ and P iV to be perpendicular to the directions of Z 
zndfT. 

P :Z:: FA: FCiifm. Z.FCA iGn. /^FAC or ACBiiffTGifFR, 
fuppofing ff^G and fFR to be perpendicular to the dire6Hons of 

Zand P. 

The parts of fF and P, which a6l: in direftions exa6Hy oppofite F i G. 
to thofe of Zy are found by refolving AC and ^ (BC) into two "*^"^* 
forces, one parallel to the right line joining W\ P^asAm and Bn, 
and the other parallel to FC as ^jn, ^n. The oppofite parts Am^ 
B », are equal and deftroy each other, and the confpiring parts 
^w H- ^ muft be equal to Z; and confequently when two forces 
W and P are in equilibrio with a third force Z, and their direc- 
tions are all parallel, 

JFi P :: ^n : Crt :: PB : BC:: P^: ^fT; 

fF:Z::Cm:^C::CA:Cfr::^P:PfFi znd ' 

P : Z :: Cn : C^:: CB : CP:: tT^: WP. 

m 

+ BALANCE. 

313. Def. The ancient balance^ commonly called the Jiatera romana^ PLATB 
^tjleelyardy h a lever oftbefirft kind fupported at the point F, placed Xi. 

' ; . . r, near lxxxv» 

t Bfiay on the Principles of Mechanic*, f HeUhim, LeA. VI. MufcJieBb* Ch. VIII» 
f CCCLXXXIII. Deftguliers, pag. 9;. 
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near one extremity y about V)hich the brachiaF^^FH iquiporiderate. 
On one fide of Y at the extremity A, dri Unknown "weighty W, isfufpend^ 
tdy and on the other fide a known weighty P, is moveabk upon, the arm 
FN, which is divided into parts equal to FA, each of which is aifo di^ 
vided into lo, loo, &c. equal parts. 



. 3^14, Cor. If P be at at, the fourth divifion from /, which Is tb^ 
n^^ divifion from JF, when an equilibrium obtains between it and 
Wy and 7Jf be divided into p equal parts, the weight of ^will be 

equal to Px » H- -; ioT}F;P\\Fx'.FA{2y/^) ::F^x»+ ^ : FA :: 



in ^ ' . .. . m 

1 1< 



n^^ : I, and! confequently W^==^ P y.n-\ — • 

fn * -^ ' • . . 1 » m « 



FIG. 3^5* Dep. The common y or modern^ balance ^ or a pair offcales^ is 
Lxxxvi. a lever oftbefirfl kind^ as AJ&yJupported at its bifeBion F : to the ^at- 
tremities A and B are fufpended bafins or feales^ and the Bracbia and 
bafinst on eacbfde of F, arefuppofed to equiponderate. 

316. Cor. 1. If atiy known weight, P, placed in one fcale equi- 
ponderate with one unknpwn, Wy placed in the other, the weight 
diW\& known, being equ^l to that of P; for P\ W\\AF\ BF 
(274) :: I : i> and confequently P =zfr. 



317. Cor. 2. A balance, whofe arms arc unequal in length, is 

fallacious s for if jiF and BF be unequal, P and fT,, when in 

P X BF 
equilibrio, cannot be equal, for fF=:: — Tp~» But the relation o£ 

BF : AF being known^ IV is alfo known • 



318. Con 3. If a man, whofe we^ht is equal to:^, ftanding 
in one fcale aad in equilibrio with P placed in the other, prefs 

the. 
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t}ic beam upwards in D with a force equal to ^ the diminutions 
of PT's moment is equal to ^>c FD j and becaufe the readion at 
the fcale is equal to ^ the encreafe of Ws moment is equal to 
^ X Fji, and confequcntly fT will defcend with a force equal to 
^x jiD. If the preffure be upwards at £, /Twill defcend with a 
force, refulting from this preffure, equal to ^x£F, and, from 
the reaftion, with a force equal to ^x FAi and therefore the 
whole force of defcent is equal to ^x EA. When the preffure 
is downwards at D, the encreafe of W*s moment is equal to ^ x 
jPD, and the diminution • of its moraent=^xF-^i and, confe- 
qucntly, ^will afcend with a force equal to ^x DA, If the pref- 
fure be downwardsat JS, thediminution of ^'s moment, or encreafe 
of P's moment, is equal to ^x £JP, and a part, %o£ JV^s weight 
being transiferred to £, the diminution of its moment, on that ac- 
count, is equal to ^x FA\ and confequcntly the whole diminutioa 
of W*s moment^ or force of P*s afcent is equal to ^x EA. 



519. Cor. 4^ If the center of motion C be in the right line figt.. 
Joining the centers of fufpenfion, the equilibrium of equal weights ^^^^^^^^ 
P and W will obtain in every pofition ;. the perpendiculars let fall 
ifrom C upon the direflions being always equal to each other. But 
when C is above or below WPy an equilibrium of equal weights 
does not obtain, unlefs WP coincide with the horizontal line AB. 
Wlien JVP coincides with AB^ the perpendiculars let fall, from C 
upon the directions of W and P are equal to GB and GA, CG 
being perpendicular to AB-, but when the balance is in any other 
pofition ^P, the perpendicular C/is greater than CHy bccaufe^L, 

which is lefs than C/, is equal to gM, which is greater than CH. 
/F will defcend and continue to vibrate till its motion be deftroyed 
by friction. This corollary is alfo deducible from (305), 



320. Cor. 5. If P and ^ be unequal, and C, be in tlie right line 
TFPy the heavier of them will defcend till ff^P be perpendicular 
to the horizon, or, if the center of motion be jiot in ^P, till P k* 
CH=:fVxCL 

3:2.1. Gov 
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F r G. ^21. Cor. 6. In a balance whofe arms are unequal the weight 
' -of W may be ftill afcertained ; for let W^ fofpendod at A^ be in 
^quilibrio with a known weight ^ fufpended at B» and Wr. FA 
it± ^ji FBy and» fufpended at B^ let it be in equilibrio with a known 
weight R fufpended at A^ and Wx FB =s Rx FAi confequently. 
by multiplying thefe equations together, ^* x FA x jFB = ^ x 

RxFAx FBy and fFz= s/^x R. 
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^lo. 022. *Cor. 7. If the beam of the balance be fuppofed to have 
weight and be fimilar and homogeneous in every part, its center 
of gravity is in the bifedHon F; but if it be not homogeneous, or 
the center of motion be not in the bife^on, let G be its center of 
gravity, and an equilibrium will obtain when P x PJF •+■ B 
(weight of the balance) x GP= /Tx FfF. 

323. Cor. 8. If from P, a ftyle FD, perpendicular to fFP^ be 
raifed, the equilibrium of the balance will be afFefled by it, except 
it be in an horizontal fituation, the moment of the ftyle being 
meafured by its weight multiplied into the diftance of its center 
of gravity from the line PH, perpendicular to the horizon. But 
the equilibrium is reftored by continuing the ftyle to the other 
fide of P» fo that the moments on each fide may be equal and 
oppofite. 

324. Cor. 9. If the center of gravity of the balance, fcales, and 
weights, be in the center of motion, P, an equilibrium obtains in 
every pofition of the balance 5 but if this center be above or be* 
low P, the balance cannot be quiefcent till the right line joining 
P and this center be perpendicular to the horizon. The beft po- 
fition therefore of the center of gravity is below P, and as little 
below it as poflible, that the arcs defcribed by it, during its vibra-- 
tions, may be fmall and foon defcribed. The points of fufpenfion 

fhould 

^ thek oorollariet may be omitted till the diapter upon tlie center of gravity be read. 



. B 4 t A N C B. 

fhould be in the fame right line with the center of motioUj which 
ought accurately to bife£t their diftance (3i7). 



tiS 



325. Cor. 10^ The arms of the balance fhould be as long as 
can be ufed contenientlys becaufe the moment of a given body 
varies as its diftance from the fulcrum, and, therefore, the greater 
the diftance, the more diftinguifliable will be the moment arifing 
from any fmail difference between P and ff^* And to di^gniih 
very minutie differences of weighty the ffif^ion upon the axis, in 
the motion of the beam and fcales^ ought to be as little as 
pol]ifale« 



CHAP. 
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CHAP. VIIL 



*W H E EL AND A X I S< 



3^6. Def. yj WHEEL and axis or axis in peritrochio^ is a ma-' 

^^ chine compofed of a circular wbeel^ in wbofe center 

Lxxxix. ^ cylindrical axis is injerted and fixed \ and the wheel revolving hy 

' the aSion of a power P, the axis, who/e extremities are fupported^ rr- 

volves with it^ and the rope^ to which a body W is appended^ is tied to 

the axis and wrapped round it during its motion. 

327. Cor. It is evident that every point of the axis B^ G, &c* 
defirribes a circle round its correfponding center y^ z^ tec. in the 
time of a revolution of the wheel j and that any points of the 
wheel and axis, ^and B defcribe fimilar arcs of circles in the fame 
time, and, confequently, their velocities are as the peripheries or 
radii of the circle defcribed by them. 



328. Prop. If the direSiions of P and W be perpendicular to the 
radii of the wheel and axis refpeSively^ they are in equilibrio when P : 
W :: radius of the axis : radius of the wheel. 



Dem. The fame power is required to fupport Wto whatever 
point of the axis it be applied, becaufe the diftance from the cor- 
refponding center of motion is the fame, and the wheel and axis 
may be reduced to a bent lever, and confequently there will be an 
equilibrium when P\W:\ W^s diftance from the center of mo- 
tion : Ps diftance :: radius of the axis : radius of the wheel (277). 
<^E.D, 

This 



• Kcfl't Phyfici, Lca.X. Hdfliam, Lcft.VIL Mafchenb. Ch.VUI.SeaXCCCXLIIL 
EmcrloD, Prop. XXIV. Varignon, Tom. I^ Scft. IV. 
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Otherwife : 

This propofition is ufually proved by the following proccfs.: 
fince the dircftions of P and H^ are perpendicular to their re- 
fpeftive diftances from their centers of motion, they are wholly 
efficient, and P*s velocity is to fF's velocity as the periphery of the 
wheel to the periphery of the axis, and confequently, when there is^ 
an equilibrium, PiJVv. periphery of the axis : periphery of the 
wheel :: radius of the axis z radius of the wheel (272). C^. D. 



329. Cor. !• If the thicknefs of the rope, to which JF is ap- 
pended, be not inconfiderable, it ought not to be neglcfted ; for, 
when one or more fpires of the ropes are folded about the axis, 
the diftance of Ws dire£tion from the center of motion is en- 
creafed, being equal to the femidiameters of the axis and ropes; 
and there is an equilibrium when P \Wii the diftance of fF^s 
direction from the center of motion : femidiameter of the wheel. 



330. Cor. 2. If P and JF aft in the fame plane, and in the fig, 
direftions PDy and WD^ meeting in 7>, and be in equilibrio, they ^^* 
are equivalent to a third force, or preflUre upon the axis at jS^ 
whofe direftion meets PD, and WD in i) (216); and, producing 
PDy WD^ thefe three forces are to each other, '■ as the fides D F, 
DE, and diagonal DG, of the parallelogram EF\ therefore P : 
fF\: DF : DE^ or drawing AN^ AM, perpendicular to WD and 
FD refpeftivcly, P : W:\ AN; AM{^ 11). 



33 T. Cor. 3. The preffure upon the axis at -^(Pr) : P ::DG.: 
DF :: fin. z. DFG or PDW: fin. jL FGD or ADWy Pri W:: DG 
: DE :; fin. Z. DEG or PDW: fin. ^ DGE or ADPi and P:W:: 
fm.JLADW: Cin.jLADP. When the angle PDW is infinitely 
fmall, or PD and WD are parallel, the perpendiculars AN^ AM, 
are to each other as AW: PA. 

S 332. Prop. 



<33 W H E E L A NP AX I ». 

Fn3. 332. Prop. Li a combitiation of wheels GH, FK, EL» .10^3/^ 0xe$ 
are QM, RN, BD, i»> equilibrium obtains nnben P : W ;: QD x RC 
^AB:DGxCFxAB» 



xci. 



Dbm. Let i^, jR, Wy be refpedtively in equiUbrio with P, ^ l?i 
and jP : ^:: ^Z) : DG, (328) 

. . ^:i?::<RCjFC, 

. ^ : ^;: ^5 : ^^, ajj4, coropojiepdo, /» : ^:: ^ x i?Cx 4^ 

: DG X J?C X ^£. Qi.E. D. 



333. Cor. I. If the ratios of ^/) : Z»G, C-R : CF, AB'.A^ht. 
the fame, and the nuqnber of wheels be », P : ^:: ^D' : JDG% and 

If this given ratio be that of i : r, P ; ^:: i : r* and P = — , 



* 334. Cor. 2. If the peripheries ^Af, JJiV, were to touch the peri- 
pheries FKi ELt and operate upon them by means of teeth made 
in c^h,^ this ^m^^sy w»uW ftUl obf ai(\, ai^d ^ wquld be to ^ as 
the product of the femidjameters of the axes, to the prodn^ of 
p i^G. the femidiameters <»f the wheeU. As if XT' be a combination (^ 
wheels, and fF be appended upon the aii* JTF, and the power P 
^ at P; P : ^ :: produfts of the feroidiameters of the pinions 
B.D^F: nrodu^ <^ the ifeoiidiafqeteri of the wheels j1. C. E. 



XCII. 



335. Cor. 3. Becaufe the number of teeth in the wheels and 
pinions are to each other as their peripheries, or radii, P'.fFv. 
femidiatneter of the zm to wldch W\% appended muUiplied into 
the number of teeth in the pinions : the lepgih pf the lever where 
P a£ts multiplied into the number of teeth m the l^yeral wheels. 

* • • « 

336. Cor. 4, The number of revolutious of a pinion or whefl 
being inverfely as the time of one revolution, or inverfely as the 
periphery or number of teeth in it, the number of revolutions of 

•' c the 



llie whfcel ^^bore P ^sr^ 49 ^o the. n,umb€F of ^efp)iitk>ns; in' the 
fehiG tifti^ Qf the aiiis t^ wbiclh;/^ is fl|>{«Bfaf)edi ^sthe j>ro4u^ of 
\]te^riUmbe^of t9(th in.ttte wheels to Ahc) prp4^ (»f tl\3 numbec' 
of teeth in the pinions. 



^337* ^Of.'^ a whS *w$tb.teelbCDh rei)litve: aiotil D,^ tf«i fig. 
Ikpil thi <i6be€i S B A riwAi/ HvUb. k, by the aiEHik tf teetb BD.hAi ^^^"• 
&i. ufM ^aridb, 4ub(fi curvdture h fiiib tbdi E, h, defer ih the lims 
BD, bd, wbilji tbey dtfcYibe BA and hAy^e^eCliively^ the mowhts ^ 
tbefe wbeels are equal. 



•/; . 



. D£M. Becaufe the points B and JD fome into conta^l at^^, 
at the fame time, every part of BA is applied to AD% and is thereat 
fore equal to it, and confequently B and D moVe towards it with 
equal velocities } and therefore if equal weights a6t at B and D 
perpendicular to 5jB, CD^ they muft be in equilibrio. Q^. D. 

338. Con I. liCDnB'ht a -bent lever whofe fulcrum is at C, 
equal forces, afling at D and B in directions perpendicular to 
tfx), SjB, wotild keep the levers CDnB arid S B ki equilibrio, 

339, Con 2. Becaufe the point JB moves over BD whilft the 
arc BA rolls pver DA, the figure of the tooth BnD is zn epicy- 
cloidal arc} and the cffeft is the fiirtie whether B deibribe the 'jcOn- 
cave or convex fide of BnD, and confequently whether the wheel 
CD-^ impel S BAhy the aftion of the convex fide of the tooth 
upon Bi or S BA impel CDA roun^ with it by th^.a^ion of B 

upon the concave fide of the f ooth jB » i). ^ ; 

' ^ ■ • • 1 ■• • . . .? 

340.. Cor. 3. If any number of epicycloidal- teet9t.2)B,i/^anA 
A at ht ififerted in the periphery AD, at equal diftances from 
efich other, and teeth, BfXrAtJxc infertecj intljp other wheel AB, 
at eqinal diftaAce«', :>b^cI .AA.=^ Ad» and. ^H. =».4Di ^he teetl^ 

sd . i' • -■■ ' •■' - ■' . < B%PiAn 
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B, by Ay will all a£t together with equal moments j for becaufe 
Ab=^Bby the velocities and confequently moments of B and b 
are equaU and they a6t together, becaufe b is always found in ^^ 
and B in BnD. 



341 » Cor. 4. The effe£t is the fame when the epiqrcloidal- teeth 
are upon the periphery of the wheel SBAi for, whilfl: B and D 
move ta A^ B defcribes the epicycloid BnD^ and D defcribes 
another epicycloid DmB^ whofe bafe is B A. 

SCHOLIUM. 

342. The teeth (hould not aft upon each other before they ar- 
rive at SCy joining their centers, and the machine is more or le(s 
complete according to the number of teeth acting together. The 
a£tion of any tooth (hould not ceafe before that of the fucceeding 
tooth begins. 



PULLEY*. 

FIG. 343. Def. a pulley is a fmall circular wheel, as m'Eny reveh^ 
^^^* ing about an axis pajjing through its center , by the a&ion of a ptmer 
which is applied to a rope pajfing over the pulley. 



344. Prop. In a Jingle fixed pulley an equilibrium obtains when the 
power P, is equal to the weight W. 



Dem. When a rope is ftretched and quiefcent, it is evident 
that the tenfion of every part is the fame, othcrwife motion would 
enfue; therefore the tenfion of Pm is equal to that of Wn and 

P==^. Q;E.D. . 

SCHO- 

. . * » , . 

• Mufcbenbrock, Ch. Vni. Seft. CCCCXCIV. Varrgnon, Tom. 1. Scft. III. Kcirs 
Phyfics, Ledt. X. Helfham, Ledl.'VII. HamiItoa*« PrladplcSrOf Mechanics^ pag.. i6». 
Emerfoii^ Prop. XXVIi* Dcfaguliers^ pag. 99* 
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SCirOLIUM- 

345. This propofition is fometimes proved by conlidering the 
pulley as a lever; for the moments of P and W being the fame to 
whatever parts of their dire£^ions they are applied, but, if ap- 
plied at m and if, mEnizB. ftraight lever \(rhofe center of motion, 
J5, is in its bife&ion, and confequently when there is an equili- 
brium Ps:/sr(274). And the conclufion thus deduced is cer- 
tainly fatisfadory without any other demonilration. 

346. Cor. I. If the fame rope pafs over any number of fixed 
pulleys, P is equal to W when there is an equilibrium, becaufe 
the tenfion of the rope is, in every part, the fame. 



347. Prop. If the weight, W, befufiained by a power P, applied FIG. 
to a rope pajjing over a moveable pulley E, P : W :: i : 2. xcvi. 



Dem. Let the tenfion of the rope PA=im, and that of SC, 
and DF, is each equal to m^ and confequently the tenfion of EW 
is equal to zmi therefore P\W\:m:zm:i i : 2. Q^E. D. 



348. Cor. I. If JV be fupported by P, applied to a rope pafling 
over any number of moveable pulleys («), P iJFiiiizn^iov the 
number of ropes fupporting the weight is equal to 2 n^ each fup* 
ports an equal part of it, and the tenfion of the rope, to which 
P is applied, is equal to that of one of them. 

349. Cor. 2. li Wht fupported by P, applied to a rope pafling pig. 
over each pulley In two blocks, to the lower of which TV is ap- XCVIt 
pended; P iWw i\ number of ropes at the lower block. For all 

the ropes Ay B, C, JD, £, fupport ^, and each fupports an equal 
part, becaufe their tenfion is the fame, and the tenfion of each is 
equal to that of F to which P is applied. 

350. Con 



ij^ B u L I. E y; 

350. Cor 3. If a moveable pulley, L, be annexed to this fyftem, 
P will fupport a weight ecyual to,? x /^^ for the tenfions of the 
ropes G and H are equal and they both fuftain the weighty 
which is thcttfore eqiiil ibixfT. ' ' " r - 



351. Cdr. 4« II is evident that P acquires rio mortient or quah* 
tity of di<dtidn by this diftribution of thfe weight aoiohgfl a 'minl^. 
bet of pttlkysj for the velocity of P ife tA thit x>{fFa$ the iram-^ 
ber of ropes, (bpportiftg the weight, to unity* If /Tbe elevated 
through any Ipace equal to j, any point in each of the ropes 
fiipporting it, muft move through a fpace equal to j, and P 
eotifequfently through a fj)ace equal tb s hiultiplied ihto the iiiim* 
ber of Arings. 

FIG. 352. Prop. Iftbe body W be fupported by the power P, in afyftem 
XCVIH. i^ffipQp^^ of one fixed ^ and any number of moveable pulleys ^ each having 
a feparate firings P : W : : unity : that power of 2 whofe index, is the 
number if moveable pulleys. 

Dbm. Let the tenfion of the firing, to which P is applied, be 
equal to /o, and the tenfion oi A and B is each equal to »> 
that of C and D is each equal to 2«i; that of E and F is each 
equal to 4/Wi and that of <?H to 8 «i j therefore P i W'.im\%m'M 
*. 8 } and, if the niimber of moveable pulleys be equal to «, it is 
evident that the tenfion of the ftring fupporting PF is equal to the' 
n^^ term of the geometric feries 2, 4, 8, &c. or to 2' and PiPTii 
1:2". QiJE. D. 



PfT 

353. Cor, I. Px2'tr=;randP=s~;;j and if the number of 

hiovcable, pulleys and P or ^bc given, thc.number of moveable 
pulleys, or fit may be found. 



354. Cor. 



.I> V fc fc © Y. M3 

354. Cor. 2. The parts of W, fuftained by the feveral move- 
able pulleys, &c. are tQ each othei: as 2* 4> ^» 1 6> &c. 

♦ 

355. Prop. If the body, W, be fuftained by the poffber, P, in (i Jig- 
^ftem of pulkys nvbere the rope fejftng over each pulley is immediately 
fixed to W, P : W :: unity : that power of two, diminijhed by unity, 
wbofe exponent is the number of ropes, or number of moveable pulkys eri^ 
creafed by unity. 

s 

Dem. Let the tenfion of the rope, to which P is applied, 
be equal to m, and it is evident that the tenfions of the ropes G, 
By D, F, are equal to m, %m,^m,Zm, refpeftivcly ; hut thefe ropes 

entirely fupport W, and confequently P \fF\:m : 1 + 2 +4-4- 8 
X is» :: 1 : 1 5* If the number of ropes fixed to ^be equal to n, it 
is evident that P : /iT:: i : i H- 2 -4- 4 -4- 8, &c, continued to n 
terms :: 1:2' — i. QJE. D, 



W 



356. Cor. I, P X a* — p I =5 ^ and P = ^ ; and if any two 

of thefe magnitudes P, W^ or n, be given, the other may be foun<|. 



357. Cor. 2. m, 2m, 4 m, Sm, &c. exprefs the ratio of the parts 
of fF rpfpe^ltively, fupporfed by G, B, D, P, &c. 



358. Cor. 3. If the rope, to which P is applied, inftead of be- FIG. 
ing fixed to JV pafs over a pulley to which fT is appended, P ifF *^* 
:: m : ^m :: i : 4} for VTi^ Ajpported by the ropes E,G,F, whofe 
tenfions, compared with that to which P is applied, are refpcc* 
cively equal to m, 2/9, m^ ao4 th^ futQ oi their tenfiop^ == ^m. 



SCH<J. 
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SCHOLIUM. 

FIG. 359. When the diredlions of the ropes P A^ ^, to which two 
^^* |)Ower$ ^and P are applied, artd the dirc6lxon in which W a6ls, 
are parallel to each other, as is fuppofed in the preceding propo- 
fitiops, it is evident that W is exadly equal to P + ^9 becaufe 
they jyft fupport it, and their force is all efFedive, no part being 
loft by obliquity of direction. This alfo appears by confidering BCA 
to be a lever, for (287) W\? ^^..CB^CA\ AB, and con- 

fcquently P + ^= ^and P = ^= ^ . But if the direaion in 

which P a£ls be changed to ZA^ touching the pulley in 2), mo- 
tion will enfue, parallel to the horizon, as P a£ls partly in that 
direction, and the quantity and direction of ^ muft be changed 
to reftore the equilibrium. It is evident that the pulley cannot be 
at reft, till the horizontal parts of the forces P and ^be equal to 
each other, and the parts contributing to the fupport of JF be each 

TV 
equal to — . Ihis is alfo obvious from (216); for the pulley BCA 

is a£led upon by three forces, whofe direftions are not paral- 
lel, and is quiefcent; and thefe forces are therefore in the fame 
plane, their dire^ions meet in the fame point D, and are confe- 
quently equally inclined to the dire£lion of W^ or to the horizon- 
tal line BA. 

FIG. 360. Prop. ^ W be fupported by two powers P andQ^jvbofe di^- 
*^"* regions touch the pulley in A and B^ W :P or Q^::fin.Z. contained 
between PA and QB :fin. of half that angle. 

Dem. Becaufe the pulley is afted upon by three forces Py^W% 
and kept at reft, and their diredtions are perpendicular to the fides 
of the triangle CBA^ W\ PiiBA: CA, and fF: ^:: BA : CBi 
therefore ^:P or ^:: fin. Z.BC-^ or its fupplement to two 
right angles BDAiTin.jL BDC (equal to the ^ CBA or CAB). 

361. Cor. 



I 
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361. Cor. I. Becavfe P : WiiCA : BA and ^, JT'.rCB vBA; 
therefore PH-^:^::<?^ + CJ9:fi^. < 



362. Cor. 2. If ^B be an arc of 60 degrees* or the snj^tADB 
he equal to 120 degrees, AB is equal to AC or CB, and confe- 
quently /Tsss P or ^ 



363. Cor. 3. Bccaufe P-.WuACiAB, Pas ■ ^f^ . If 

therefore the arc ^J3 vaniih, or the angle ADB be equal to 180% 

Wx AC 

p tas ■■ • , or P is infinitely great compared with IT, As the 

arc ^B encrcafes to a femicirclei P decreafes and becomes the leaft 
poflible*when it is a femicirde, becaufe the chord .^fi is then the 
greateft poffible. In this cafe Pji and ^ are parallel to each 
^thcr and to CD, and /r= P + ^ becaufe jiB^jaC + CB, 

Wx jiC W 

and confequently P = —r^ — = T* • ^^ *^^ ^^ ^'^ encreafcs 

beyond the femicircle, P encreafes and becomes infinite when it 
is equal to the periphery. 



364. Cor. 4* If P be finite^ W is either finite or evanefcent j 

P X AB 

for Jr=z —jn — = ^i <vhen jIB vanifties, and is finite when jiB 

is finite. 



365. Prop. Jjf'W hfajlained ly ? in afyfteih offhweabk pulleyt f , q^ 
v; y, X, each ofiubicb has a feparaterope, and the angles contained by cm. 
the direSHons of the ropes h PSE, DTC, BRA; W : P :: EP x DC 
xBA tvExyCxxA. 



• * « 



Dem. 



H^ BT x; I; E t^ 

ElBMi hdt W,%Rt^ifikfeM the Yensfidntf «l the ilcings- vHP^^t; 
*«,PGrcfpcaivelyiand(3k>)«rr«^rfBF:vB . 

T:R::CD:yC 
R:P:: AB : x^; and confequently 

/n ■ ■ "- " 




%. • 



366. Cor. I. If the pulleys and the angles FSE, DTC, BRA be 
equalx JFi. f::EF^: vEh and, if the number of moveable pullieya 






,/3^^€oc..a* tfdMiKi«d»OBBr. of dtt ropes. becoaiQ pftraUel, ITi 
^ :: .2 Ey x 2jf C.x 2 xA : Ev.x.Cy % Ax^ and,, when the guHeysi 
ar€S;6quar, ^; i** r: 2, x 2 >: a. : i j. or as that, gowcr of two, v/h»lk 
exponent i^ the nu.rnber of mpv^ai^e ]^ulU^«p ta unity, which coih.'^ 
ctdc? with (112). 



368. Cor. 3. If the tenfioir of the rope PG, to which P is ap- 
phed, be equal to m, J? =: ^^ , y,*»- " - ^^^ - g^,- - » . J^¥^. 

AxxCyxEv 
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369. The conclufions, derived from confidering thetenff6iw*of 
the feveral ropes in any fyftem of pulleys, may alfo be invefligated' 
by fuppofing the moments of P and ^to be equal, the velocities 
iavql\fied ia tJbef«mom«nt$ bong JC^uced to> oppofit^ dkieftii^Qs. 
Ik l^ fi£- 99« the i;opes. being all paraltelv to the^. diare^ian in 
y^ph W'^Sks-^ th^/velocilpes^of P^aoiiGrare.ia oppofite diiise^na 
and entirely efficient ; and> when an equilibrium obtaios^t^e pco^ 
du£l of P and its velocity is equal to the produft of fF and its 
•velocity : for let L / := itf m = Nn =s a = v> and if the point L 



'he elevated to 7, through a fpace equal to v, the pulley BF will 

"defcend through a fpace equd to v, and aiiy point of the rope B 

through a fpacti e<|0al to21t« afid».whenlthe poiht M is elevated to 

'«r, through 3 vj .therefore. the pulley BA will defcend through si ^ 

^acetqual to .3 V, and yheii the ropes 4 *hd :8 are ftretched, A 
mnft defcend through a fjiace equal t6 6^, and when the point . - 
N is elevated to », dirough 7«>, dcc.j confequentlv the velocities 
of W and the feveral ftrings B, C, jf, I*, afc refpemvely as v, 3 1). 
71^, 15 V, and when an equilibrium obtains P t ^:: 1 :.i^. i. M 
figfpS. let ^afcend throng a fpsKe equal toi/, and the ropes F^EyA 
'Will evidently be elevated through fpaces equal to a v, 4 V, 8 v, re- 
fpe£tively, and if the number of moveable pulleys be equal to n, it 
4s clear thAt the velocity of JP t tel<fcity of Irii i" x v : v :: 2": i, ind 
wlien there is an equitibrltitti P *rtd#^Ard lAverfely a^ their ve*^ 
lodtied, «r as i i a'. $, If the tt>pesr raftdinitig the pulleys be 
not parallel to each other*, let JEK^be a pulley fuftaitied by two pig; 
powers B and.F, wh(^e directions meet in Sj and if AKbe raifed ^*^« 
through a very fmall fpace equal to SF, B and F, afting parallel 
to .EiS and F^, will deicribe the fpacM ^JS and SF refpe^tv^y, 
and the velocities of ^, £, F». are to each other ui SV, SEt SF; 
Refolve SFzndSE, each into two, Sm, tuF, and Sm^ mBf cf 
which MFand mB being eqaal and dppofite deltroy each <ithef» 
and the remaindeiv are wholly efficient > therefore, in an equili^ 

bh'um, MH^ X 5»» =r M'x SFi htit B + F xSFt £-f-Fx S'irt 

(or fTx. SV) ::SF:Sm:FF: Fm, and —^ (E x SB) : 

FV 
W% SF:: — : Fm :: FF: FE, or the power or tenfion at B is to 

the moment of JF z% BF'.FEt which coincides with what is 
pijftved inOdo). ... ; ..: ., , 

« • . •« • ^1 ** • 
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148 I N C L IN E D PL A N E. 



I N C L I N E D P L A N E. 

FLATS 370. Def. Aphuufurfau inclined^ in. tm^ angli» to an bortzotUatI 
FIG. platte, is failed an incUtted plane, JfhKbe drawn upon the inclined. 
^^* plane, and B C t^n the bmzotOal plane » from the fame point B of their 
common inter/eaion, perpendicular to it, the angle ABC is the angle 
of elrodtiott or inclination j and if P W 6e the direaion of the power., . 
the angle PWA is called the angle oftraSion^ 



371. Prop. If a bodf, whofe weigbt^is W» iejufifiipported upotk 
the inclined plane AB by a power 2, offing in. the direSion PW j P: 
W :: PW : PC (fuppofiug FCto be perfenjicular to the horizontal Unti 
BC) ::/». l, inclination ABC : cof JL AWE. 



Dem. The weight M\ a£ting krthe dattdaxm^WL or PC per-^- 
pendicular to the horizon, is fupported by. the power P, and re- 
aftion of the plane, acting relpedtively in the directions PAF^, and 
WC perpendicular to the plane f and confequeatly P, Jf^, and 
prefltire upon the plane, are to each other refpe£lively as the fides* 
FW, PC and WC of the triangles P^C (196), and PxWix PW. 
:PC:: fin. ^ PCW or ARC : fin. ^PWC or cof. of ^PWA^ 

Q;^E.D. 

* • 

Another demonilration : 

..... • • 

FIG* Let ^^y teprcfcnting the weight of fT, or its tendency ta dfe- 
^y^ firend in a dire^ion pecpendicokr to the horizon, be refolved inta 
two, one SZ perpendicuJar to the plane, and the other fTS par 
rallel ta it. fFS reprefents the tendency of ^ ta deicend upoa 
the plane, and, taking IFx ss W^S, and drawing ;i? JS. perpendicur 
lar to tfa^ plane, any force fTD^ ^£, 5cc.. drawn from /IT and ter-- 
ttinjated by x^£, will be in eq^oilibriK) With fl(i,becaafc^ only effi* 

cieat 



dcQigpartaf WE, refulting from refolation, b equal and oppof&te 
to W'Si but P : »'::»'£ : ^ :: c,f.^.a»-je !- fo.^azy " ^ 

iiSZl^ot ACB iCcCi-EfTJ. 



T 
* 

4 



372; Cor. r. The fame forcc;^ a£ling in* parallel direftions, is 

required ta fbpport the fame weight upon every part of the 

plane ; becaufe the angle - of traftion^ is the iamei and F \sss^ 

^x(in.i6inclin. • . t . . 

— jT- — r x»; n f which IS a given quantity. 



* ^xfift bPZ-ihtlih * ttcfv- 

373. Cor. 2. Becaufe P « col;^traaion ' ^^ ^ *"*^ *^« ^^' 

plane be given, P is the leaft poflible when the cofine of the an- 
^ AfFP is the greatefl: poflible^ or when P^ is parallel to the 
plane: as the angle P ^:^ encreafes from hence^ its cofine de^ 
creafest and confequently P encreafes* and becomes equal to ff\ 
when P/iT is perpendicular to the horizon^ and infinitely greater 
than Jr when* P/r coincides with ^G or ^C 



3,74* Con 3.. When PW k parallel to the plane^ PifFiifin.jL 
of inclin. : radius mlCiABy when it is parallel to the bafe, P :. 
Xr:i.fin%.z:of.inclin.:.fin. Z..8^C. (this angk being (he complement, 
of the angle of tradion) V.AC: BC.. . 

375. Cor. 4*, If ^B be- perpendicular to the^horizon^^ and^the 
angle Pff^J = 0^ P= ^; for the cof. of ^.Plf^A = fin. of go* 
ss.fin. of i^ of inclination. . If^ in this fuppofition, P/Tbe parallel* 
to the horizon, P is infinite s /or coC of ^ x>f tradion ^ o.. . 



376* Cor. .54 Let P.r reprefent thcpreflure upon, the plane^ and 
Pr : rt: fitt. /LWP£ : fin. ^PWTCorcolz. of traOion^ and Pr =, 






377. ■ Cor. 6. Let C/ be perpendicular to .i^'s dire^on, and tke 
^(les «£ the tfifingie CZ^> C/, CB, and /JB,. are re^ie^vely per- 
i^^KV^v r^o tb^^ dlre^oni of P, ^,. and preflMre upon £he 
phn^ and cooTe^ently i** ^« ^ i'fi 4Ke reipe^ivcly a$ Cj, CM 



■"J ^^ % » ,0 ^ 



378. Cor. 7. If jyCP^ynre an angular balance revolving upon 
the fulcrum'C, and a6ted upon fagr two forces in the dire^U<ms 
JPIFand J^L, an ^uiUbriuoi would obt^n between them ^iflSea 
J[* ; ^ uwcrTebjr ^ toe perpendiculars let fa^ from C upon their 
diw^ions. or f* : H^iiCi^.CX {272)1 but CZ, :Citu fm«^ C»3; 
Qs}fCF;fiR^'^X:»'KQrClfP::Fff^:P€. • . 



t . 



^10. 379. .Gor. 8. If.P and Whe iri equilibrio, their perpendicular 

*VIL ,yclocities are to each other inverfely as their magnitudes; for let 

,Xr defcend through an infinitely fmall fpace ^At and its perpen- 

.dicular defcent is ff^T^ and P*s perpendicular afcentis equal to the 

difference between Pjf and PW^ or -</*», IfUmhc perpendicular 

to Put. Braw PD n perpencHcular to PA^ and J) Z to PA^ and 

irfw : WTw P's velocity ; ^F?s velocity :: An :DZ i: AFx DF 

(fim. triangle&)::#^:P(377). ' 



JIG. "S^^^- i**o^' |r>^«"> ^*«^'*?^ "W <7«^ y» placid upon the inelined 
jCVlU. piajie's A B, A D, fufpqrt eaub tfther by means of <t rope pa^ng over 

(be pulte^ P, V : W ::co/. C AVP x//r. A ABevc^i. PWA xjuu 

2- ADC 



•• SRkt. The tenfign 111 the tope I^P^k evorf tthcrethe iame, 

^t the £ime power, J^y'.ia required ' to iiippoft '^•and '9^s hut 

. ., ' P: 



• » 



• • • • 

F:ffr::6tt. £:ASCxt9f, L, Aff : coLjLPff^Ax fin; A^DC 

$^u Cor. u I£ Prand P^ be parallel to ^i) aitd^B-ie^ 
reipeamly, P t ^:i ^C : -rf-4» 

This Gondwfioa i& a}l<><)Mivad; frooii tbs giKiwal espKeffien* tht 
cofinss. pi the s^glea PK^ tmd P Jf^A beeomins, yi4 1> juiid AB»> 

« * 

382* Cor, a, I£ PK aivl P.^be MraM to. the bafcj of tEc- 
pXaneSt F I JyiiACiBC, -^ ... .^ 

T: P:;DCr^G, and- • ,. ' 

FifriiDCiBC, 
XlusaUo £oUows^ £roiai the gpnertil expreffion., th^'compleinMits of 
theZ.swfP'P aod^i^Pj: b^mgt iartiH& fapBG^tioih r«%e£tiwelj 
«qiuUrto>l)ui£C>aadjSJ^ • 



I »' ^.k • < . * • 



WEDGE- 
j^i^^ITi F. Ai$iiit h a bwd Mf^ ^mmUyf^A tHaHgtSurpnf* pig. 

A E D upontbf. rfglft line £ F always pHtfimRadl^tt¥iis' p^fie.- ■'■'■■'' 
KAED be an i(bfceles^ triangle> it is called an ifofceles wedge, 

ttpott' vMdkk a: Ibt^ i^ itfl^rcUdd^ 0^%> 4^ -{(efr&tiflidn } m 
ASBB'^.I>SF€f'3aitnht Mti-df^iSfk^yvtAgt, apdti-yflsk^the'm 
Ma)K09»<tf'tM66d^ ftc; a{SI'ant^€MMeer(k>H|e ^6'fbroe^ pi^^|Aiffi«>n« 



3B4. Prop. If two equal refiJlant^Sy a^ing in equal angles upon the 
fti»^..a» ijofceki wedge ABV, be in eqmlibrio with a pewer^ P, a^- 

" - ' ing 



ex. 



^^O. ing in a direSion perpendicular U the iacky ^ Js^fc/be^rej/^anea^ m 
the re^ angle of the fineyof half iheyyeHtcal ang^ 
inclination ^the rejifiance to tbe^de$^ Jo ibefquare vftbe radius. . 



r 
I 



Dem. Let the dire^ions and quantities of the refinances be 
tJ'D and Cdi refolve each mto two, 2>£ and i/f/inthe dSreflions 
of the tides, and CE, Cct perpendicular ^o thenii and DEtdv^ are 
loft "by their obliquity. IRiefolve EC, rC iVito two forces, EF,eF, 
parallel to the bafe, and FC, FC perpendicular to itj £F, </, be- 
faig equkl and bf^fite, deftroy each olher, ' and the forces^ 2 FC, 
being exa^ly (^>poiite to, and in equinbnb with P, are equal to 
it. But FC: EC:: &n.cFECoti^BVC : rad. 
£C. : -DC :: fin. /.EDC ; rad,} and 



■^» >« 



ex aequoi it? : DC :: fin.z.SCrx ^n,£.EDC :xad?« :: iFCcffP : 2DC 
or rcfiftances. Q;E.D. 



385. Cor. f . If the reiiftances he perpendicular to the fides, the 
fine of the angle ^DChecomes the radius; and confequenfly P : 
rcfiftances :; (m.^CKd : radius ;; jIC : AV\\AB\ AV^BV. 



386. Cor. 2. If the rcfiftances be perpendicular to the axis, 
P:rcfift.::5CxCr:Br«j and, when the angle -^rj8 is equal 
to two right angles, P: rerift.::iBC)co: BiC^::o^BC^ or.Pis 
infinitely lefs than the rcfiftances* 

» 

387. Cor. 3. When the refiftances are perpCBdicular to the 
kick AB^ the angle £DCs B^C, and P : cefift. u fin.* z. BVG : 
rad.* .: : BO : BV*. If the angle BVAht equal to two right an- 
gles BCzsi BF, and P s=s refiftances ; and if the. aogle^f".^ be. 
diminiihed without limit,, the refiftances {||-e .encre.ai^d without 
limit. 



•\ 



388. Cor. 



w e D o &. 

' 3^8. Cor. 4. If P be the JfoiUe hi the two ftfppofitiohs of 'corliii 
aqd 2 ; reCiSt, ia cor. x : refift. in cor. 2 :; CF: BK- ~ 






I f 



389. 0>r. 5. If the refiftanoes be g^ven in car. 2,. iP ^ the 
greateft poflible when the angle BF^ 'a a right angle. 



390. Cor/6. If tlie quantities of the refiftahces be given, and 
their dire^ions be variable i P is the greateft po^ble in the com* 
mon ifuppofition of cor. i.; for it varies as the fine of the angle 
EDC^ v^hich is the greateft vsrhen that angle is right. 



S C H O LI UM, . 

391. The relation, fubfifting between the povtrer and refiftances 
in the wedge, has been traced through various procelTes and modes 
of reafoning, by different philofophical writers^; and different, and- 
frequently contradi6tory, conclufions have been deduced from dif- 
ferent demonftrations, fome of which muft confequently be.erro* 
neous. As in all equilibria of forces, they muft either obliquely, 
or diref^ly, oppofe each other, and their intenfities, eftimated in 
oppofite direfiions, muft be equal ; one fource of error hath re- 
fulted from a mifappHcation of this equality of moments, which 
is univerfally true and will never lead to falfe conclufions, if the 
velocities be reduced to oppofite directions, and the efficient patts 
only of the moments be fuppofed equal, i. Let two equal refift-* 
ances R and r a£t perpendicularly upon the fides of an ifofceles 
wedge jIBD, and be in equilibrlo with a power P afting perpen- pf q, 
dicularly upon the bafe jiB; and taking DJ, the continuation of ^xi. 
PD, very fnlall, and drawing //E, V ^ parallel, and DE, De per- 
pendicular, .to the fides, .. thfe velocities! of P, 2?, r, are to each.' 
H>ther zs Dd^DEjDt fdpedivejy; thefe being defcribed by them 
in the fame time. Refcdv^ D JS, De into two, EL and eL pa- 
rallel 



* \ 



, * Rqkftnk Not' wi a, 9. MiidUnrifi> Newt. Cbap* III. Art. 21^ Graves, Led. I. C. X* 
Dcfagultersyp. 107.' Emei foil, Pfop.39;' MulchehWoek.Seft.CCCCIiXI il. and CCCCCXCI. 

u 
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1^ w e Q Q 1» 

other, and Dl^i^^X* P9rp?B4k)»l»! til th»:bpf«^ ii^(^ k»ns «p^ 
polite to P's dire£Hon, are wholly efficient; and becauie there is 

an equilibrium R-hrx DL ssPxDJp but R-Y-r x DL or P x 



1> J : 1+7 X DE M DLi pE iz AFi AD :: ,rf^.t .^B + AD» 

the fame as (385). • ■ ..... 

When /^ and r aA in any other direction, the relation of their 
ipoments to tl\at of P i? difcoviprable by a fimU^ar procefs. If they 
be parallj:! to tbe bafe, dr^w J(f </iio^arallel tp their d'f reftlon^ and the. 
velocities of P, K and /", are refoe^ively as P </, JDMtmd^fi$i gjjd. 
reiblving i7il<| <//» into two jp.^, Je perpendicular, and ME9 m* pa* 
rallel, to the iides, the laft not being oppof ed to t he fides are quite 

ineffident j and repeating the procefs above R-^rY. DL = Px Ddy 
and PxDd:R+ry.DE.::AP:AD 



j^-4-r K DEiR -k-rx DM''< DB : D9i:: PD : 4{> 
MAP%Dd\ Rr^F^DM'.: dP % PD tJD*% which is the iame. 

- A ^ifront analogy tl iavdlligftted by gowning, from the fame 
pnacipltf* vis. the power ; the r^fiAaoces ::'AP: PD. 

2. Another fourcq of error i? an improper ufc of this principJei 
" that if three forces aft upon a body» which remains at reft, they, 
s^e to each other a» the thrcy (ides of a triangle, refpeiStively pa* 
ra^lel or perpeodtcular to thdr direftions ^ wlucb certainly is un» 
tjTiie, if any parti of them be inefficient and loft by obliquity at 
dire^ion i for the force FG will have eaaftly the fame ^fe£t upon 
tfee fid» of the wfxige AD with PH, P/, or the perpendicular Pit,, 
fuppofiiig GZ( to be parallel to AD» and of the parts, refalting 
from a refolution of each into two forces, one perpendicular to,, 
and the other coincident with, the fides, thefe laft, P at, &c. are 
loft. When the wedge does not fill the cleft, and the refifb- 
ances a<5t perpendicularly upon its fides, Maclaurin and Varignon 
have applied the above principle and deduced di^rent conclu- 
lions, both of which cannot be true. Dr. Hamilton, Grave^ids, 
Defaguliers, Emerfon, Mufchenbroek afilert, that the power is to. 
the refiltances a^ half the back U to the^hei|;|{t^ anft Keil, Whiftoa 



W 8 d fi% i^j 

«ld NiiKo^n, MH^ 4ti4 hl66^ W W tbol of fhe whole ist^k'to / 
tUf: Ite^t* Tke M 4fl«logy <^Mtid«» wifh^ this: gcfrM^ thtfoLt 

d KiM Awtm fitM fhe l^ftifKOR ^ ttie bafe to ^taW^i pitr$iM 
to the refiftance upon that fide} U^ thd Mg\Vi of th^TWed^e; tetf 
this theorem is prefumed to be erroneous for the following reafons. 



1. Jf ftte dii^c^aiofts* of tla f^fif^d fit pir^ei td ^t ikis, 
their Ami k e^tfat td^ the pn^i", ^dordifig to th^ tliteoretti,^ ^<ii( 
cannot be true; betfat^ the p<Mtt a^itfg ^etpencticcdarly is wfiioH]^ 
efficient, but part of the refiftance is loft by obliquity of direction. 

2. If the vertical angle of the wedge be diminilhed without 
Uftttt, * lifie drafMi,^ fimn tkA blfeai^n (jf fbo bafe to'& ftdS, fiSi* 

ttAM t8 tire refift^etr, ^cecfes ftt a^irtfity with the h«?^^^ 

the dTireiftion o^ the refiftanse^ is paralkl to the height, acw tho^ 
power and refiftance become equali according to the theorem } 
bot^ the power continuitig, the fame^ \ht directions of tho re^- 
anttcfi aeeedtf to arpanaUeii^ with .tbe tidwyWid th«y becrav^whoUy 
inefEcient. 

3{. When the refiftafnc«8> aft pcrj^endkularly to the ajtiV, arid 
the vertical angle of the wedge acceded to two right angles; ac-» 
cording to the theorem, the ratio of the power to the reiiftances 
eih'citlifes' without Umit,. which' cannot Be true,, beigaufe the ineffi* 
ciency of the reliftances evidently encreafes without limit, and 
confec^uently; the ratio of the refiflances to the po^er encreafes 
without irmlt^ which- IS dke^^ly the reverfe* of the theoreim* 

•4. If the j)Owei'.'fi^d the (ittie in the two cafes where the dirfec- 
tibnVof the refinances are perpendicular to the fides and axis, of 
the wedge, the refiftances are, according to the theorem, as the fide 
and height of .the wedgp f^pe^ivelyj or greater refiftances- are 
required to foftain* a given power, when their directions are per- 
pendicular to the fides, and therefore entirely efficient, than when 
they are pUiqpeiand coaieqiiently not wholly dffictcntr which oeiv-- 
taifdyisttntrUci - ' , 

U2 It 



jt56 W B DOR 

It is prjerumed, for tkefe reaibq;; diat i3» imftlogy, derive<t from 
the theorem, and con^uentiy th^ theorem jtfelfk ci^nnot be gpeoe- 
rally true} and were theie reifons )eis decifive, itwoidd.not be 
difficult to point out the feyeral overfighlsin the dem<KiftFatioii 
^hich induced a falfe'cOQCluficn^^ , 



pro. 392.. Prop-. If the power and re^aneesV, R,4m^r, a0perpen» 
^^ ' ^icuiarfy upon the Back and fides of a fcakne ivedge AB D, and be /» 



epdIiMot P : R + r :: back oftht wedge \fiim ofitsfidei^ 



Demv 



f » • 



. •THBOItElif •> If a poMTtf P, afting perpenditalarl)r open^ die. bade of an ilb&dcs wedge 
JIG* ABC^ be in eqpulibrio with the equal reliftances E aad F^ aftiag perpejidicalarly upon ita 
fCXIU fides^ P : £ + F as a line PiT drawn froln the bife^on of the bafe P to one fide» parallel to 

the aefifaace upon it,, to the height- e£ the wedge PB% 

» • • 

I 

« 

TXtA. Let the dirtfiions of E zni'F meet in the bt&aioh of thebafe Pi and FE z=^PFp 
and, coo^iaatiBg. the pajraUelogranu P : £ + F .i.PN iPE^FF (196) : : PUi PE :;. 
PEiPB. 

Cor. If PN be the force of P, PE and PF irill repxefent (he force witk whkl^'P pro- 
trudes the refinances ia dircAions perpendicular to. the fides* 

THEOREM IL If the dire£Hons of the refiftances^be an7 other lines P2>^ PG, e^oalFy 
iaclxned to the fides^: the power is to the refinances (£ -f F) as PD to PP.. 

DBM. RefolVe PEand PT ihtp-two, PG; and PST in the dxfe^Uons of PZX and PO, and 
GEt FK perpendiciilhr to then ;.and.there laft forces, ading perpendicularly to the rtMi^ 
ancest ^^ ^oft. If FN be the .force of P, PE and PF are its force perpendicular to the 
fides, and PG -f PK the force in equilibrio wi(h the refiltances i therefore Pi,E+ F :: PM 
:PG + PK::PHiPG:: PDxPS, bccaufe P£* =r /^G, x PIX^PH k PB, and coiw 
fcqucntlyP/r:PG;:Pi>:PP. QJS.JS}^ 

In this demoaAYatidn, EG and PJT^. being inclined to ^e fides of die wedge, are not ikit 
efficient^ ^d, not being oppofite. they do not dt^oy each other,, and coare^ently oaghc. 
not to be negkded« And, befides, if the power eftxmated in the dicettons at PD and PCX 
be equal to PG + PK^ thefe will be equal to the power efihnated in the dire6kion FN, or 
equal, to PM Refi»lve PG and PJIT into two, GL^Ol^ perpendicular to the-axis^ which 
being eqnal and oppofite, deilroy each other, and PL and PL are the {miy semaining parts, 
•f the ferce^ and thefe arc never equal to BNy unlefs PD and PE coincide^ Hamilud 99. tba 
Mthui^lu •/ M€<bamUf 



SCREW. W 

DsKf; Becaixfe the power aftd nfiftancer aft perpendiculariy 
upon the back aad fides, they are wholly efficient^ their dire6lions^ 
are in the fame plane, meet in the fame point (216), and theiF> 
magnitudes are to each other as the three fides of a triangle 
parallel, or perpendicular, to their diredtions ; therefore P;R + r 

393^ Cor. If TM, iZJB, re, lie the relative magnitudes of ?, K, r^[ 
in equilibrio, and lines be drawn through Af, £, and e^ parallel to 
the fides of the wedge refpedtively, any forces, whofe magnitudes are 
Pj&,i2F, rf^ drawn from P, R ahdr, tfcrminafeed by the Imes :drawn 
paralld to the fides^ will be in equilibrio;; for their perpendicular* 
and.only efficient parts ifM RE andrr^are ia equiUbrior 



S C R E W. 

» • 

*394i DBF, If a right Im^^ dtviJeJ info equal parts AC, CE, EG, platb 
tfc. reprefentif^ equal inHtined ptaAei^ be fi wh^ped hufut the corroex p}q\ 
an J 'Concave Jiir/aces of two cylinders witb equal. hafes^^ that AB, CD, CX1V#^ 
EFi &c. the horizontal hajes of the planes i may be bent into the peri^' 
pberies of circles parallel and equal to the bafes of the cylinder s\ equal » 
Spirals will be firmed upon their Jurfaces-^ Vfbofe lengths are AC^ CE, 
EG, (^c. and dijlances CB, ED, FG, &c. the per pendicutar^ heights ^ 
of the planes. The convex cylinder is infer ted in the concave^ and fo 
adapted to it that the fpirals protiiberant upon one cylinder may exadlly 
fill the excavated fpiral or groove upon the other: the fir ft is called tbe> 
external^ and tbefecond tbe^ internal^ Jbreivi 

Another defhiition : . 

If a cylinder ntyve unifCrmfy about its axis^ ii9hil/l a point, mcves " 
untformly upon its furface in a right line parallel to tbt^axis, the lint; 
defer i bed by this componnd motion^ is a fpiral^ nvhich^ being raijed upon • 
the external furface of the cylinder^ forms the external fcrew i and a- 
fimikr fpiral groove being cut upon^tbe internal furface of a hollow cy^ 

4 Under i^-. 

• Maclaarin, Chip. III. ^UHI. K«l?i Phyfics, Lcft-'Xr Roh«fllt» Not. ad 9. lLmu».^ 
Iba'i Mecluoic** Prop. 19. ' 



tfi^ S. C RE W*. 

littJtr^' of ibtjitm iKgmtteirt; A tH/eifvtt th pir4h^nmffpir0i,f0nm the 
iidnrnai Jkrew. '. Bitker ^ibtf^fir^m n fixed, ondakeHlttr U mnt- 
oik iy m lever ptiffing thnv^ the. eientfr, mU iutbtpkm, of Us A^. 



G* 395. Prop, ^ere is an equilibrtifm upon the ftreHf^ wBem tie 
"^ ' ftnoer, P, ii to the weight , W, or re0ances aSing parallel to the axis, 
as the dijlance between t%oo contiguous Airab^ to the peri^xry of the 
. circle iefcrihed b-j the power. 



■ Dbm* It is> evHleni that W, siOkifS^ \tf<m ttka a£ ifae ktexiK^ 
ift a difedilan pandldf lo-kr axisj ; 'wiif e^fually pcda orerj p^nnt o^ 
the rpirals of ttlw dtbdr in conto^ wStb^ nr,. ia diceitioas pofm^ 
cular to their Bafes. If ABD be the bafe of one Ipiral, p, the 
magnitude of a power acting at B perpendicular to B C, and in 
equilibrio with the prefllire p^r, upon on* pokit of the fpiral, P' a 
power.ading.at.Pptepeqdi6UktfiytpPG, aod in equUrbria wkh 
p-f« pr; (3.74) p- : pr :; diftanc» betwcert two- oatigoous. ipi>- 
rals {d):^BGi F* :> ;: BC: JP(2."i4flJD. ;.pBidph«asy ©£ the cirda 
dtfcribed by th« power,^ theceCor* Fiprnd: periphoiy df thift cir- 
^e» and the iam. of all the F's, or P i^ to the fiua of all the /r'$y 
^ 19^ ia the iame ratiok^ that is^Fift^iid: periphei^ of the- circle 
>dpfcribed by P, QjJUD. ... 

Another demonftratioit from ckf; 2. 

m 


4 

Whilft B or P makes one revolution, ff^ is elevated through a 
fpace equal to d^ therefore the velocity of P is to the velocity of 
JT^ as the periphery of the circle defcribed by P to the diftaiice 
between two contiguous fpirals, and confe^uently when there is 
an equilibrium, P;^::dift* between two fpirals^ to the peri« 
phery defcribed by P, Q^^. D. 

396. Cor. 1. If the direaioirof^be inclined ta the aiis, and 
J* do not aft in the plane of the bafe, but in any other dir eftion, 
the ratio of P to ^ may b« found by art. 371, 

397. Cor. 



I C R E W. 

397; Cor. 9, The preflure fuftained by any point of the (pirals 
18 to the part of H^ incumbent upon it, as ^e length of a fpiral 
toits-bafe^JSD. «." / 



i«f 



398, Cor; 3.' Ik an :«niile(il or prrprtual fcrw, »9ing upon a p^atw 



wheel, the diftance of whofe teeth is equal to AB, the diftance of 
two contiguous fpirals, and in equilibrio with a body ^,fufpended 

from tlM axif SFi fxW\%AM % ^J^ rditmtter <if th« wheel % 
IteHfihwy of « ctrde whofe raduas is Pi(?{ for if IS be the refiftance 
of a tooth to a fpiral of the fcrew, F \K\'.AB'. per. of the dnd* 
defcribed by P, 12 : ^:: £F: diameter of the wheel; therefore 
P : Wv. AB X Jgi? : p«r. of the cifdc xl^iwhtti by. P^ dwro^ of' 
the wheel. 



XII. 
FlOr 

xoi^ 



SCHOLIUM. 

399. The ftcond demonftration of this proportion is gencraliy^ 
deem^ unfatisfa&ory, bec«u& the mbmcntf of P and W are not 
reduced to o^K>fite dire&ion^v<bu> the xadoof P to Hi^may b« 
iovef^gated by finding the oppofite and efficient parts of a potirer 
^ftaininga body upon an inclined p)an^f af)4 combining it wiiu 
the power of the lever. Lei WC be «n incUncd plan?* or fpiraj 
of the fcrew, W a weight a^ing perp«4i«niwly to ^e hofi^oik 
1^, and fuppprted by a power P, aai»g p«r^el ^ WB-, and if 
^ be elevated through a very finall fp*e« *^W PT perpeiidiculRi? 
height Him, it is evident that P-, aiding paralk} to WR^ vvHl de» 
ftcnd through a.fpace equal to fff^B'^vxe or ^H; and €onie^ 
%uently the velocities of ^and P, eftimated in oppofite dire^ioBS> 
are as H«i to HWy or as the height of the plane to its bafe, and 
when an equilibrium pbbiins> P : ^:: height of the plane : its 
bale or AB.D... But,, from- the nature of the lever, a power, a^- 
ing at the diftance PC, mu(^ be dindiqi&ed in the ratio of J3C; 
BC^ or of the circumference .^ili>:circiuufc»nce defcribed by*: 
t^ P9W^ a^ng a^ P^ 



FIG. 

cxvi. 



FIGi 

cxv. 
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400. Dep. fT"HE utAar ff^mniy of a My or fyfiem tfhdiet is s 

^ fnnt ^Aout vfbieb the parts tftbe My orjjf/tem are in 
eqtuUhio, 

_ • • • 

401. Prop, ^ojindtbe center of gravity of a bo^. 

PLATE L^ ^> ^9 C^ A &c. be panicles of the body, and finding the 
fig' ^^^^^^^ ^^ equilibrium p and q^ of A and B^ C and D refpeftively 

cxvii. (274)} let ^ + B be placed in p^ and C+ 2> in ^, and their cea^ 
ter of equilibrium, G^ will be the center of gravity of the particles 
At iBt<it Dy ficc. Beomfe the force of gravity a£ts upon the parti«» 
cles in parallel tiire£lions, the effitacy ciAto communicate motion 
to G is ^ X AG^ and that of £ is fi x BG (279) or ^x Ap^pG 



and B x Bp+pG^ which are equivalent to them (181), or -/f -+• B 
xpG^ fmce-AxAp and B x Bp are equal and oppofite, and con« 
fequently deftroy each other. The ium of the moments of C 
and D is found, by a fimilar procefs, to be the fame as if they 
were placed in f ; and confequently G, which is the center of gra- 
vity of -rf<-4- B and C-f- A placed inp and q refpeftively, h the 
center of gravity of A^ B, C, D, placed at the points Ay B, C, D, 
&c. QJE. D. 



402. Cor. I • The particles of the body cannot be in equilibrio 
about any other point except G s for, if poflible, let X be fuch a 
point, and it is proved^ as beforci that the efforts of A and B to 



move X=^A + B x/JIT, and of C and D a= C+D x qXi t here^ 
iorc the point X is kept in equilibrio by two forces, A-^B xpX 

and 



CENTERofGRAVITY. 161 

and C + D x qXy not adting in oppofite direftions, which is im- 
poffiblc (187). 



403. Cor., 2. In every fituation of the body compofed of the 
particles A^ B, C, D, &c. if the point G be fupported, the body 
will be at reft; for the force of gravity afting always in parallel 
diredlions upon the particles, their moments, or efforts to move G, 
will always be as -4 x ^G, JJ x £G, &c, which by the procefs ufed 
in this propofition, will always be reduced to two forces that are 
^qual and oppofite. 



404. Cor. 3. If -4H-fi-f-C+-D, &c. be equal to ^ and th& 
preflure of each in parallel dire£lions be equal to y, a force as ^x y, 
a£ling at the point G, in a direflion oppofite to that in which the 
particles prefs, will remove their preflure. Or if Ay J5, C, &c. be 
deflitute of gravity, and only refift the a6lion of a force by their 
inertia, a force P afting at G wilji communicate equal velocities to 
every particle; becaufe their rcfiftanceg, being exerted in directions 
oppofite to that of P (3d law of motion) and therefore parallel to 
each other, vary as their diftance from G, and confequently the 
fums of the refiftances on each fide of G are equaL And v • -y, if 
^be moving and without gravity, a force applied, at G (the center 
of ^inertia) equal to the moment of ^ will deftroy all motion. 

SCHOLIUM. 

405. The particles which compofe a body, being connected to- 
gether by the force of cohefion, every line of particles may be 
confidered as a lever, impreflcd in different points by the aftion of 
gravity, or any force which afts in parallel direftions. The par- 
ticle A therefore is connefted with G by the cohefion of the in- 
termediate particles, arid, an infinite number of levers terminating 
in G will therefore be formed, upon which the particles, in any 
one line, a£t with intenfities varying as their magnitudes multi- 
plied into their diftances. 

X 406. Prop. 
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cxv?il ^^^' Prop. T^hefum^ or difference^ of the produSIs^ ivbich refults 

from multiplying each particle A, B, C, D into its perpendicular dijlance 

from any plane LN, according as they are on the fame or different fides 

of the plane ^ is equal to the produSi of all the particles multiplied into 

the dijiance of their center of gravity^ G, from that plane. 



Dem. Let P and ^be the centers of gravity of A and 5, C and 
Z), and drawing right lines through P, ^ G, parallel to the planc^ 
which interfeft the perpendiculars drawn from thofe points re- 
fpeflively; and A : B ::BP:AB :: Bn orBb—Pp : Am or Pp — Aa^ 

and Ax Pp — Aa=zBx Bb — Pp^ or 



AxAa + B xBb z^A-^bx Pp. 
By a fimilar procefs it appears, that CxCc + Dx D d=i C-^iy 
^^q. But ^+ jg : C+D : : ^G : PG :: Gv or G g z:^^q\ Px 
or Pp — Ggy and A+ B X Pp-^Gg = C+D x Ggz±z^q^ 
or, by tranfpofition and a fubftitution of equals, A x A a + jB x 



J5^=i=CxC^ =*= jDxjDJ==^+jB-+-C + DxG^, where the 
higher or lower figns are to be ufed, according as the bodies arc 
on the fame, or a different, fide of the plane. Q;^. D. 

FIG. 407- Cor. I. If the particles be placed upon the fame right 
cxix. line, or Aa.Bb, Cc, Dd, Gg, become Ag, Bg, Cg, Dg, Gg, re- 
fpeclively, it is evident, that A x Ag + -B x Bg ^±zCyiCgz±z D k 
Dg = -^ + 5 + C+-Dx Gg ; or the Turn, or difference, of the 
produds refulting from the multiplication of each particle into its 
diftance from any point g^ according as they are on the fame, or 
a different, fide of that point, is eqtiat to the produ6l of their fum 
multiplied into the diftance of their center of gravity from that 
point. 



408. Cor. 2. The whole moment of a body, a£i:ing upon a lever, 
being equal to that of every particle, or to the fum of the pro- 
du£^s which refults from the multiplication of each particle into* 
its diftance from the center of motion (279), is eq^ual therefore to 

the: 
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the produft of the whole body into the diftance of the center of 
gravity from the center of motion, and is confequently the fame 
as if it were collefted in the center of gravity. The demonftra- 
tion of this propolition obtains therefore when A^ By C, £), are 
coUedlions of particles or bodies, whofe centers of gravity are the 
points Ay By Cy D, And to find the center of gravity of a fyftcm 
of bodies, it is evident, that, in the propofition (401), bodies, whofe. 
centers of gravity are A, By C, D, &c. may be fubftituted for par-^ 
tides. 



409. Cor. 3. \{ Ay ByCyDy ht bodlcs adling upon any plane ^^^• 
LNy in parallel direftions, the fum of their efforts. to move it is 
the fame as if they were collected in their center of gravity ; for, 
if Ay 5, Cy Dy be the refpeilive centers of gravity of each body, 
this fum is equal to -4 x A a x Bb zi=, C x Cc :±l D x Dd t=s, 
yf + -B + C + jD X G jf i or, if they be placed upon a lever, the fum > 
of their efforts to make it revolve is the fame, as if they were 
placed at G. When the center of gravity therefore is in the plane, 
or at the fulcrum of a lever, the plane amd lever are quiefcent. 
And if any point Z be taken in NLyAxaZ-^ BxiZ + C%cZ 
•+-Dy.dZ=iui-^-B-i-C+DxgZ} for if a plane pafs through 
Zt the proof is the fame as that of this propofition. 



410. Cor. 4. The diftance of any plane from the common cen- 
ter of gravity of ji, S, C, D, &c. or Gg is equal to ~73r^ 

Vrj.r) gee * ^ diftance from a plane palling 

, , ' ^rr' t ji^Za+-BxZB=±=CxZc=i=DyiZJ. 
through any pomt Z is equal to = — . p_. r. r» > 

where the lower figns are to be ufed for thofe bodies not on the 
fame fide of Z with A and B. 



X 2 41 !• Cor. 






cxx. 
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F^G. 411. Cor. 5. A right line drawn from A through the center of 
gravity G of any number of bodies A^ jB, C, D, &c, will pafs 
through the center of gravity of the remainder; for B x jB^ H- X) 
xDd = Cx Cc, and confequently the center of gravity of B, C, D 
is in the plane pafling through A G, and if this plane revolve, their 
center of gravity is always in the plane paffing through A G, and 
confequentlv it muft be in the line AG produced, which is the 
common interfeftion of the planes. If r be this center, B + C-i-D 
y.Gr=^ Ax AG^ and if the bodies be equal and n their number, 

AG=^n — I X Gr. 



FIG. 4.12. Cor. 6. If a circle or fphere be defcribed about the center 
* of gravity G, of any number of bodies A^ JB, C, &c. and any 
point P be taken in the periphery of the circle, or furfacc of the 
fphere, PA^ xA-i- PB^ xB + PC^xC,&cc. is a given quan- 
tity; for, drawing GP and the perpendiculars to it Aa^ Bb^ Cc^ 
AxGa:=^BxGb'+'CxGc (409), or, by fubftitution of equals, 
., GA^ — PA^-^GF^ ^ PB^ — BG^^GP^ 
-^ ^ 2GP _ =^^ ^GP^ ^^"^ 

pr^ GP^ GC^ 

^ ^f P , or, -4xP^V+BxPB^ + CxPC* = 

2GP * * 



Ay. GA^ + GP^ + BxGB^ + GP^ + CxGC^^GP\ and 
this fide of the equation is invariable in whatever point of the 
periphery or furface P be placed. 

« 

FIG. • 4^3» Prop. ^ A, B, C, D, ©^f . he parlicks of a body urged by 
CXXll. Jorces in parallel direSiions^ whofe magnitudes are A a, B b, C c, ^c^ 

the fum of their weights is equal to the nveigbt q/* A + B •+• C, &(• 

aSled upon by a force nvhofe magnitude is G g. 

Dem. The weights of A, B, C, &c.r are A x Aa, B xBb^Cx 
Ccy &c. (235), and confequently the fum of their weights is 
equal to ^ + B + C, &c. x Gg; but this produft is the weight of 
A^ B-^C, &c. afted upon b^ the force Gg. Q^E. D. 

414. Cor: 
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414. Cor. If the forces Aa^ Bh^ Cc, &c. be equal to each other, 
Gg is equal to one of them, or if the particles -rf, By C, See. be 
afted upon by the fame force, their weight is the fame as if they 
were colledlcd in their center of gravity and a£ted upon by that 
force. The tendency therefore of a body to defcend is the fame 
as if it were collefted in its center of gravity, and, confequently, 
if a line drawn from that center perpendicular to the horizon, 
fall within the bafe of the body, it cannot fall, and, if without the 
bafe, it cannot ftand. 



415. Prop. If any number of bodies A, B, C, Gfr. move in parallel fig, 
direSionSy with any velocities^ the center of gravity will defcrihe a right ^^^M^^ 
line parallel to them. 

€ * ■ • 

Dem, Let ^and B, tf and ^, be cotemporary pofitions of the 
bodies A and B, and G, g^ their centers of gravity, and through g 
draw a line xy parallel, and confequently equal, toAB. From 
the nature of the center of gravity, A:B::BG : AG y.bgzag:: 
ygixg {fitn. triangles); and the pointy divides the parallel and 
equal lines ABj xy, in the fame ratio, and Gg is a right line pa- 
rallel to A a ovBh. If H be the center of gravity of -^, By C, it is 
proved in the fame manner, that it cuts the parallel and equal 
lines GCyVZj in the fame ratio, and Hh is confequently a right 
line parallel to Gg. (^E. D. 

/ 

416. Cor. I. If any number of bodies A, B, C, &c. afcend, or pig. 
defcend in parallel right lines, the fum of the produfts refulting ^^^"' 
from the multiplication of each body into the fpace defcribed by it, 

is equal to the product of their fum and the fpace defcribed by their 
center of gravity G j for, let a^ b, r, g, be cotemporary pofitions of 
'Ay By Cy G, ztidy drawing any plane NLy A x Am •+• B x B« -h 
CxCq=: A+B + C^Gh (406), 2ind A '>^ am + Bxbv-t-C X 
cq=^A'i-B + Cy.gh; and confequently by addition -^x Aa^ 
BxBb^-C^ Cc^A-i-B^CxGg. 

417. Cor. 
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cxx?iL ^^7' ^^^' ^' ^^ ^'^y number of bodies therefore move in parallel 
cxxiv. dire6tions with any unequal velocities, or they be placed upon the 
lever XT^ and receive unequal impulfes from any force at the fame 
time in parallel direftions, the center of gravity will, in the be- 
ginning of its motion, move uniformly in a right line parallel to 
them, and its velocity is equal to the produfls of each body into its 
velocity, divided by the fum gi the bodies; for the fpaces Ad, Bi^ 
CCy Gg are defcribed in the fame time, and vary jrs the velocities, 

,^ , , . rr^^ A^Aa^By.Bb'\-Cy.Cc, . 
and Gg (or velocity of G) == -- ^ t. ^ . 



FIG. 418. Prop* Tbe furface^ or foUd^ defcribed by the line or furface 
CXXV. ^g^ moving round an axis pajjing through C, is equal to the furface or 
folid formed by the multiplication of A.E into the line defcribed by the 
center of gravity yG^ of Kb. 

Dem. For \i AB be covered with phyfical points of the fame 
thicknefs, AB, DE, E F, &c. AD xCA + DE^CD + EFx 



CE, 6cc.^AD'+- DE -f- EF, &c. or AB x CG (4a7), or becaufe 
the arcs Aai Dd^ E^,.&c. are ilmilar, AD x A a -^^DEM Dd^ 
BFxEe, &c. (s=s the fum of all the fuperficial, or iblid, annuli 
Ad, De, &cO = AB xGg. 



FIG. 4ip. Prop. The content of the folid generated by the revolution of 
a plane figure AB C round an axis AC, is equal to that of the folid 
wbofi bafe ij AB C, and perpendicuUr btigbt the periphery of the circle 
defcribed by the center of gravity, G. 

« 

Dem. For the moment of ^JBCor -rfBCxGJD, is equal to 
the fun^ pf the moments of the eleq;ientary parts of ^J5C, or to 
the fum of aU the fmall reftangles JS n multiplied into the diftance 
of their center of gravity from AC, or to the fum of all the^ x 

mnyi- ov — x mrii therefore ABCy^GD is equal to the fum of 
2 2 

all 
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all the — %mny and p^ABCy. GD to the fum of all the^ x/»«; 
but if ^ be the periphery of a circle whofe radius is unity, p x GD 
is the periphery of a circle whofe radius is GD, - — ^ is the area 

mil 

py^ 
of a circle whofe Mdius is y, and the fum of all the ^-^ x /w»j is 

therefore equal to the folid defcribed hy ABC. 



420. De F . The center of gravity of a line orjurface^ is the center 
of gravity of equal pbyfical points ^ nvbicb are fuppofed to compofe ihat 
line orfurface. 



421. Con I. The center of gravity of a right line is evidently 
in its bifeftion, and the center of gravity of a parallelogram, 
priftn, cylinder, are in the bifeflion of the diameter or axis, be- 
caufe the number of phyfical lines in a parallelogram, or of phyfi- 
cal laminae in the prifm and cylinder, on each fide of this point, 
arc equal. 



422. Cor* 2. The center of gravity of any number of lines ^£, fig. 
CD, JSF, &c. is found by joining the centers of gravity m^ n, of ^^"^^^» 
any two ABy CDy and taking a point /, fo that ppt : pn:: CD : 
AB^ and joining p, and q the center of gravity of eP^ and taking a 
point r fothat/r :ry :: EF:AB + CD, &c. (401)* The ccn* 
tcr of gravity of the fides of a triangle ABC may be found as 
above, or it may be found by bifefting the fides in nr, n, /, Joining cxxviii. , 
the points of bifeftion, and bifefling the angles mpn^ and nmp, 
by the lines p r and m y, whofe interfedlion, G, is the center of 
gravity; for pj:qn::pm: mm: AC: BC, or the center of gra- 
vity is in qm-y and mr : rn :: mp :pn::AC:ABy or this center h 
in / r, and therefore muft be in their interfefition G. 



423, Prop. 
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ouax. 423* ^^0?..lfa regular polygon ABCDE h infcribedtn the /eg- 
ment of a circle whofe center is F, half the fum ofitsfdes is to the fine 
of half the arc V. perpendicular let fall from F upon afde : the dijlance 
ofGfromY^ 

% 

Dem. For let w, «,^ q^ be refpeftively the centers of gravity of 
the fides, and joining v j, the centers of AB^ BC, and CDy JDE,. 
it is clear that the center of gravity of all the fides will be in v /, 
and it will be alfo in FC, and confequently at G the interfefiion 
of PC and vs. But from the ftmilar triangles sFq, EID^ ED : 
JS/(:: ED + DC:EC) ::Fq:Fs, and from the fimilar triangles 
GsF, CEHy CE : HE ::Fs: FG, and, by adding thefe analogies 
together, £Z) + X)C:JSH::Fy:FG. Q;j:.D. 



424. Cor. I. If a regular polygon be infcribed in a circle, its 
center of gravity is the center of the circle 5 for JP G = 

iine of half the periphery x Fq o xFq 

[ ^ the fum of the fides 4 the fum of the fides * 



425. Cor. 2. As the arc EC : fine of that arc :: F£ : diftancc 
of the center of gravity of twice EC from the. center F; for, let 
the fides of the polygon infcribed, be dimini(hed without limit, fo 
as to coincide with the circular arc and be equal to it, and Fq is 
then equal to the radius. If the arc be a femicircle, the quadrant 
CK: FC:: FC: FG; and the center of gravity of the whole pe- 

riphery is in -F, becaufe FG = j^qt = o« 



426. Prop. The diftance of the center of gravity of a triangle from 
any of its angles^ is equal to two third parts of the line drawn from that 
angle to the bifeSiion of the fide oppofte. to it. 



Dem. 



cxxx. 
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DftM« Let Af hifeft. the oppofite fide BO^ anch dravwig aJftcd, Jjo. 
^f^ &^ kifiaitely near and paroUdr to;£CV e^ch^ wiU- be* hkfe4led», 
and the center. o£ girarity, of 09cb> and con)feq§ientl)f> of all^ whicb^ 
make up the triangular rurface» will be in Ap % and, for th^' fitim 
reafon, it is in JB^ bifefling AC^ and therefore muft be in their 
interfe£tion G; but» from fimilar triangles, AGiGf:: AB 'fji: 



FIG<! 
CXXX4. 



437. Con I. The center of gravity of any right lined figiue is 
found by dividing it into triangles, and confidering them as bo« 
dies: let m be the center of gravity oiABC^ and noi BDC and 
joining in IT, and taking ivpdlnt G, Co that ev G : nG ::DBC; BAG. 
it will be the center of gravity of the trapezium ABDC (401). 
The proeefi is finrrlar when the figure has more iides. 



4a9, Cor, z. The center of gravity of a regular polygon, itt>- p i o. 
fcribed in a circle, is the center of that circle ; for drawing a ritght ^*^"'"* 
line £H, from any of the angles through the center, the figures 
on each fide are fimilar and equal, and the center of gravity is in 
BHi and; for the fame reafon, it is in Z>/, and therefore mu(b be • 
« C, and confequently the center of gravity of a^ circle is its centen 
• 

429. Prop. The diftanc< of the center of gravity of a regular pofygoni ^^jo 
inj'eribedin aje^orof a circle FE AC^ Jrom its center^ is equal to two 
^rds if diftanct of the center of gravity of the periphery EDABC. 



Dbm. Find the center of gravity, H, of the periphery (423)1 
«iMi, t^iag IE SK I FBt deferibe a polygon fimilar to EDABC. 
The centers of gravity of the triangles FED, FDA^ FAB, FB C, 
«r« at L, S, r, Vy the bifeaions oUK, KN, NP, P^x and the 
centers of gravity of P EDA and- FABC, are at /?, and X, the bi- 
. fefiions of 52/, FT, and the center of the whole figure is at G, the 
bifcftion of RXi but FE : EI:: FM xLM, therefore I,M= \FM, 
and, for the fame reafon, Ra^ \F0 «odGH=\ FH, Q^ E, D. 

Y 430* Cor« 



CXXXllI. 
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43 b. Cor. 1. Thfe diftance of the center of gravity of a fe6ter 
of a circle from the center, is therefore equal to two thirds of the 
diftanca of the center of gravity of the circular arc upon which it 
ftands. 



43 J. Cor. 2. As the arc AE : fine ciAE :i radius : diftance of 
the center of gravity of twice-<^E from F, or FH{^2s)i but FG 
= \ X FHi therefore AE : fine of -rf£ (: : EAB C : its fubtenfe EC) 
::f radius ;FG. 



SCHOLIUM: 

'432. The diftance, from the vertex, of the centci: of gravity of?a- 
parabolic fpace is equal to three fifths, and of a paraboloid to two 
thirds, of the axis ; but thefe, and the moft difficult propofitionft- 
r upon the center of gravity, are. beft iuveftigated by. a fluxiouaL 

procefs. 

» • 

« 

^^^* 433- Prop. If one or more of the bodies A^.B, ,C, G?r* move uni^ 
* formly in the fame right line^ with velocities equal to a, b, c^ Gfir. tbeir^ 
common center of gravity mil move uniformly. 

Dem. Let A and jRmove uniformly in the fame, or .an appolite, 
dire^ion, P be their center of gravity, and JD their diftance: and 
bccaufe the motions of A and B are uniform, D either continues 

j)x B 

the fame, or encreafes and decreafes uniformly j but AP = -2 — ^, 

and confequently varies as D, and P moves uniformly. If anothec 
body C move uniformly in the fame right line, and R be the. cen- 
ter of gravity of A^ B^C; the diftance CF either, continues the 
fame, or encreafes and decreafes uniformly, becaufe C and P move 

CP X C 

uniformly} but PR =z ^ ^ ^ and confequently varies aj^ 

CP, or JR moves uniformly. Q;^. D. 

434. CCM". 
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434* Cor. 1. The velocity of the center pf gravity is (squal to 
a ns ^*L_f . for, letp,r, a, b^ c, be cotemporary pofitions of 



^ + ^ 



P,R, and the bodies, and (407) A x Ap or x jia ^ ap ^ B K 
Bp orx6pz±=B6^=^ A-^B x Pp, and P^ = — — ^ . jg ^ 

bccaufe Axap — Bx 6p=zo. And, placing A + B in P and 

repeating the above procefs, it appears, that JR r = the velocity of 

IT*/ ,i Ay^ Aar±zBxBbz±iCx.Cc ^^ . r t 

R (106) = . p^, ^ . It IS from hence again 

collected, that the velocity of R is uniform; becaufe Aa^Bt,Ccare 
conftant, and confequently their fum, or difference, multiplied into 
the fame given quantities, or the velocity of 12, is always the fame* 



435. Cor. 2. Becaufe A + B-hCxRr^^Ax A a ^tiBxBb 
CxGC'y the velocity of the center of gravity is fuch as would 

be communicated to the fum of the bodies adted upon by a force 
equal to -^ X -4tf =s= B X JS i =±= G X Ca 

436. *Prop, If tme or more bodies. A, B, C, ^c. move uniformly FIG. 
in right lines^ either in the fame or different planes^ their common cen^ 

ter of gravity S will move uniformly in a right line. 

Dem. 

^ 
* This prqpoJidpn Is proved very iieatly» though, perliq>s, lefs iitteltigibly by the follow* 
log procefs. 

CASE I. Let two bodies move, ia the lame plane, in the dtredions DE^ JB ; , and let FIG. 
J> and i^, £ atid ^ be cotemporary pofitions, and H^ K, the centers of gravity in thoie pofi<* CXXXVI. 
tions, refpedively ; and taking BP :r ^D, joining EP and drawing DL parallel to NK^ 
DE : JB in the givpn ratio of the motions of the bodies^ and, becaufe the angle £DP ia 
given, all the angles of the triangle EDP are givfn, and 2>i' is to P£ ia.a given ratio: but 
PE : PL : iBE : BK^ which is a given ratio, therefore DP : PL in a given ratio ; and, be- 
caufe all the angles of the triangle DPL are given, the angle PDL is given^ and L is always 
in DL* By the nature of the center of .gwivity; D'J : Dff \\EB\EKi\PB or DA : LKi 
therefore DH-^ LK^ and DHKL ia a paraUel^raar, HK is parallel to Z>Z>, and the angl^ 
B UK is givf n« and the center of gravity iCas always in the right line HK given in pofition; 
And, became all the angles of the triangles DPL and DLEnfe given, the Hats DP, DBl 

"i 1 DL. 



' 



I7« <r fe N t*E R OP O^ A V 1 T y. 

X>s M. I . Let B deifcribe fi B ttiufbrmly in the time T, and P, ^ 
i>f thtctntfic? of ifcavity qf -<jf jwid B.J ^q4 ^ + 5.; £ ;; .^ : ^ 
;: Ah\A^\iBb: P^(Euc. B. 6. P. jf.), and i>^4s pydld to 

^3, and equal to ^_,% t ^n<i varies therefore as Bi or uniformly. 

Let A de/c-fibe^tf uniformly in the time T, dther in the fame plane 
vnth S 6y or not, and £ be the center of gravity of A, and 3 fJaced 
at ii and ^, ^ path.of die center of gravity, will appear, by the 
fame proce^ with the above, to be pv {did to A a, and equal to 

"B » ^^^ confcquently it varies a^^Aa^ or encreafes unifcffmly. 



WJien bodi bodies inov<e at the fame time, ^ pekit F wUl have^ 
two motions P^and ^jR; a»d will confequently liafcrite the diOr 
gonal PIS uniformly in the time T'OSj). 



2. Let a third body (The added, and the common center of gra« 
vity be S, and CZ produced will pafs thn»igh the center of gra* 
vity of A and B (41 1 )• From ^e nature of the center of gravity^ 
^+B + C :^+B :: CP :C5::C^;Cr:;^: 57; and iSr= 

J>U tbat is, AB^ pE, Bf^, «« io « giireii wS^, wai con^qMid^ tke fvnt K moves tmi^ 
Ibrinly in HK. The demonftrtucMiis the Ihnie if one of the bodies moves fcom B towards J% 

C A S B II. Let the ptths of the bodies ABMxADEhtla difierent pknes ; and through 
JB draw a plane BJ$ paratlel to DE9 and throagb DS draw the plane /)/#£ perpendi- 
cnlar to V/t; produce BJ t&4» and let 2>V, Mi, be pcifpeMfioilar t^de, and the planea 
D dA, SiB, wUl be perpendkalar to the plane td B. Let A and D, B and E be cetempo« 
rary pofitions of the bodies. If the body at D were to move in de, the center of gravitf 
woold move uniformly in Tome line HE (cafe 1.); through UK ereA the plane HEikyct-^ 
yendionlar to HBK. Fiom fimilar trmngles» and the nature of the center of gratity» Abi 
kP:iAH'.HdiiBKiK4izBii kSi therefore A/^ is the path of the center of gravity of 
ihe bodies moving in ^H, DE. And, becaofe Ddi Hb : : Adi AH-.i Bi : BK:: EiorDdi 
Kk, Hh 7Z MA and Jkb is eqoal and paralld to HK; theiefbre die center of gravity of the 
hediei, moving uaifbrmly in ^S| DEf moves uniformly in ^i. 

CASE 1IL The common center of gmkyioe two bodies mnl a diird body. Is either at 
9€&, or moprcs uniformly in a rif^ Une ; for tmo may be placed in their common center of 
pavity, whi^ was proved 10 mpve nnifbrmly, mid ijiecenter of gravity of the three or mora 
bpd^is provcdi by the iamc pXQMftns facforei to povo unifoemty. 



^■ ^ ■u"Jc4i , «^ fmdcs as ;^jp or.tnufiDnnljri .ettd ^ Ihe £uii» 
yeafon Ty^ t he ttotiott o£T anfing from .^ inotion^ js e^ual to > 

y^ H ^y^ » .and >thectfppe Kariift >aa jj^^r^ntfomly (cafe i.|^ 

When j^.and B xnove together, the inotions 5^ 77^, wHl be conk- - 
bined into ooe» ^^ and.if -C defcribeC^ ucSformly in the time 71 « 
the .common center of gravity will d^cdb^y-l^ and this new mo- 
tion, .combined with Sf^ will make it deicnbe iS^aaifonnly ta* 
the time T. Q^OE.D. 



437. Cor. jj It 33 evident^ ^t the path^ »£ the center jofjp'a^ 
vlty, arlfing from the aiotion.t)F imy one bodyi is ^^ajs |>araUel -' 
to that of the moving body: P^and ST are parallel to R6 j -^^'^ 
and TF are parallel to Ad >and FT. to Cr* . 



438. Cor. 2.- The centers x>f gravity of -two, three, &:b. - bodies s 
will.defcribe polygons or curves limilar to that, of the moving . 
body to which their motion is owing } and li- the velocity of the 
body be .variable,- the velocity -of each .center vidll be variable ac^^ - 
cording jto th^ fame law. 

439v;Cor.'3..Thc velocity of the center of.g:rainty of twir, threes' , 
&jc. bodies is the fame as if they were placed in it, and a6ted upon • 
by .forces, ,eqi:|al to the moments, of the mowin g bodie s, in their ■ 
refpeftive planes and directions } forfix£^ = ^-:f>BxP^ and > 
A:% Ah = A^B X ^R\ and if A-\rB were placed atP, and 
a£ied upon by forces equal to B x £3 and ^x ^tf in thephmea . 
and dke£tionsof Bh vaiiAa^ jthey would defcrlbe. the. diagonal.; 

440. pROr; The- common center t/^ravity of twt-or mere Mt^ isi 
^e affe^cd fy any aSim ofjbcMies upon each gUicri 



cxxxTin. 



CENTER OF GRAVITY. 

Dem. Let ^and B be two bodies in a fyftem» adtiog upon eack 
mother, G their common center of gravity, and Aa^Bb^ the vek>^ 
^cities loft by A and gained by B refpe£tively in oppofite direflion$, 
and^^x -rf^jssBx jB3(3dlaw of motion), ox A\B\iBb :Aa:: 
JBG:.AG::6g:aGi or A:B::B*s diftance from the center of 
gravity : A^s diftance from it ; and confequently the fame point G 
Is ftill the center of gravity of A and B, or it has been immove- 
able. What is proved of thefe two, is true of every two bodies, 
and therefore of all. Q^. D. 



441. Cor. If two parts of a fyftem A and £, attract: or repel 
cach.other, or moving with unequal reflilincal motions, difturb 
each others motion by the force of their inertia, the center of gra- 
yity will not be affected by their mutual a^ion. 



C H A P, 
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COMMUNICATION dp MOTION, &c. i?^ 



C H A P. X. 

• • • • 

I COMMUNICATION OF MOTION by DIRECT. 

- IMPACT. 



442, Dep. ^T'J^O bodies are /aid to impinge direSilyiwben the right 

^ line^ in which their center i of gravity tnove^ fajfex 
tjhrwgb the point ofcontaS. . , . 

443, Def, ^he center of gravity, of a body^ or fyfiem of bodies^ fup* 
ppfed to bewithoiit gravity, is the fane point with that center when its 
infuence obtains. * ' ' 



Lemma.. If two.bodies.Xaxid.ll^ cbnfifting,of . any number of fig. 
particles without gravity ^, jB, C, and D, £, &c-, be immaveably ^^"^^^ 
conae<Sed to the right line 512, paffing. through their centers of 
gravity G and J7,' which is -perpeedicularly impreffed at J^.by a 
force F* the moments communicated- to thefe bodies are inverfely 
as the diftances.of their- centers. of gravity from the point where . 






I 



DemIt 'The fumrbf the refiftaii ccs of D and JE to the .^6^on of 
F isD H F4/-4- £-x JP^ (270) == JDh- JS X F£?(407), :and.confe. 
quently if ,^> ^, i&, be the refpe6live velocities of JD, £, and. ^{^. and 
D + JE = 2^be.^laced'inH, jp.x ^^-£ x r « rx i&> and for the 
fame reafbn Ay^a + Bxb + Cxcy &c. =Xxg^ fuppofing a, b, 
Cygy to be the refpeflive velocities of -^, B, C, and of X-coliefted 
9t Q, L^t a fulcrum be placedat Gj and becaufc F is in cquilibrio 

with 



vjfk 'COMlif :Un I C AT \<y» mr HO T I OtM; 

^with D X d-\-E X tf or Tk i&, F : r x * :: GH: FG» and if a ful- 
crum be placed at Ht.X x ^ : F :: FH : 6H, and oc squo Xx ^ : T 
%b'.'..FH'.,FG, QJE.B. 

Te : -kxyPtf + JB kF^ + Cx>F^, tli€ velocities of G aod ^». and 
of the points A^ B, C &c arc the fatncj whether the partidiear be 
placed in thofe points, or collb&bi in their centers of gravity G 
and H; and the effect is evidently the fame, whether G and H be 
in the right line SR^ or in P^ making an invariable angle witk 
.£72,. and at the fame perneiidiculardiftances from Fs dire£tion« 



.445. Prop* If a maferMJ^fface SV% ^mfrfei^^tiefmsiMti 
A, B, C, D, tSc be imprejfed hy a force equal to F, ^^ing in the plane 
^ftbe furface at the center (f gravity P, and perpendicularly to a right 
dine SFKpoj^g through it ^ the particles, wilt move with equal Ve&ci^ 
ftieiindirekionsparallel^gtbatofK 



pEM. Let the particles, on one fide of F^s dtreftkHit A + B 
C &c. =i Jf be placed at thetr center of gravity G, and Z> -f^ £, 
&c. on the other fide at their center of gravity I?, and GFfi'is a 
right line {411). But j; h:i Tx PHi X% FG :: i : i and ^ = hi 
and the incipient motions of Xand iT are parallel to Fs diredioa 
|[2d law of motion). Since JTand jT begin to move with equal ve- 
locities, in parallel direftionsy tliey are relatively at reft, and con- 
fequently will not difturb each others motions 5 and becaufe the re* 
lative fituations of the points A^ B, C, ifcc. are always the fame, 
they will move with velocities equal, to thofe of G and H^ and ia 
|)arallel direftions. The effects are the lame whether A, B, C, &c. 
be in their real places, or coHeCtcd in their centers of gravity 
j(444); and the initial motions of G and H are not difturbed by 
i^t mutual a^ons of the particles (44 1 ). Q^. D. 



446* Cor. 



BY DIRECT IMPACT. lyp 

446. Cor. I . If any particles B, C, &c* be not in the fuperficies F i o- 
SRy but on different fides of it, their center of gravity will be in f 
(411)9 and their efforts, refulting from their inertia, to difturb the 
incipient motion of the particles, are meafured by the produfts of 
each particle into its perpendicular diftance from the plane iSJ2(279)» 

and thefe being equal and oppofite, and confequently deftroying 
each other, the particles will continue to move with their initial 
velocities. If a body therefore be impelled by any power F, in a 
diredlion paffing through its center of gravity, its conftituent 
particles will move with equal velocities, in diredtions parallel to 
that of F \ and if the particles be equal, and their number n^ the 
Velocity of each, and of the center of gravity, is the fame whether 
that center be impelled by the force F^ or each particle by a force * 

equal to -, in the dirc£tion of F. 

' ■ - 

447. Cor. 2. In the impa6^ of one body A upon another body 
B, either moving or quiefcent, when the right line joining their 
centers of gravity, and the lines in which they move, are in the 
fame right line, the forces of impa6t and refiftance produce a 
change of velocity, in each body, only in this line, or their impa£i 
is dire^. 

« 

448. Prop.* Let a body A, moving with a velocity equal to a, im^ 
pinge direSlly upon B, moving in tbefame^ or an oppofite^ direSion^ with 
a velocity equal to b, tojind tbeir common velocity. 

If -rfand B be inelaflic, (3d law of motion) Aadt^Bb Is the 
fame before and after impaft (where the higher fign is to be ufed 
when the bodies move in the fame dire£lioni and the lower wh^n 
they move in oppofite direftions,) and, becaufe they m ove together, 
if a; be their common velocity, -^tf=±=5^=:-44-J5xv and v = 

A + B • ^^•^• 

'^ 449. Con 

^ Newt. Cor. 3. ad leger motus. Maclauria's Newt. Chap. IV. Rohanlt. Not. Part I. 
Ch. ir. Art. 6. Hclfliam. Left. V. and Apptodix. Nov, Com. Pctropol. Tom. XVll. 
pag. 315. 

z 
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449. Cor. I. The velocity, which A lofcs by impafl-, is equal to 
the difference between its velocities before and after impa6t| or t6 
w^v^ and the velocity which B gains by iinpa£):i in the dire^ion 
of A\ motion, is equal to the difference between its velocities after 
and beiore impa6t, or to t; :^ b. SubAituting the value of i;» 

Aa^^Bh Aa-^Ba-^Aa^=^Bb 5x^=5=^ 



A^B "^ A-^B "" A^B 

/, and, refolving this equation into a proportion, A+B:Bz: 

b ; /. The velocity gained byJS==:^ = v=i=^s=: ^~ - g 

Aa^Bb^Ab:z^Bb Ay^T^b , ^ „ ^ 

, and A+B :A::a 



*^~" A+B A-^B 

b : g. From hence we have the following rules. 



I.* The (urn of the bodies is to the ftruck body as the differ- 
ence or film (according as they move in the fame, or an oppoGte, 
direction) of the velocities, before impaft, to the velocity loft by 
the ftriking body. 

2. The fum of the bodies is to the ftriking body as tlie diffbr-* 
ence or fum of the velocities, before impadt, to the velocity gained 
by the ftruck body. 



• 

450. Cor. 2. If A and B move in oppofite directions with velo- 
cities that are always inverfely as the bodies, their common cen- 
ter of gravity will not be affedled by their motion j but, / and ^, 
reprefenting the velocities loft by A and gained by B, are made in 

oppofite 

^ Thefe rules are inveiUgated difiercntly by the fbllowing^ proceft : 

1. Axl::zB Xg(3d\aLwofmodoD)imdf:=i^'^; bat « — / (^f velocky after in>. 

paa) = ^ =fc A (^»s Telocity after impaa) = ^^~^=±*and^Xa-JfK/=^x/:fcJB'ie* 
aad/.X 4^B-=i B X a^ b^ and J+ B :Bi: a^i : /. 

z. l::z — -j^ and u^^l ±1 a^^ — -j^ ^g ^ t, (becaafe the bodies move on toget W) 
zxAAa^-B Xg ^zJg^AX itLaAjf+lSxgzzJXa^J, znd J + B :J ::.a :9i t ig;. 



BY DIRECT IMPACT. 

oppoiite dire£lions« and A>^l=^By,gQt AiB::g\l^ov g and / 
are inverfely as the bodies, and confequently the velocity of the 
center of gravity of ji and B is not afFe£led by impa£l, and is, 
tbwefore, both before and after i{npa£l, equal to their common 
velocity, v. 



451. Prop. If K^ moving with a velocity equal to a, impinge up-- 
on B, moving in the fame^ or an oppofite^ direSiion with a velocity equal 
to b, and A and B ie perfedlly elajlicy or one of them be perfeBly hard^ 
and the other perfeBly elaftic^ to find the velocity loji by A (L), and 
that gained by B (G). 



When ^and B are inelaftic,^+ B:B ::a:=;zb:l, and 

A^BiA::a^:p:A:gi hutlj^ssali 
and G^2g (isy) ; therefoi>e -rf-4- B : 2B :; ^ =3= ^ : X, and -rf 4*- 
B:2ji::a:=f:biG} and we have thefe rules. 



[^ 



1. The fum of the bodies is to twice the ftruck body as the 
difference or fum of the velocities, before impa£l» to the velocity 
loft by the ftrikin^ body. ... 

2. The fum of the bodies is to twice the ftriking body as the 
difierence or fum of the velocities, before impadt, to the velocity 
gained by the ftruck body. Q^. I. 



452. Cor. I. L: G:: 2/: zg :: B : A ^nd A :k L =z B % G; there- 
fore in all perfectly elaftic bodies L = - ^ - and G = — ^— • 



4!;3. Cor. ±. A's velocity after imparl: is equal to the difference 
betwe en its velocity bcfort impaft and the velocity loft, or to ^ — ? 

tLBxa:3eil ^ Aa-^Ba^^zBadti 2B6 _^ A-^Bxa:±i2Bb 
-rf-H-B "* A^B ^^ A+B ' 

Bs velocity after impact is equal to the fum of its velocity before^ 

z 2 and 
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and the velocity gained, or to =s= ^ H — ^ p c= ^ . p . 

If^=B, ^j:p5 =ri=3,and ^^g =^, 

or the bodies move with interchanged velocities, 

• 454- ^^^* 3« If -^ he greater or lefs than B, L is lefs or greater 
than a^=t^t^ and G greater or lefs than a^^^b. If -4 be to B^ as 

wito«, Ir = tf:q5^x ;^ . t and G = tf =5= ^ X 



455* ^^^^ 4* If *^^^^ ^^ ^^y ^^'"^^r of bodies -rf, J5, C, D, &c# 
in geometric progre(fion> encreafing or decreafing, and ji, moving 
with a velocity equal to a^ communicate motion to B at reft, and 
Bi moving with the velocity gained, communicate motion to C at 
reft, &c. the velocities communicated to JB, C, D, &c* will be in 
geometric progreflion, decreafing or encreafing. For (45 1 ) 

jl+B :zA::a: velocity of B 

B + CzzB:: vel. of J5 : vel. of C 

C-f- D : 2C :: veL of C : vel. of D 

D + E:2D:: vel. of JD : vel. of E. And, becaufe -4, 5, C, 
&c. are in geometric progreflion, ji + B izA :: B + C : 2B:: 
C-+- D : 2C :; D + £ : 2D I and confequently a : veL of B :: vel of 
B : vel of C :: vel of C : vel. of D, &c* And if the bodies, cncreafc 
or decreafe in magnitude, a is greater or lefs than the velocity of 
B, or the velocities communicated decreafe or encreafe. 

« 

456. Cor. 5. If the number of bodies i n geom etric progreffion 
be equal to », « : velocity of the laft body :: A + £]•-' : 2A)'~*i for 
<i : vel. of the laft body in a ratio compounded of the ratios of <» : 
-vel. of B, vel. of B : vel. of C, vel. of C: vel. of D, &c. each of which 
i; equal to the ratio of ^ + B : 2At and the . number of ratios is 
equal to » — i. Th e v elocity of Ay or a , is alfo to the velocity of the 

laftbody ::-4 + BxB4-CxC-|-i}, &c. :AxBxC, &c. (the 
product of all except the laft) x z"\ 

457. Cor. 



BY DIRECT IMPACT^ iSr 

457, Con 6. The velocities Ibft by ^, JB, C, &€• are in geometric 
progreflion encreafing or decreafing^ according as the bodies de-. 
creafe or encreafe ; for» 

jl+B:2B::a:ythloR.hyA 

B + C : 2C::veLofB:vel.IoftbyjB 

C-4- D:2D: : vel. of C : veL loft by C, &c. 
But jij J5, Cy &c. being in geometric progreflion, A + B:2B:: 
B + C:zC:: C4- Z> : 2 £), &c. and confequently a : vel. loft by A 
:: vel. of 5 : vel. loft by B :; vel. of C : loft by C, &c.i therefore the 
ratios of the velocities loft and gained are the fame, and the laft 
being in geometric progreflion (456), the firft are (b too; 

458. Prop* If there be three perfeSily elajiic bodies^ A, X, CX^jind 
A, moving with a velocity equal to a, impinge upon X at rejly and X 
impinge upon Q^ reft^ Q^velociti is the greateft pojjible ivhen X is a 
mean proportional between A and Q^ 

Dem. Let q be the velocity of ^ and aiqw A-^Xx X+^ 
4-rfX(456):: ^-+-X-Hr+^: 4A (fuppofing A t o be to ^ as r to ^ 
and confequently A-^Xi X:: r+^. ^ and for A+Xy. ^, fubfti- 

tuting its equal r-h ^x X)\ and q = ^^^ y. g , and, /^d 

being given, q varies ^ y y g , and is greateft when their 

fum is leaft, or when X=^Ti for -4 x ^ being given, Xx 3^is 
given, and the fum of two factors containing a given produft is 
leaft * when they are equal. Q^^E. D. 

459* Cor. I. The velocity, communicated to ^ will be en* 
creafed, by encreafing the number of bodies in geometric pro- 
greflion, between it and A^ and arrive at its limit when that 

number 

* Let the giren produd be reprefented by the given redltngle JB^ contained b/ two un- FIG* 
cqaal lines AL^ LB. Make the fquare X5 eqaal to the rtftangle dB and JL -^LBsz Al> CXL * 
:=: t CM is always greater than zlM or LM + LF» • / 
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number is infinitely great, and then aq :: s/"^: s/Zd,. Let 
the fuccefllve differences of ^e bodies be x, y, 2, &c. oxhttnA^te^ 
€= B +yt D = C + z^ &c. and let their refpe^HTe veloci- 
ties be a. It Ct c, </, &c.; becJiuie A + B ; zAii a : i and B = 

A-i-Xt by fubftitution, A+A+x : ±A otA+ -zAiia'.i:: v^S*; 
*/3'(3i)i B + C : 2B or 2Bh-;^ : 2B or Bh- ^ : S :: * : f :: /c : 

v^-BI and, for the fame reafdrt, C+ ^ : C :: r : ^:: %/i5 : ^C^Sca 

but I? : i in a ratio compouhded^of the ratios of aiS^Aic^ czJ^ &c. 
or their equals \/B: s/^, y/C : s/B, s/D : ^C, &c. or of the 
fquarq root of the laft body to tlic fquarc root of the firfl: (41)5 
and confequemly a\q\\ s/S^j. >/A. 



460. CoT.z. Becaufc jix L=:B x G, A:B::G:L} but G and 

L arc made in oppofite diredtions, and are to each other as the 
ipaces defcribed by the bodies in the fame time^ and being inveriely 
-is the diftances fronl the center of gravity, this center will evi- 
dently not be afFe£ted by impa^ft, but will continue to move with 
a velocity equal to 1;, their common* velocity after impaft when 
inelaftic. , This alfo appears from article 440. 



■ 

46 1. Prop. If two per/eSify elaJHc bodies A and B impinge direSily^ 
the fums of the produgls^ refuking from multiplying each body into the 
fquare of its velocity^ is the fame before and after impaSt* - 



Dem. Retaining the fame notation,. a — 1; = /, and 2 a — 2v 
s= L, and 2 -y =?= ;2^ = G; and confequently A's velocity after im- 
pact is equal to tf — za H- 2y == 2 v — a^ and B*s velocity :^z±ib 

H-G=b:2Vc?=^5 bu t ^ X 2 t; .---^gyg 4- J5 X 2 ^ =?= ^) ^ = ^ X 4 'i; X 

-y — tf H- tf * -f-Bx4'yx'y=:p:^4-^* = -rfxtf* + 5x^*, becaufe 



\ 



A%a'i'B>^^=^i = A + B^v, and confequemly -^ x 1; — « 

iJx 
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v***s^ 



Bxvsp^sKO, or» multiplying this ecpution .by 4^, jin^v'A 

462. Con I. Whatever therefore be the number of claftic bo- 
dies ^f B; C, &c. which iropirtgc foccefliV€ly„ begiofMog with -rf, 
the funis of the products, r^fulting from themultjplkation of each 
^body into the fquare of its velocity^ are the fai&e before «nd after 
impaft. 

463. Cor* 2. The relative velocities of ji and jpt, afe the fyme 
before and after impa£^ } for, before itnpaft, the relative velocity 
is equal to the velocity of ji diipinilhed or encrea&d by that of 
jB, according ae they move ii;i the faroe, or an oppoftte, diredlion^ 
or equal to /z =p: ^; and, after impact, it is equal to jB's velocity di- 
minifhed or cncreafed by that of jfi or equal to 2 v t^z^ — 2 v 
^= tf =?: ^, the fame as before impadt* 



p »^ 



464. Cor. 3. In this propofition the force of* efa^city is equal 
to that of compreffion, and this obtains very nearly in fome kinds 
of bodies, as glafs, ivory, tempered fteel, &c. and, in thefe, the 
corifervatio vis yiyae is preferved, or the produi3;s of the bodies into 

the 



ently by •fecfbHowiiig' proeeCs : let f and 
q be cqualto the velocities of Jt and B refpcfUvely, after impadl, and ^ x a :*: J? x i := 
M X i^ Ap \ifii law of motion) an^Aa^Aprs.Bq'^ Mi. Boi At ftli&vi vtlotities df 
J and B are the fame bafer» and after impa6i« or a^6 :z:q =7^, and a ^p :^q^bf and^' 
moltiplying A^ ^ Af into a^p, tiudBf^s Bi inpo f s4» 3, the nUtU arc * . 

JXa** A pa 

ziLApa — Ap^:=iBXq^^Bql . . . *. 

Axa* + Bxl*=iBxq'^ + Axp\ 




I 



— — 7]*<>'9»*ndthefccond = 9Xi +-^^ =9 X4 = 36, and Axp*+ -BXf* = 45 
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the fquare of their velocities, are the fame before and after impa£t. 
But in all bodies, endued, with imperfect degrees of elafticity, the 
e(|uality of thefe products is not preferved. 



465. Prop. When either A or B is perfe^ly bard^ and the other im^- 
perfeSly elafiic^ or when they both are imperfeSlly elajlicy and the whole 
force of reftitution is to that of comprejjim^ as any number n : 1, to find 
the velocities of h, and B after impaSl. 



4 • 



De m. When A and B are inelaftic» let the velocities loft by A and 
gained by JB, reipeftively, by the force of impa6t:, be / and g\ and 
1 :n::lini=i the velocity which A lofes by the force of reftitu- 
tion, and nl+ls=iA*s whole lofs of velocity* Let ^ = ^7+1 



and a -<- ivf / 8s A* 3 velocity after impadt, = (becaufc / = ~^ J 



Aa 



. ^ -« JS's velocity after impaft = =!=^4-^ + »^s==S5 



6 + mg, Q;,E. I. 



B^a 



466. Cor. 1. Becaufe / ss ^ ^ , n + i x /, or jI's whole 



B^a 



lofs of velocity, = « -f- 1 x -- ^ . jg , and confequently A-{-Bi 
»-+-! X B :: tf =?= ^ : velocity loft by yi. And becaufe a + i x g. 



Axa 



or B's whole gain of velocity, «s » + 1 x ' a,^ » -<f + B : « H-i 
%A:\a^^bi velocity gained by S. 



467. Cor. 2. It is proved in the fame manner, as when the 
bodies were perfectly elaftic, that the velocities loft and gained, by 
a ferics of imperfeftly elaftic bodies in geometric progreflion, which 
are all at reft, except the firft, are in geometric progfeffion j for let 

the 
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the velocities of J, B, <^ A & c. be «, ^, r, $cc. and 

C+D:»-f-ixC::f:</, 
and becau fe -<^ : ^ :: 5 -. CriC : 2>, &c. 

or ax^:;i:c::cidy'6cc. 



- \ 



468. Con 3. If clafticity be equal to the refiftance made to 
coinpreffion, « = i, and, fubftituting ^ and ^ for the velocities of 

^ and £ after impaft, ./ = ^*^' '^» and ^«= «^ =fe ^. Let 

elafticity be J, j, i, &e.'0f the refiflfance, or « = |, f , i, &c.} and p = 
''^if *Sir -fljT 

t±: 3, &Ci: if therefore -^, J5, ^ and n be given, the ratio of the re- 
lative velocities, or of a ^=^k : q :=f=pmiY be found ; and v:v, if 

the ratio of the relative velocities, and jt^ 5, a^g be known, the 

, . . . • • ■ <■ . ^^ 

degree <3f leiafticitiy, or «* jn^ be found : iat pxm. a -^ —-f- afiid 

• • • 

£ = c±: ^ rh w^, and the ratio of f — / {=is b -^a + ^ +• -;# x 4w). 
:tf — ^ is a given ratio, and confequently m{n-\-i)is known* 



c • 



469. Cor. 4^ The converfe of prop. (461) is true, and if the 
products of A and 5 into the fquares of their velocities, be the 
£ime before and after u^npad, the force of reftitution is equal to- 
that of compreiTion y jind ge|(xeraily if the produ£ts of A and R 
into that powjE;r of the velocity, whofe expojient is any number ty 
be. fttppofed equal before and after inip^a, the relation between 

the forces of elafticity and i^fiftance may be found : for a — ^~^ 

A 

=/ and =i= i + fng^s=^q, -and by foWing tlie equation A%a^ '^ 

A a Bx 
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B X ^'^rss -rf X tf ^^1 ih JB K =5=^-4- ffig\% ^^ and confequently 

« may be found. . : . : : . ' . ; . : 



• , .. '^ •..«■' '^j 



F ^, G- 470. Lemma. If^t'wo {perical bodm A jW B mwefrom A m^^ 

<7/ the fame time^ with velocities which are ta each other ainib^ or AC 

: B D, to find a plane that Jhall touch both bodies at the point of im^ 

J>aSi. 



o ■ 

• ■ • * 



Join AB^ and defcribe the parallogram AH^ whofe fides are AC 
-znAABi join DH, and from C, as a center, defcribe ' a circular 
arc, with a radius equal to the femidiaters of the bodiqs» cutting 
DH in L\ draw LE parallel to ACy and EF parallel to the line 
;]bming C and Zr, and the bodies will at th^ fame time be in E and 
JP, and a plane perpendicular to EF will touch bpth bodies at the 
.pointofimpaaiforjDJS:£LorFC:: DB iBHorAC, and 

DB:DBz*=DEorBE::ACiAC:A=iFCorAFy 

and DB : AC:: BE : AF :: ^ : tf, and BE, AF art 

therefore defcribeA in the fatae time by B and Ay and becaufe J5F 

z=:zCL=^ the fum of the femidiameters of the bodies, they will be 

in conta6l at P^ with a plane perpendicular to £ F. (X^. I. 



FIG* 47 1 • Lemma. If two Jperical bodies A and B inpinge obliquely, t0 
determine the velocities loft by A and gained by B, and the velocity of 
£ach after impaSt^ , ^ . 



Cafe I. Suppofe A and B to l>e inelaftic, and to meet in I>, tmd 
i /to be a plane in contact with both the bodies, and the velocities 
to be FD and GD. Refolve each velocity into two, FL, and GM, 
perpendicular to the plane, and DL, DM, parallel to it : IXL and 
JDM are not afFefted by impafl:, and FL, GM, are direftly oppo- 

u 1. r,.!- .1. r r^„ AxFL — BxGM 
fite to each other. Takmg therefca'e DH = ^ . n- . 

(448), 



I 
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(44S), and JD m, D/ refpeflively equal to DM^ DL, A and B^-wUl 
:4ef9ribe t&e lines i)^i)A td^^iTol;.. ' ■ ... 

. Ga(f 2. If ^ and h be dither pcrfe^ly or imperfB^Uy elaftic^ ther 
will be reflected, and the velocities Z>£, DH be equd refpe^ively 



to/X 



2^xFL-hGAf 



and^-(?Jtf+ 



aAxFL-hGM 



(453)- 



taking therefore Dm=s DAf and 2)/= DLj A will be refle£le^ 
atong DiC, and B along JDJP-; for the velocities Di^, DZ reinaiit 
ai^er impadl, and thefe, compounded with D'Hand £)£Tefpe£livei' 
]y, will make A and B defcribe the diagonals of parallelograms^ 
vhofe fides are D£„ DA. and I>H,i>«ir. QJS.L 



i^ 



Pits. 

CXLIIK 



» \ 



472* *LsMM A; i9<> find-ibe fiontanetnis center of conver/iM of the 
particles P and Qj^without gravity^ or a point about which thf right 
Mne. S R» adhering to tbofe particles^ begins to revohe^ when imprejfed 
perpendicularly by a force P» a&ing at a point F which is not the cen^ 
4er of gpiwiiy CL 



CXLlVt 



hct pgS he a new pofition ofSR^ infinitely near to tfie former^ 
and the point S is evidently ftationary wKiMl P and;^defcribe the 
fmall fpaces Fp and %: but ^x,F^. PxFPilPpi^q (443} 
*:: SP or iSF + FP: S^or SF — F^ and ^x F^x SF^kj>9 

Px FP^ -4* & X F&^ 

J^« = P X fP* + PxFP xSF. and SF = ^^^^I?Jg 

P X FP« + ^x F^« _. _ _ 
P + ^x FG ^^ 

' 473. Cor. I. Whilft F aflls at the (amc j^nt, Ac pokitiS is always- 

; ■ . PxPP*+$xJR^ 

ihe fame whatever be the inaghituddof F, becaufe — : ■ ^ p*^ ' 

..\ • • • X^ + S'xx' • 

is a given quantity. 

474. Cor* 

* Philor. Tnnf. for 1780, pag. 5501 whore Ah faVjeft b ttwted widi great Mrlpicwty 
%MnVtaM. 
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. 4^' Coi. ».' To lihatetA, ipmiu »f 1^ the. fime firie. f . be-jtp-L 
plied, the incipient motion!jof-%^lidP.idrgic-^^-(-2Rl>o/".y,iaiJe- 
invariably the fame (2d law of motion)} asd confequently the ve~ 
locity of the center of gravity, or G^, isalwajs the fame as if bothi 
■^ioies wd-epiaea'at'eana afltdtipbtflJy'tte'feWe'foki'l^for,- 

ifO. 47Jf-CiJa-:3:'ifJSjKfib» a.Bnteri?ISftrfe«l«€«i|Wifi:d>ftIiefp»t» 

txLV. fidas^^.B, e, &c,wrt a farfeif #a«i theline!.P:*'^ceiiio.*p. 

fiuface', and perpendicular tip aJine£^draii:n;t4){'(A]gl^th«0e^Her.<fr 

giavity G, each particLe)will receive aq.Mtlf^te.int 4)f!e£lt0P:|ta^4- 

Icl to PF (,2d law of inotion); and becaufe G is not afiefted by the.- 

aftion of the particles upon each other,, it will' move in a right 

.lii)e.(44t>>,;aml the-centeraf.fpontintoili; aonWEifionli^ll'.t* ini 

: £»ffie poititt>f theUiK S^.pcrpnulicular <o.F£^, 'I,kct'£.be tfcat 

'<cent«r, and tlie whole plane wiUJaagia'to.revtflve-^hant S^^ batiifr 

a. force ^e^ual tft Fj iveoB. to«£^ iii -an jOppo£te.dite£l»Qa,,>aU>^mi*> 

tion would evidently be deftroyed, and conlequeqtly-'thfi.e9h3JnDc 

ed force of every particle in the furface (revolving round iS,.whichi 

n the a£Hon of F)j, tpmake-it r^vo.lve, abppt i? and^ 

aSidn of^woiild'be equal'tb nothing. Butthe.forcff: 

rticle^ = A X 3}1 niultrplied into the i perpendiculajr . 

its'dlreaidn fiem'F ^i=,ji ■». SH^.B m, or,..bec3tifs (Jet- 

Vmg fall 5a perpendicular to Si?j Pm ': Pn -.iSa ': i^.and Fm'= 

£.^-?-mii ^tfA%Fm.= A)iypn x 'S'a = Ax"Sa x SE—-'Sh: 

= AxSaxSF—AxSAf:inihy'a^mihrfioa{s!BxSix^F=^ 

BxSB' = B-. force: co.ifequently.Jf =:^"^f + ^'''^,f.^'^ 

■ i<xS^»-f'S!<'SB''&c ■ „ „, , ■ - .■■■I . ;■. 
-^' ' ^+B^-JfSG ' *■ " ", ■'^ "^ center of fufpenfioB, ^ 
wilhtlierefbrE be the center of ofcillation (_art.£i^. ,, . 



■' :,iifffi^cijfi. 
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476. Cor. 4. li'pqS ht the next pofition of 5J?, and xzh^ 
drawn parallel to it, P has been progreffive through xp^ and ^re- 
greflive through zg^ fubtending an angle at g equal to that at S. 
The initial motion of the center of gravity is not afFefted by the 
unequal motions of P and ^ becaufe their actions upon it, or 
P y^pg and ^x qg are equal and oppofite, and the. motion of G 
is confcquently reftilineal and uniform (ift law of motion) ; and 
becaufe the incipient angular motions of P and ^about g conti- 
nue to be uniform, it is evident that when the angle GSg would 
become equal to four right angles, or P and ^have made one re- 
volution round ^, Gg^ the line defcribed by the center of gravity, 
would be equal to the periphery of a circle whofe radius is S G. 



iSf 



FIG. 
CXLIV, 



I 

477. Prop. Let a body B, be impelled b^ a force F, aSling in the fig. 
direSlion F D not pfjjing through its center of gravity G, to define its ^^^"^'^ 
motion. 



Through G draw a right line SR perpendicular to FD pro^ 
duced, and, if 5 be the fpontaneous center of converfion of the 
plane furface SUR^ every particle will receive an impulfe, and 
begin to move in a direction parallel to tliis furface (2d law of 
motion), and confequently to revolve round an axis pafling through 
S perpendicular to it. And if the parts, of every feftion of the 
body, perpendicular to jDP, on each lide of the plane JSC/i?, be 
fimilar and fimilarly fituated, the plane of converfion SUR will 
not be afFefled by either the progreffive or rotatory motion of the 
particles : for tlieir eifefts upon SUR^ ari&ng from their progref- 
five motion, are as the fums of the products refulting from the 
multiplication of each particle, into its diAance from this plane^ 
which are equal and oppofite ^ and if p and q be two equal partis 
cles, fimilarly fituated in any plane perpendicular to DP, their 
efFe£fcsy arifing from their rotation, being meafoi*ed bytheproduA 
of each particle into the diftance from the axis, will be in that 
plane, and equal and oppofite to each other. Confequently the- 
incipient plane of rotation^ remains unaltered, and if a right line 
be drawn through G, perpendicular to the pkne SUR^ every par-' 

tide 
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tide wilt move round this line as an axis, whiift G moves uni- 
formly ill a right line.. 

478. Cor.i. In a body, S, revolving by the aflion of a force im- 
pelling it in a diredion not paHlng through the center of gravity, 
the diClance of the fpontaneous center of converiion from the in- 
terfeflion of i^'s direction with a right line palling through the cen- 
ter of gravity, that is, SD is equal to the fum of the particles mut. 
tiplied into the fquare of the diflance of each, divided by B mul- 
tiplied into SG, 



FIG. 479. Cor.2. Ax SA^:=Ax SG'+ GA*-\- zSG x G a( Euc.B.2.P. 1 2). 
^^^^' BxSjB«=Bx5G»-+-GB»-f-25GxG^ 



C\SC*=Cx SG* + GC*-\- 2SGxGe 

JDk5Z>*=Dx5G'+G£)»— 25GxGi, &c. 
and, becaufe Ax zSG xGa^B% 2SG xGb + Cx 2SG x Gc — D' 
X 2SG X GD, &c. == o. Ax SA* + BxSB* + Cx SC* + D x SD* 



A X SG* X GA' + Bx SG^ -f- G5* -hCx 5G* 4- GC*, &c.i 



therefore 5F= ^G+Gjr^-^^^^' + ^-^^+^^^^^'H-G^' 

^-4-B + C,&c.x5G *^' 



occ.j and i« & = ■ ^ &c. &G v dU^ 

A + B + C,6cc,xSG » «c., ,>tr X (zi^ 



is equal to a given quantity, or SG and GF vary inverfely as each! 
other. 

FIG. 480. Cor. J. Becaufe the velocity of G is the fame as if the par- 
CXLVI. tides were concentrated in G, and afted upon by the force F, the 
time of defcribing the angle G 5^ or y^ a is the fame to whatever' 
point F be applied : but, Gg being given, the angle GSg varies- 
inverfely as SG, or diredly as GF (laft cor.). If different forces 
aft at the fame pointy Gg^ or the angle of rotation, virill evidently 
be as the magnitude of the force; and, confequently, the angular 
velocity will vary generally as F x G F, or as the magnitude of 
the force multiplied into the perpendicular diftance of the center 
of gravity from its diredlion. 

481. Prop. 
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48 1 • Prop; Let a body ^ whofe quantity of matter, h.Q^nuiwng JLl^' 
wi/A a'Oeldcity eqi/ai taV, impinge upon the body B, in the dirtSHeki 
FC faffing througb the center of gravity of C^to find the vehcity of 
the center of gravity^ Gj of the body B*\ - 






Let g be the velocity of G, ;and S the fpontaneous center of 
converfion of jB ; and SQ : SD ::g : Velocity of D, which is there- 

fore^equal to, o^ • . ^— Wp ^^ therefore equal to the velo- 
city loft by ^ in the direftion FC, and (3d law o f motiou) ^k 
F e7r^ = Bx^, and <- .^^^^ . S ^-^^g^^^^ 



SG ~" ^* iSG 



■ 

4S2. Com, If the bodies be perfeftly elaftic, the velocity of O, 
after impaa,: is equal to ^yg^ ■ g^^ 



+ ^x5£)* 



483. Cor. 2i Beeaufe the velocity of ^ after impa6l, is equal fo 
that of D, or .to • ■ n^ ■ •, or, fubftituting the velocity of g^ equal 
^. ^xFx5Z> „ ^xTx^D . rt. I r -^ 1 

city, when the bodies are inelaftic, which is equal to p SG^& Sri 

«? ^s lofs of velocity, and confequently ^s velocity after impact, 

2^ X f^x SG 
when the bodies are perfedlly elaftic, is equal toT^— ^ sGj^& SB 



BxSG-t^^SD 






i}.84. Con 
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;• -484^ ^r.> 5.' -If \i'' C paft tfarough die-cefiter of ganrityG, <Sf the 
'bodyfi, xt the iinpaft becaaie di|^ SQ=s: <S'i>,«nti £r's velocity 

— JS X ^G+^ x 5G — JS-h^ >•' velocity ^ -g^-^^j-jp^-^^ 

= f^ X ^' Q ; and rules are deduced from thefe exprefllons, which, 
are ^he faifle' as" In dircft impi6l before jnveftigatcd , 



485. Cor. 4. Becaufe ^x Vssi^B xjf (3d kw of motion) jf = 
^,n i or the prc^refllye «Botion of £ is the fame upon whatever 
poini of B the body ^impinges. 



486. Cor. 5. If 1^ be the magnitude of a body placed at D> 
which receives the fame velocity- from the impact of ^ that was. 
coiijLpiufi^ted to tjhe point JD, and> coafeijueotly, the velopty of 

r, after impaft, will be equal to^^=: ^ ^^^^ ^^ ^^ , and 

3^=: — c/^'* Hence if the direflion does not pals through, the 

center of gravity of ^ find the diftance of the fpontaneous center 
of converfion of ^ j, and its center of gravity I^ and a body whofe 

*» . * ^ T • 

magnittide is equal to ^x ^ impmging di«£lly, would have the 

GmttffciSL uifoa £» whf^ velocity coaietja^atly may be eftimatod. 
SIS aboiw. ■ ' V . _ . . . , 



f • 
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CHAP. XL 

♦CENTERS OF PERCUSSION, GYRATION 

AND OSCILLATION. 



487. Dep.<T'H£ center ofpercuffitm of a body, cr fyjiem tfhdies^ is 

"^ apointt vobicb being flopped by an immvoeable obftacUp 
the body orfyfiem is perfeEily quiefcenf. 

4 

. If A^ B, C, &c. be particles of a body, or bodies, whofe centers of fig. 
gravity are the points A^ JS, C, &c. connected by inflexible lines, and ^^^^^^ 
moving with equal velocities, in directions pai'allel to any right line 
JDNy an immoveable oUlacle oppofed to the center of gravity G ia 
thedireftion ND will deftroy all motion. For, when G is flopped^ 
each particle will endeavour, by its inertia, to proceed in the line in 
which it was moving, with a moment equal to the product of its 
quantity of mattei: and velocity^ and, if any plane be drawn through 
DGN^ the effort of each particle to communicate motion to it va« 
ries as its moment multiplied into Its perpendicular diftance (279 )« 
JBut, the velocities of ^, J3, C, &;c. being equal, the fum« of thefe 
efforts to move the plane, on each fide of it, are equal (409), and 
being oppofite they confequently deftroy each other, and Ji^ B, C, 
&c. are perfeftly quiefcent. If different bodies, or particles of the 
fame body yl, B, C, &c., whofe relative fituation is unchangeable, F i O, 
revolve about an axis pafling through any point S, and a plane ^^^^™* 
be drawn through their center of gravity G perpendicular to the 
axis, each particle will defcribe a pjane parallel to this plane^ 
their angular velocities will be equal, and their lineal velocities 
will be as their perpendicular diftances fiom the axis of fufpen<^ 

fion* 

■ 

♦ Simpfon's Fluxions, pag. 210. Lyons's Fluxions, pag. 244. Emerfon's Mechanics, 

ScA.\U 

Bb 
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fion. And if, as before, a plane be drawn through G, parallel to 
the axis, the fums of the moments of A^ jB, C, &c. multiplied 
into their perpendicular diftances, on ^ach fide of this plane, arc 
not equal, becaufe the velocities arc not equal ; and confequently 
if G be flopped, A^ B, C, &c, will not be quiefcent. But the late- 
ral efforts to move the plane pafling through S G perpendicularly 
to the axis, being fuppofed equal, it is evident that the center of 
percuffion will be in S G* 

FIG. 488. Prop. Let A, B, C, &c. be particles of a hody^ revolving 
cxLvni. ^Qi^f ^^ ^/^ Puffing through the point S, // is required to find the center 
(fpitcuf^on. 

Let A^ By C, &c. be the places of the particles reduced to the 
plane paffing through 5G, perpendicular to the axis, by let- 
ting fair perpendiculars from them upon it; and let A's mo- 
incnt or A x SA^ becaufe its velocity is as SA^ be reprefented 
m quantity and dircflion by Ap perpendicular to SA, and re- 
folved into two forces Aq perpendicular, and pq parallel to SG. 
The whole moment of -^ : its force perpendicular toSGr.Ap (A 

)<SA)iAf::SA:Sa (fim, triangles), and Aq=^^ n-5 

= Ax Sa-, and, fuppofing P to be the center of percuffion, the 
efficacy of Ji to communicate motion to P is equal to its perpen- 
dicular moment multiplied into the diftance at which it a£ts = 



^^^axPmssiAxSaxSP — SmzszAxSaxSP 



SA* 



Sa 

Ax Sax SP — Ax SA*. By a fimilar procefs it appears, that 
the efficacy of 5, C, &c. to communicate motion to P, is 5 x ^^ 
xSP — BxSB\ Cx5C» — Cx5f x5P, &C.J and, becaufe P 
is quiefcent, thefe forces are equal on each fide of it, ox Ax Say. 
;SP—AxSA* + BxSBxSP — BxSB' = CxSC'^CxSc 

CD J r .1 CD AxSA* + BxSB'+CxSC' , 
X 5P, and confequently SP = j^ Sa + B ^S6 + CxSc ' ^^• 

QJS. I. 

489. Cor» 
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489. Cor. I . Becaufe yixSa + B^Si + CxSe^kcss A+B+C, 
&c. X 5G (410), SP = . , w . w ^ wt; . && 



• 490. Cor. 2. The diftance of the ceater of percuflion from.the 
center of gravity, or GP, is equal to ^^^^c.g^^^SG ' 
&C. (479). 



491. Con 3. In the fame body, or fyftem of bodies, ^, B, C> 

&c. ^-f.jB + C,&c. x5GxGP =:^xG^'+ fix G5»+Ck 
GC*, &c. iSG X Gi* is a!fo a given quantity, whei-cver the jpoint 

of fufpenfion be placed, becaufe ^, &c. is given; 

-/f-f- -o, &c« 

and if SGhc infinitely great, or the velocities <A ji^B,C^ &c* be 

equal to each other, GP is evanefcent* 



492. Cor. 4. If a circle be defcribed from G as a center, with a 
ra4ius equal to 5G, and, the plane of motion remaining as before, 
the points of fufpenfion be in different points of the periphery of 
this circle, the diftance between the centers of gravity and percuf- 
fion wilt be invariable^ for SG being given, GP is given (laft cor.) 



493. Cor.5. If particles, whole magnitudes are npz » opz » 

Cx SC* 
op> , &c. be concentrated in P, the fame angular velocity will 

be generated, in thefe particles, by a force F afling for a given 
time, and in -//, S, C, &c. at their refpe6tive diftances 5^, SB^ SC, 
&c. For, let JT, T^ Z, &c. be refpeftively in equilibiio with /i, B, 
Cf £cc. and their moments are inverfely as their perpendicular di- 
ftances (272), or A%SA:X%SP\:SPi SJ, and Ay.SA' = X 

B b 2 X SP\ 
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x SP*t and X= — op» . By a fimilar procefs it is proved that 
^_ fix SB* . Cx^C 

"^ """S"?* * ailQ i& SS opt • 

'494* Con 6. A pendulous body moving with a given angular 
velocity, will have the greateft effedt upon another body againft 
which it impinges, when the point of impa6l is the center of per- 
cuflion; for in this cafe all its motion is communicated. But 
when the diredtion of impaft: does not pafs through this center, it 
will have a lateral motion^ or endeavour to continue its rotation* 



49 5« Cor. y. If the points ^, B, C, &c. and G be reduced to any 
plane perpendicular to the axis, and the center of percufiion be 
fuppofed to be in this plane, its diftance from the axis of fufpen- 
iion is found, by fubftituting the diftances of their places in this 
plane from the axis, inftead (>f SA^ SB, &c. in the expreflion 



'496. Lemma. 7T)e velocity V, generated in a body wbofe quantity 
of matter is C^by the aSfion of a conftant force F, for a given time^ 
vsill vary as the force dire&ly and quantity of matter inverjely. 



Dem. Let V, ^ F, be variable, and it is evident that Fwill be 
encreafed and diminiflied in the fame ratio with F directly, and in 
the fame ratio with which the inertia or (pag. 63 •} ^is diminifhed 

F 
and encreafed j or V varies as ^ . Q^E. D. 



497. Cor. Becaufe the velocity is equal to the moment of a 
body divided by its quantity of matter, if m reprefent the quantity 
of motion generated in a given tioBje by F, or the. numeral produ6 

o£ 
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of the velocity and quantity of matter in a given body,. ^ will al« 
ways be equal to^^ * • . 



498, Prop. If any ccnfiant force F aff, for a given time^ perpen* F 1 g; 
dtcuhrly upon the line SV, at tie point Vy and &V and. the particles ^^^™ 
A, B, C, G?f. nsohofe center of gravity is G, are cmneSed to an axis 
pqjjing through afxedptnnt S, the velocity communicated to the point V 



Dem. Suppofe paiticlies, wbofe magnitudes ^^ " oy» » Qy% » 

^y^ Jkc^ to be concentrated in Vi smd th^ would be in equilibrio 

wA\i A^ B, C, &c. rcfpeftively (493 )i and confequently equally refill 
the a€Hon of F. But the velocity generated in thefe particles, collect* 

ed in r, is as ^(496)» or «» ^xg^-f Jx^B'-^CxAO ' ^' ^' *^' 



499. Cdr. I. Km, a& before .(497)k reprefent the abfolute quan^- 
tity of motion generated by Fin a given timej then the velocity of 



500. Cor. 2. Becaufe all points deicribe equal angles at the 
axis, in equal times,, the velocity of V is to the Velocity of 
^::Sy: SA^ and the velocity of -«< = velocity of ^x SA=s 

velocity. 
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velocity of £ = ^x^^' + ^x^fi' + CxW * ^'^ ^** *»»* 
velocity of C = ^^SA^^B^SB* + CxS(>* ^ 



501. CQi-;3. The aagulir Tdodty of a.bo4y, beipg as ite lineal 
velocity dif e^ and dtft^Uice mverfdy , th« angular velocity of A, or 

of a body being meafured by. die quantity of matter and velocity, 
ihe fum of the moments communicated to A, By C, &c. will be 






CXLIX. 



» . . . , 

FIG. 502. Cor. 4, If Af Bt C, &c."be colIe£led in any point L, the 
:xLix. qyju^ty Qf ladtion gen^ra^d ia them* m a given tim e, by the adion 

of the conftant force Fat ^ « equal to ^^^^g^^,.^^^. 

. JyLSA-{-S%8B^C%SC,icc.%m%Sr ' ■ 
(500) = ^x5^« + £x^fi* + Cx5C» ^' ^^' ^'^'^ ^°"- 

fequentiy 5Z, = ^x^^+ ^x ^^+(:^ 4-^C,&c. ' *^* ^^ -^^ 
4- B X 5J5 + C X iSC = -rf + B + C, &c. X ^G, and 5 JL = 

' i " ^ '' „;^ ' ■ » «c., and L is , th^ center of per- 

cufldon. If therefore any fyftem of particle^be concentrated in the 
center of percuffion, the quantities of motion generated in them, in 
a given time, placed in that point and at their refpe^ive diilances, 
SAt SB, &c., by the a£lion of F at any point F, are the fame. 



scholium; 

503. In the preceding propofition and corollaries A^ B, C, &c. 
are fuppofed to be unaffe^ed by gravity, and motion to be com- 
municated 



CL. 
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iDiinicated by fpme qonftant external force F, which is only re- 
filled by their inertia; but the rules inveftigated are applicable 
when F is the force, of gtfivity, or that force afts in conjunflioa 
with'F: for during an infinitely fmall time the force of gravity 
may be confidered as conftant. If a fyftem of bodies A^ 5, C, &c. 
whofe center of gravity is G, be fufpended from an horizontal fjg. 
axis palling through /S, thtf-fum of their efforts to defcend is the 
fame as if they were collefled in G, and they will therefore de- 
fcend till SGht perpendicular to the horizon. In any other po^ 
fition of 5G, let GL reprefent the force of defcent in a direflion 
perpendicular to the horizoh, and be refolved into two forces, GE 
touching the arc, and £L in the direction of SG. EL is the 
tendency from S^ and G£ is that part of the whole force of gravity 
which produces a rotation about S^ and may be deemed conftant 
whilft G defcribcs an infinitely fmall arc, and is to be added to, 
or fubtradled from, P, according as they confpire with, or oppofe^, 
each other. 



CENTER OP GYRATION. 

504. Def. T^he center of gyration of a body, or fyftem of bodies^ A^ fig; 

B, C, &c. is a point Y, in which, ifA + B + Cy&c. be coIIeSled, the- ^"' 
fame angular velocity will be generated , in a given time, by any con^ 
Jtant force F, aiiit^ at any point V in a given direSlion, whether 

A + B + C,Sfc. be coUe^ed in.Y^ or he at their original dijiances. 

SA, SB, SC,efr. 



505. Prop. Tcfnd the center of gyration of the particles A, B, C, 
GfA which are conneSied to an axis pa^ng; through . the point S, and! 
preferve their relative ftudtion. . 



Let SJ, SB, SC, &c..be the perpendicular diftanees of A,B, C,\ 
&C, from the axis 5 and, fuppofing the quantity of motion gene-* 
rated. by JP, in a given time, to be w, their angular velocity is equal 

to; 
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fn X SV 

C, &c. are concentrated in 2^ their angular velocity sss 

. But, from the definition of me center of 



-4 -h B -h C, &c. X 52^ 

mxSy mxSF , 

Sy"^«»» AySA^ + BxSB'.Uc. == A+B-^CxSr* ' *"*^ 

cr-x AxSA^'t'B%SB*'hCxSC*,kc, , „^ . ..« 
^r*=: ^ + ^ + c,&c. ,and5r=thediilancc 

of the center of gyration from o =: V A-hB-hC &lc ' 

&c. 



506. Cor. I. If therefore / = a particle of a material furface 
or body, B, ^ = its perpendicular diftance from the axis of fufpen- 
fion paffing through S^ the diftance of the center of gyration from 

the axis is equal to the fum of all the — -g-^ . 



507. Cor. 2. IF any part of a fyftem of particles ji, J5, &c. be 
collected in their center of gyration, the center of gyration of the 
whole fyftem will continue the fame j for the fame force will com- 
municate an equal angular velocity to A and B and A+ B placed 
in their center of gyration. -^, B, C, &c. may confcqucntly be 
confidered as bodies of any magnitude, whofe centers of gyration 
-are the points ^, B, C, &c. refpeftively. 



508. Cor- 3; Becaufe ^h-jBH-C, &c. x Sr* = ^ x ^J' + B% 
5J5* + C X SC\ &c. = A-hB-hC xSGxSP (489), therefore 
Sr^=zSG% 5P, or the diftance of the center of gyration from 
the axis of fufpenfion is- a mean proportional between the diftances 
£)f .the center of gravity and the center of percuflion from that axis. 



509. Cor. 



CLU 
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■ 509. Cor. 4. If a lyftem of bodies A^ B]C^ &c. whofe futn =a^ Fi^G- 
donneded as- in this propofition, be ftruck by a given moment at 
Ae point ^vii> a direftiori perpend iciriar to a Kne &V^ drawft JFrom 
V through the center of gravity and^ perpendlciilar to an axis^ 
paffing through 5, their angular velocity may be found: for, let T 
be the center of gyration, G the center of gravity, and the angular 
velocity oi4^3y C. &c;; is the fame, whether ^be collected at T^ 

or a body equal tq ^^yL ' (489)1 ^^' ' g^« ' — ^ bcicUrcaiy 

oppofed to the impinging body at the point F. But j4+ B^^C,, 
&c. or ^being given, and alfo the quantity of matter and velocity 
©f the ftriking body, the velocity of '^may be found by the com- 
mon rules in the direft inrrpaft of bodies {449). - And the* arc de^ 
fcribed in a given time by ^ and the diftance SF, being known,- 
the angle which itfubtends may be found. The conyerfe of this, . 
or the velocity of the impinging body, may be found, if its'quan- 
tity of matter,. and ^and its velocity, be given. 



510. Cor. 5. In a given fyftem of bodies A^ B, C&c, whofe - 
ccntqr of gravity is (?, if a circle be defcribed frpm G as a center 
with any radius, and the center of fufpenfion 5 be in its periphery, . 
the diftance of the; center of gyration from S is always the fame^ 

quantity (412). 



^ 5?!. Cor; 6;' If the periphery of a circle^ compofed of the par- 
ticles Ay^y C,^c. were to revolve about an axis perpendicular to ♦ 
Its plane and paffing through its center, the center of gyration . 

will be in the periphery; for ST=^sJ -j — ' as 

radius. . The .angular, velocity is therefore the fame as if all the 
matter were colle6led*in any one point of the periphery; and if 
all f he^matter in a gyrating body is to be placed in the center of 
gyratioa T^ it may be placed in any point of the peupheiy of a 

Cc cirffej 
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-' circle whofe radius is ST^ or collected into t^& equal, portions, and 
placed in two points diametrically oppofite to each other, and 
whpfe diftances from S^^SX^i for then the center of. gravity will 
^\fe in ^j and there will be no. lateral motion. . 



CENTER OF OSCILLATIOTN- 

FIG. 512. Def. The center of cfcillaticn of a body ^ or fyfiem of bodin^ 

^^^'' A, B, C, tic. cotmeSled to an axis faffing through S, and moving by the 

aSHon of gravity^ is a pointy in wbicb^ if the body or fyfiem be colleSed^ 

it^ and A, B, Cy&c. placed at their original diftances SA, SB, SC« 

XSCf will defcribe equal angles at the axis in the fame times. 



5 1 3* Prop. Suppofe A, B, C, (Sc. to be particles of a body conneB^ 
id to an horizontal axis pqffing through S, and aSted upon by the force 
of gravity in a direElion parallel to the vertical line S V, to find their 
center of of dilation. 



Let SGO be drawn in the plane dcfcribed by the center of gra- 
vity G, and be the center of ofcillation, and the lines SO^ SA^ 
SBy &c. will defcribe equal angles at the axis in equal times. If 
the weight of ^, which is as ^ (234)^ a6ted perpendiculariy to SA, 
its moment would be -4 x SA: let this be reprcfentcd by Ap^ per- 
pendicular to the horizon, aud refolvcd into two, Aq perpendicu- 
lar to SAy and qp parallel to it, and this laft being loft, ^; is the 
only efficient part of A's moment. But Ap (A x SA) : Aq^ izSA 

A ir • 1 \ J ># AxSAxAa ^ ^ ^ 
: Aa (fim. triangles) and Aq = ^ = -rf x Aa^^, and 

the angular velocity of ^ generated in a given time is (501) 

angular velocities of £, C, &c. generated in the fame time, arc 

— Bx3 

f « 
- - ' J - • 

♦ ThU foyows immediately from (279), for Ja is equal to the pcrpelidictilar let bk 
^fiym the center of motion upon the diredlioii of ^'s weight. 
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'J:i,Sji'+-B%SB*+C%I^O'^"^y^SA'+B^SB^+CxSC^* *"• 

When A+B+C, &c. arc concentratied in O, the angular velocity 

.. , ^ ,j , A+B-hC»6cc.xOif 

of O generated m the fame time, would be as ^ _^^g^^^^Q^ 

-^•^.gG^^^*"-*"*"-^- therefore i^^^^^.jj^^B^^.cx^C' 
^ SGy^S^ but ^ X ^d— B x Bi— Cx C^ = jf+fi-j-C, ficci x G^, 
and confequently by fubftitution,. SO = ^^jg^J^^^o^g * • 



W' t 



5I4,: Cor, ti The diftances of the centers of ofcillation and per- 
cuflion from the axis areequal, each bdng equal to > 



,Q ;^ — --, &c., and confequently SO x jSQ. equal ia to 



. ' ^u-B-t^C'^c' "' (49^/»' an« *y*3^ ^nd GO aiie laverfely as : 

each other, ^if iSG'be infinitely great, or -4, .B, C, &c. move with ^^ 
equal velocities in parallel lines, GO is evanefcent,' or the centers ^ 
oEfixavitv and ofcillation coincide. - 



* 
515. Cor. 2.- If 'any nutobeir of particles be<x>nrie6ted to im \ 
axis and reVolvc rotfiid it, retaining theii^ relative filuation, by the • 
action of a force whbfe dire6lion is in the plane of motion and 
perpendicukr to the axis, the time of defcribing any given angle 
is the fame as if thty Were concentrated in.O;^fndi\rged in the * 
fame diroftion byi the famefdj^ci ^d the points where the forces 
aft are transferred from -rf, B, C, &c. to O.' But in the center of ' 
gyration Tj the fame force is fuppofcd toz6k at the fame rpqint» » 
wh\m'://, d, C, &c. are placed at their refpeaive diftances i?^^ S5,\. 
•5A *fCV atrd ConC.elttrated in 3^^^ 






• .« 
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^6. Cor. jrif v!^^,C, &c. be bodies com'pofect^t-any num- 
1)er of .particles^ let,/, «»i «. be ihe tefpeaStJve diftances of ih^u^ceif- 
^tersioC gravity, ami^i fj./^ dje diftances of /their centcfs.of .ftfcU=- 

.,.. * , , , e,^ ... . . /x*x^-f-/»xtfxB 

lation frotn the axis>.ana;iSP will be.equalto. , .:^"Lp., X^j 

■ ^^y"^^ ^ ^ '; feflfet /»».^N,: be paiticlies of -rf, 5, C; ani x^^, «, thfik 

rcfpe£livc,diftances.from the axis, and, by this prop9fitio<i, ^0 = 

«flim of aU the a % x^ -t- fum of * x y^ -^^-fffm of r x^z* ,\ , \n ~ 
== -i but thifc flims 



>;•..:; ; .-/^ '/ -,S6o< .rfri- B 



I..* • - « . • • 



of «1I> me 23^> ^ITB' bTC ^"^^ rcipe6lively equal to /, y, r, and 
confequently, the fums of j x x* -f- ^ x^* + rxz*=::/x/x-^-t- 
i^fnKB ^ry^n'kC, and 50 ^^H^^fi^^^^ 



FIG, « ^ j-i/iCpr. 4. JSAiB, Q confiftihg of a number of parficlcsi^ we» 
cxLvm. yfggj |jy 3 conftant force F at the point /^, as in (498).: l^t-f* n^^» 
?&;e» be particles ih^^ t, u^Vf &c* parttctes in -£, and x^y^ z^ &c. par- 
ticles in C, and^ = 7-f-r4ri>&c,, B = /H-« + v,&c., C = Af-t- 
j^ + :^&c.s and the velocity communicated to /^ in a given time is. a^ 

FxSV^ V. 

yx5pT3oc^^ 

but if P» />» ^ be the centers of percuflion, and G, g^ y the centers 

,of gravi ty of JirB% C, &c. re^efti vely, then - (48 ) 

^ X 5^^ He r X 5r» -4^ i X 5iS &c = 5P X iSG X -rf 
^x5/« + «x^«* + -i;x5*yS&c, ss= 5^ X 5^ X jB 
jcx5Ar2+j?x5^*4-zx55sS&c.==^ir K 5y^x,Cs and the 

trdocity ofrisas ^p ' ^^^^^,^^^^^^^^^^^^^^^^ . ,.; 






FIG. -j;iB. Prop. ^O 6c the center of ofciUaiion when the aocis tf 
CLUL fufpenfion pajfes through ^^ the point Swill he the center qf^ofailatim 

when the axis of fufpenjion pajfes through O^ the plane of motion Being 

fuppofed to be unaltered. 



" - - V. 



G Y Rz^T I Ofl' AND O S<: 1 L Js A T r<>^. 

*i f©^i:W!i#ii iS ktbPfj)P»Rt;Of fufpenfion, the diftancftpftbue 
..cofiler; of . p(hiU£^k)n jfypnj th^ center .of gravity G, .or GO^:^ 

..-: — ' . K ^^ /.^ «^C'(5H)» 3tid when the ^xre 

-phBks through O, the distance of the- <^nter o(- oCuWsAion from 

G = D = ^ . D . ^ ^^ » &C-S and confequently SGnGO 

== D X GO and SG = D, and the diftance of the center of ofcil- 
lation from 0::^S0. Q^. D. 



^: J3: 



519. Cor. I. If two circles be defcribed from G as a center 
with the radii GS and GO^ the diftances of the centers of ofcilla- 
tion from the points of fufpenfion would be the fame in whatever 
parts of the peripheries they were placed^ for 5 G, or GO being 
given, the other is given {491)^ and confequently the times of 
defcribing equal angles at the axis will be equals If the points of 
fufpenfion be any where in thefe peripheries* 



520. Cor. 2. If tlie axis of rotation pafTed through the center 
of gravity G, and ^ were the center of gyration, GT^ would be 

, ^xG-4*+BxGB'-l-CxGC* x «^ r^^ j 
equal to ^ ^ ^ • (505) m=SGx GO, and 

confequently GO is a third proportional to iSG and GT. 



521. Cor. 3* Becaufe iSG x GO is a given quantity, SG -^-GO 
is theieaft poflible when the peripheries of the circle, whofe radii 
are 5 G anil GO, meet in T, becaufe in that fuppofition SG=^GO 
(note to 458). And becaufe in this cafe SO is the leaft poflible, 
the time of defcribing a given angle at the axis is the leaft poflible. 
But becaufe GO encreafes as GjS decreafes^ the time of defcribing 

a given 
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a givoi ai^le at the axis decreafes and xn^es zk its limit when f^\ 
and S coincide in the center of gyradon T, and no point of fu» 
fpenfion can be aflumed* where the time would not be greater 
than when the aids palTes through T. As G& encreafes from G IT' 
to infinity, GO is <£mini(hed without limit, and the time of de- 
icribing a given angle, whether the axis paflibs through S or O, is 
perpet^ly encreafof* 



. / 
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522. Lemma. rF ajide AB of a rigbt^ngled triangit ABC U dt^ ^'G. 

vided into very fmall equal parts^ A b, b c, c d, d c, 
&c. and reSanguhr parallehgrams be defcribed upon them about the 
triangle^ the fum of the re&angks is equal to the area ^ the triangle^ 
when A by b c« 0*r. are diminijhed without limit. 



For the difference between the triangle and the fum of the 

rectangles, is the fum of the triangles Alm+m np+p q r^&c. which 

jib X SC 
is equal to — =? o when Ab yaniflies. Q^JE. D. 



• I 



523. Prop.* If a quiefcent body be oBed upon by a conftmU force tM 
the fame right line^ and any right line AB reprefent the time ^ and LM, 
perpendictdar to it^ the velocity communicated in the time AL, thefpaa 
defcribed in the time Ah will vary as the triangtt ALM.. 



\ \ 






Dem. Let AB be« divided into very fmall equal parts Ab^ be, • 

fj^ &c, andJe^tthe force?, aft only. at the beginning of each part, *^ 

and :the velocity co^equently, during each will be uniform. If 
the velocity cominupicated at-^ be reprefe^ed by bm^ theincre- 
mi^Qts communicated at b^ r, d^ &c. will be each equal to bm^ and 
confequently LM encreafes in the fame ratio with AL^ and AM 
js a right line. .JBut the fpaces defcribed in the particles of time 

Ab, 

■ •JCeiFs ny«c», Uet. Xt Graves, ^cft/l, Ch.XIV* ' Milifi:h$nl^roek, Ch.VLCLVIIJ. 
Cotes de Defcenfu Graviocn* Morgtn^a Notes to Rohault, Maclaurin's Phil. Difc. fi. U. 
Ch, V. EmerioDj p. 5, &c« 
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jii, bCi cd^ efy &c. are as the redangles^iv, bp^ cr^ ds^Scc. (107), 
and the whole fpace defcribed in the time A i, is as the fum of 
thefe reftangles, which, when Abybc^cd^ &c. vanifli and the force 
afts inceflantly, are equ&l to the'triangular irea {ALM). Q^. D. 

514, Con I. If the velocity and time be reprdent^d by ^ and 
5r, and be divided into very fmall increments V^ and T\ whofe 
number is n^ V:= » x ^' and 2"= ny.T. 

%. ■ . ?■•••.. *\ / • • - . _ 

• ' • . , . - . , . , . , . . 

* / . . V ■ •, 

• • ; . .. . . ^ , . ._ , •■• 

525. Cor. 2. If F, T and 02,' r reprefent cx)rrdponding, velocities 
^nd times, F:v :: T*: / and - ±= — : and; if for v a number of 

feet uniformly defcribed in / feconds be fubftitutcd, F=z — -^ — 

will be the number of feet defcribed inY' by the velocity TU ; 

i- > . • ■ ' > 

526. Cor. 3. whatever be the niagnitude of the conft4nt fppce, 
the fpace defcribed, 5, will be reprefented by a triangular area, 
and confequently S, or the fpaces defcribed by the action of diflfer- 
cnt conftant forces', are generally as Tx T, and,, when numbers are 

ipbftituted for rjand fT^ '^ is equal to the pr^uft of — -^4r-. Iii 

the fame conftant fbrce^ the' triangular areas ALM dnd AB C 9xe 

f always fimilar, and F and T are diredly as each other, and con- 

/ fequcntly 5 is ?s F^ or T». If therefore the time be divided into 

A equal parts, the fpaces defcribed in t We time* are as the bdd 

1 cumbers i, ^, 5^ 7, &c.j for the fpaces defcribed in i> 2,: 3^4, &ci 

» parts, of time, are as f , 4,'9s i6 • &€. and : eonfeJqoeiiitfy -theifpkes 

defcribed in the 1 ft, id, 2^'»: &c. aibne are as i',- 3 , c, '^^jkc. ■ 
-' , ■ -■- '•"''• C2>7. Gbft 

. • This equatlen may bt .deduced from finding the fum qf an arltEmctic progreflion : let 
V and T' be increments of T and T, and i = i + a + 3 ■+ 4 • • . » XF' 7*' = — X F'T 



{becaafe « IS ibfinltely .grm; ^n4 cDnfeipietl^ vaniihcsi .:^mjj^ed w|iih»*),3: * 



FXmr 



, 

2 
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527. Cor. 4» The fpace which/Is defcribed in any time T from 
a date of reft, is half of that defcribedt in the faihe time, with the 
laft velocity, F^ continued uniform : for, in the firft cafe, the fpace 

= ^ (526), and, in the fecond, the fpace = Fx ST (107). 



528, Cor. 5. If i body, projefled with any velocity, be a£led 
upon by a conftant force, in a diredlion oppofite to its motion, it 
will be uniformly retarded :' for the force will evidently deftroy 
equal parts of velocity in equal times. A body therefore pnK 
jefled with the laft acquired velocity, will afcend to the point 
from whence it fell, and the velocities in the afcent and defcent 
are the fame at the fame point. And, if bodies be pro)e£led with 
different velocities and refifted by the fame conftant fOTce, the 
time that elapfes, T, till the velocity be deftroyed, will vary as the 
velocity of proje£lion Fi the fpace will vary as the fquare of the 
time T*, or fquare of velocity F^ ; the fpaces defcribed in equal 
portions of time, will be as the odd numbers in a retrograde or- 
der 7, 5, 3 J I s and, whether thefe retarding forces.be the fame or 

• FxT 

different, the fpace will vary as Tx T, and be equal to • 



SCHOLIUM, c 

529, At the furface of the earth the force of gravity is conftant^ 
for a body defcends through 16;^ feet nearly in the firft fecond, and 
confequently acquires a velocity that would make it defcribe 32^ 
feet uniformly in i^} and this is found to be the velocity commur 
nicated in every facceeding fecond. . Any of thefe quantities, 
fpace defcribed £, velocity acquired, or time T, being knowui the 
others may be difcovered. 

♦ » 

f . The proper meafure of velocity is the fpace uniformly de- 
fcribed by it in any given time : if therefore a body fall by the 
force of gravity for /\ and acquire a velocity which would make 

Dd it 
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it ddcribc7T/«et uniformly in J*, Tand 32 are the proper mea- 
furss of the velpcities iQORiiTiunicated in f and 1'' (106), and Vx 
3a v.f m" (5?5), and ^==; %% x ^ If / 5=? 2. 3» 4, &c. fcconds, 
Fss'a X 32, 3 X 32, 4 X 32, &c..feet refpeftivejy, 

2. If V^ or the number of feet uniformly dercribe4 in i%by the 
yelQcity acquired in falling for an unknowa time, be given, this 

V 
time ihay be found; for it is equal — feconds« IfFrs 192 fcct> 

3? 

the time of falling =?= ~- = 6\ 

^ 3? 

3. I£ T'be the fpace defcribed in falling/', 16 iT:: i*'.f* (526)^ 

and l"ssB i6 K r** feet.. If / := 2, 3, 4, &c. ieconds, 3^= 16 x 2% 

16 X 3*, 16 X 4«, &c. ieet refpeftively. Or l* may be found by 

knowing the velocity {V) at the end of the defcent j for 7*: 16 :: 

. ^ i6xr« 16 xT* r* ^ 
r* : 32», and r= ^^ = — -=c- = t- feet. If V=z iqz 
■ ^ ' 52)* 4x16)* 04 ^ 

feet, rss: i||i-* = 576 feet. 

^ ..... 

4. If r, or the number of feet defcribed in falling, be known, 
the time of defcent, and velocity acquired, may be found; for 

r= 16 X /"*, and confcqucntly /' a= XiT. if r= 576 feet, t= 

4 



<i f 



■ .^ ■ =s: -^ ^c d feconds. And bccaufc ]r= l-~, ^£= v'l'x 8. 
4 4 64 

If r= 576 feet, F=: >/~^ X 8 = 24 X 8 = 19a feet.. 

» 

530. Prop. Ifbodiei he aSied upon by different nnftani forces, the 
velocities communicated will vary in a ratio compounded of the forces, 
and times* 



Let 
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Let Sf V, Ty reprefent force, velocity atnd time, and be fappofed 
variable, and it is evident that the velocity will be ericreafed and 
diminiflied in the fame ratio with both the force and time, and, 
thefe being independent of each other, F will be as F x 7*. <^. D. 



531. Cor. I. ^therefore is as F x 7*, and if F be compared with 
the force of gravity^ or any other known force, capable of gene- 
rating a velocity equal to v in the time /, then F:v::F%T :/x /, 

^F FxT 



532. Cor. %. Becaofe, in aU conftant forces, the fpacc varies 
generally in a ratio compounded of the velocity and time, and the 
.velocity varies generally as the force and time; the following ana- 
logies are general ; 

S is as Fx T, or as Fx T*, or as -|r J 

s y^ 

T varies as ^ or as .y/ •=,-, 

F varies as ^ or as \/S x Fi and 

. F S F* 

F vanes as =, or as ^ , or as -^ . 

If numbers be fubftituted for T, F, and Tj or the number of feet 
defcribed in a given time i, by the aaion of any conftant force Pi 
be fubftituted for the force; the number of feet which would be 
uniformly defcribed in this given time i, by the velocity acquired in 
the time T, = Fi and 7*= the number of parts of time each equal 
to I , contained in the whole time in which the velocity is coni^ 
municated: then ( 106) T and 2F are proper meafures of the ve- 
locity acquired in the times Tand i, and F: 2F :: T: i {$2$) and 
r = 2 F X 7*} and fuhftituting this valiie of ^ in the general eqda« 

.ion (5 = ^), .he foHowing g.«.«. .,«.«ons arc deduce. : 

Dd2 S 
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T=i'-y = ^ ^equal portions oftimc,cachofwhich is equal to ijand 



533. Cor. 3* Thefe equations and analogies are applicable to 
all accelerating and retarding forces^ fuch as gravity, and to all 
refinances that are conftant and produce equal decrements of ve- 
locity in equal times. 1/ the motion of a ball (hot into a bank of 
earth or piece of wood, be uniformly refilled, and the magnitude 
of this refiftance compared with gravity, and the velocity of im« 
'pa£t, be known ; the depth, or fpace through which it moves be- 
fore all motion is deftroyed, may be difcovereds and vice versa *« 



F I G. S^^* Prop. If a body defiend down an inclined plane AB by the 
CLV. a^ion of a conftant force F, wbofe dire^ion is perpendicular to any right 
line B C ; F will be to that part of F which makes the body defiend^ as 
the radius to the fine of the planes inclination to BC. 



Dem. Let any given line IsM^ perpendicular to BC, reprefent 
the conftant force F, in quantity and direction, and be refolved 
into two forces, XiV parallel, and ikfJV perpendicular^ to the plane 3 
Af iV is deftroyed by the refiftance of the plane, and LN is the 
only part of F that communicates motion to the body j therefore 

F: 

* EXAMPLE* Sappofe a refiftance were equal to tbe refiftance of gravity F, when. a. 
body is proje^cd perpendicalarly upwards, multiplied into any number n, and all mo*> 
tion were deftroyed in /"» then & (being equal to. the force multiplied into the fqiiare of 
the lime) =: a ^ 16 X A .If the velocity of pxojedUoit were fuch. as would make a body 



vel ^ \ f*' 

de&ribe / feet in a fecond nniformly, then S (btinv eqoal to — ;r^ — 1 zz - — *^ , ^ 
' /» V 6s ^ 4Xforce/ 4 X a X 16 



^ r 



3: -n^ • If *c 0>*ce defcribed and force b: known^.then the time is^equal to \j^- ^ .< •, 

and the velocity =; V^^ x a X 64 feet. 




H 
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Pi that part of F which makes the body move {A) :: LM: LN:: 
jiB ; A C (fim- triangles) ; : rad. ; fin. of ^ ABC. (^E. D. 



535. Con !• F is to that part of F which is deftroyed by the 
reaction of the plane as LMtMN:: AB : BC (fim. triangles) :: 
radius : cof. Z. ABC-, and confequently the part of F, deftroyed by 

the refiftance of the plane» s= z^. , which is conftant 

upon the ^me, or parallel^ {danes, and upon different planes^ not 

parallel, varies as the , f , if F be given:,. 

F% ACT 

536. Con a. Becaufe the accelerating^ force LN=zA=i ~yfW^ 

and F is given, A is conftant upon the fame, or parallel planes, 
and, upon different planes^ inclined in unequal angles to B C, it 

H 

varies as the height dividtd by the length, or as -79 calling H the 

perpendicular height and L the lengths 



537; Cor. 3. Becaufe the force upon the fame plane is conftant, 
die analogies and- equations in (526) are applicable to the motion 
of a body upon, the fame plane.; and- the analogies and. equationa 
ki (532) obtain when bodies move upon different planes. H BC 
be horizontal, and B be the. force of gravity, then the fpace de- 

m 

fcribed i^n: the plane in V =sx S=zA x.T"^ = Fx.T** x -^ 
(536) = f i ^= 7 == - — f =8xKtf 



£BCt J, and T" 



L * ' L L 

FxL L 

32 X H — 4 x v/if* 



^8. Becaufe the fpace defcribed^ is generally as the force mul- 
tiplied into the fquare of the time (53 x), the fpa<;es that are to 

each; 



L_> 
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each other as the forces muft be defcribed in the fame time, or 
when S is as F, T is given. If therefore two bodies defcend at th« 
fame inftant, one down the plane jiB^ and the other in AC per- 
pendicular to B C, and C.P be drawn perpendicular to A By P and 
C are cotemporary pofitions of the bodies ; for AP : AC:: LN: 
LM::A:F, that is, the fpace is as the force, and ^* and Tare 
CLVi S^^^"'' ^^ the diameter ADof z circle be perpendicular to the 
horizon, a body will defcend through it^ and any chord AP drawn 
from its extremity A, in the fame time, becaufe the angle APD 
is a right one; and the times of defcent through all the chords 
drawn from A are confequently equal to each other. 



539; Cor. 5. The velocities acquired in falling down different 
inclined planes, arc -as the fquare roots of their perpendicular 
heights 5 for F^ is, always as the fpace multiplied into the force, or 

FIG. as L X A; or as ^ (536)* or as ff, and F is as \/H j this alfo 

follows from art 53'/. The velocities therefore acquired in falling 
down the perpendicular AC, and any planes AB^ AE, AG^ &c. 
drawn from A and terminated by the bafe CB, are equal to each 
other. And becaufe F is always equal to 2 A x ST, and in this 
Qor^Fis given, the times of falling are as the forces inverfely, or 
9B ihfi lengths of the planes* Or becaufe S is a^ FxT, and F is 
given, T'is-as 5, that is, as the length. 



540. Cor. 6. The times of defcending through diiFerent planes 
are as the lengths direftly and fquare roots of the heights in- 
verfelyj foe the time is jjenerally as the fpace dcfcribed direftly 

L L 

and laft velocity inverfely (532), or T'is as j^ or as -7= (laftcon); 

this alfo follows from art. 537. The tiroes therefore of defcribing 
different planes, equally inclined to the direflion of F, are as the 
fquare roots of their lengths 5 for H is as L (fini. triangles), and 

confequently —7= is as —y~x or as v^-t or 71 

54T. Prop. 
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• jf4i. Prop. 7T>e velocity acquired in falling down anjf, number of p^^^£ 
contiguous planes^ fuppofing none to be lofl. in paffing from one plane to 
another^ is equal to the 'behcity acquired in falling down the Jame per^ 
pendicular altitude. 



Dbm. The velocities acquired in falling down AB and EB^ AE 
+ BC and EC ox PCy AB-^BC-^CD and PDy or down the 
perpendicular PR^ are equal (539)* Q^^.D. 

542. Cor. The velocities, acquired in falling down any fyftems 
of planes, are therefore as the fquare roots of their perpendicular 
heights ; and if the body be projefted from D with the velocity 
acquired, it will a(cend through this or any other fyftem of planes 
to the fame perpendicular altitude 



543. Prop, The velocity hfl in pajjing from any plane to the nexf^ fig. 
xj to the whole velocity as the fine of the angle of their inclination to the ^^^^^^' 
radius. 



Dem. Let CB reprefent the velocity acquired in falling down- 
AC^ and be refolved into two, CP coincident with the plane Ci>, 
and BP perpendicular to it;! and this laft is evidently deftroyed 
by the refiftance of the plane: but BP : C J?:; fin. of Z.PC5 or 
JL PC A : radius. Q^. D, 



544. Cor. I. CB : CP (velocity upon the plane CD) :: radius :• 
cofine of z. PCB or PCA. If the angle ACD become equal to 
two right angles, or ACD be any circular arc, CP and CB coin- 
cide, or the velocity loft is equal to nothing; and confequently a 
body njoving in any circular arc fuftains no lofs of velocity by 
changing the dire6lion of its motion 5 and a body, projefted with: 
the velocity acquired, up any curvilineal arc, will rife to the fame 

height from whence it felK 

545. Con 



216 RECTILINEAL MOTION of BODIES. 

545. Cor. 2. If ACD be any circular arc» the velocity acquired 
in falling from ^ to JD is confequently equal to that acquired in 
fialling through the fame perpendicular height ; and the velocities 
acquired or deftroyed in defcending or afcending through two 
curve lines are as the fquare roots of their perpendicular altitudes : 
for every curve may be confidered as confifting of an indefinite 
number of inclined planes. 

FIG. 546. Prop. The times of defcrtbing two fyjiems of inclined planes 
^^^ • A B C D and a b c d^ wbofe number^ inclinations^ and ratios of their 

lengths are thefame^ are to each other as the fquare roots of the lengths 

cf the planes^ 

Dbm. Becaufe the planes are equally inclined to the direction 
of the force, the time of falling dov^n AB is as \/AB (540), or 
as VEB^ or l/£C(hypoth.), or as the time down £5, or ECj and, 
dividendo, the time of falling down BC, after having fallen down AB 

ox EBy \s^s >/ ABi confequently the time of falling down AB 



'*> 



J3C is as \/AB^ or as \/A jB -4- JS C, &c. : for from the fuppo- 
fition s/'AB : y/Tb :: s/AB-^BC : \/ab + bc, &c. Q;j;. D. 



547. Cor. I. The times of defcribing fimilar parts of fimilar 
curves, equally inclined, in fimilar parts, to the direction of the 
force, are as the {quare roots of their lengths. 

548. Cor. 2. If two bodies vibrate in fimilar circular arcs, the 
times of performing thefe vibrations are as the fquare roots of the 
lengths of thefe arcs, or as the fquare roots of their radii. 

SCHOLIUM. 

549. In the preceding propt^tions and corollaries, inclined 
planes and bodies, defcending or afcending upon them, are fup- 
pofed to be without any afperities upon their furfaccs, and the 
bodies are fuppofed to move by the action of a force in a given 

diredion. 



*. 
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dire6lion, without any retardation from fri£lion^ or rotation about 

•^ an axis. In this ruppo(ition» the tendency of each paiticle of a 

body to defcend, when impelled by the force of gravity, is equal to 

H 

the particle multiplied into y, and the tendency of the body ^is 

H 

equal to ^ x j-, and is the fame as if it were colledfcod in its cen«i. 

ter of gravity. But if the parts of ff^ and the inclined plane ad- 
here together, the force of this adhefion muft be eiHmated and 
allowed for in pra6tice. If ^ be a fpherical body, and the parts 
of its furface in contact with the plane adhere by the preflure of 
IT upon it, their tendency to deicend will be diminiflled by this 
adhefion, and confequently they will be regreflive with regard to 
the center of gravity G, and revolve round it. The abfolute ve- 
locities of di£Ferent particles in fT^ and confequently their accele- 
rating forces, are different ; and the tendency to defcend of the 
center of gravity is diminiihed by this motion of rotation round 
it. The angular velocity of every particle round G is the fame^ 
and the fame as if all the particles were concentrated in their cen- 

ter of gyration T, or a body whofe magnitude is — g-^^j — were 
cpllc£ledin-rf(498). 



550. Prop. Suppofe the f^me fpherical body to Jlide and roll down F I G, 
the Jam inclined plane ^ tojindtbe ratio of tl^e forces aSling upon it. ^^^^' 

From the nature of the circle, the initial regreflive velocity of the 
point ^ is equal to the progreffive velocity of the center of the fphere, 
or center of gravity G\ but the regreflive velocity of a body whofe 

fFy^GT^ 
magnitude is ^ .^ ■ placed at ^(laft fcholium), would be deftroy- 

H 

ed by the aftion of a force in a contrary direction equal to y ; and 

in this cafe G would not be impeded by the regreflive motion of-^, 
but G and yf would Hide down with equal velocities; confequently 

E e tlie 
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tl^ fv^ ^^ms u f>oo y wjpten h G}^9 : the force when it rolls 

4o.wfH.the plasie ;:. ff^-i cj[r~ ^z L* ^^ '• 



551. Cor. If the center of gyration be found, and GT", and 
^^be exprefled in numbers, the ratio of thefe forces wilt be e:&> 
pjieM in. tei^rns^ of the weight. 

SCHOLIUM. 

|:5t. In tha communication of motion- by the external applica« 
oation oi fasces fuch 95 impafli, protcufion, kc^ theic magnituife,. 
oc ca|ncity ta communicate moti<Hi> is not always meafurable by 
tfafisr ootBxnporary efk&s ; but in this chapter every particle 06 
iBotter is ftippofed to be Impelled by a force, iirailaf tO' that of 
gravity, with the fame intenfity in pacaUsl directions^ which wiil< 
consequently coramtinicate the fame velocity, or change of velocity^ 
to bodies of diffisrent magnitude8> whether quiefcent or moving^ 
The magnitude of thefe forces at any inftant, or the magnitude of 
their accun»u>ated adVion, is meafurable by their cotemporary efie<5ls,: 
or by the velocity generated or deftroycd in equal times^j for the 
increments or decrements of velocity, produced in equal times, by 
the fame conftant force, being equal, the whole velocity is en- 
creafedor diminiflied uniformly j and when the forces are unequal,, 
the changes of velocity being as the forces, it is evident that the. 
velocities are proper meafures of the xntenfity of forces, and will 
vary as the forces multiplied into the times in which they are ge-' 
nerated or deftroyed. And the magnitudes of variable forces, 
whofe intenfities and cotemporary efFefts are perpetually encreafed: 
or diminiftied, are meafured at any inftant of time by their con^ 
ftant a^oivat.that inftant, or by the velocities which they would. 
producp, in the fame time were their intenfity conftant during, 
that tjmej and dre magnitude, of their accumulated aiSlions for 
any finite time is meafured by the addition of thefe cotemporary 
effeds. 

553. Prop. 
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453. *P«OP^ ijTF, V, T, ft^efetit any finite tiariabk fora, vebcsty 
end time^ re^&iveJy^ and V, l\ bt any fmaU changes cf V and T| ^ 
mllvaryasF^ii:. 

Drm* The force. F being always finite, and being ftrppofed to 
encreafe or decreafe according to the fame law, an encrcafc or di- 
minution of it in any finite time mud be finite, and confequently, 
in an infinitely fmall time, evaneicent compared with the whole 
force jF, which therefore may be confidered as conftant during the 
time 7* in which V\z generated or deftroyedj therefore (530) ^ 

varies as F x 2*. Q^E. D* 

■ ' • • •• 

• • • 

554. Cor. !• If ;^be the fluxion of the velocity, or the change 
of velocity generated by F at any inftant, fuppofed to aft con- 
ftantly far any time T, f^will therefore vary as F x^, 

^S^. Cor. 2. T istherefore » ^ and Ft& ^ and the j:^datioQ 

of any two being known, the other may be found) and becaufe 2* 

S 
is as Ts ^^is as Fx 5. 

556. Pro?, ^^ny right line AS reprefint the time, and OR ie as ptg, 

the force at any point O, the change of velocity at O ivill be as the areaAJk. ^^** 

. - • ■ • : 

Dem. The increment of velocity ;>^ is as Fx ^Ti or as AB x Ap 
or as Aq\ and the next increment of velocity is as /^ and the 
funi of the increments, or the whole change of velocity^ is as the 
fum of thefe areas ; confequently the velocity communicated in 
the time AO is as AR. " t^E. D. 

557. Cor. I. If the time in acquiring any given veloeky be 
known, and the areas AR can be fquared, the velocities ccMnmxi* 
iiicated in any other time AO may be foundj and vice versa* 

558. Cor* 

♦ Novt. Piin. Tom. I. Sea. VII. Eukr't Mecbaa. Ch. IIJ- 

£ e ^ 
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558. Cor. 2. If the force F be finite, and the time jip infinitely 
ijEXialU the increment of velocity, />; is evanefcent; becaufe jiBx, 
Ap =s a finite quantity multiplied into one that is evanefcent = o; 
and confequently the increment of velocity, or V^ is infinitely 
iinall, and no finite change of velocity can be generated by F in 
an initant. 



559. Con 3* If the body afcend or defcend, and the velocity be 
as the time in which it is acquired or deftroyed, the force is inva- 
riable; for, from this propofition, the change of velocity is as 
^R, or as AO (hypoth.), and confequently AVL\%z, rcftangular 
parallelogram, or O JR is conftant. 

FIG. 560. Prop. IfFO r0prejent the Jpace defcribed by the aSion of a 
CLXI. y^^^^ tending to S, and the ordinate OK be the relative magnitude of 

tbejorce at the point O, tbe velocity^ V, acquired at O will vary in a 

fuhduplicate ratio of tbe correjponding area PR. 

Dem. Let Vy F, S, be the velocity, force, and fpace defcribed, 

refpeftively, and becaufe V is as JF x 7'(554), and T is as p^ T/^ is^ 

yz 
as Fx jS, or as PB X P^, and the fluent of FF^ or — is as, 

the fluent of PBxPp or PR, and f^ is as y/PR. Q;^E. D^ 

561. Cor. r. If a: be the diftance of the moving body from the 
center of force, 5, and the force be as any power of the diftance,. 
whofe exponent is « — i j Ff^i^ as-Fx — x^ or as. — x^'x, and 

J^« — x* 

— is as h correftion: but when ^= o at P, <;c= 5P=r^ 

2 n 

and — s=5^} therefore tl^e corrcftion s= -| and iKi^as %//>•— ;c!. 



• » 



5jS2» Con 
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562. , Cor. a. If the force be. conftant, or » = i, then f^ being 
as v//>"— X* is as \/^— ^, or in a fubduplicate ratio of the fpace 
defcribed, either in acceding to S from a ftate of reft, or receding 
from S till the velocity be deftroyed. The fluxion of the time t 
is as the fluxion of the fpace direftly and velocity inverfelyj or as 



X X p — x) *, and T is as ^—7 — , and when T=z o. 



ti 



CLXIU 



jf =^, and ^- — 7 — = o; therefore T* is as the fquare root of the 

ft 

fpace defcribed from reft, which coincides with art. 526. 

563. CoF. 3. If the force vary dire6Hy as the diftance, or « = a^ 
then V varies as s/p^ — x\ or as the right fine of a circular arc, 
defcribcd from 5 as a center, and radius equal to SP orfiy whofe 
ver&d fine is the Ipace defcribed. And defcribing this circle, the //Jjj- 

fluxion of the time T is as p, or as ^-g, or as -0— (fim. triang.), 

PRD 
and the fluent T is as the^fraftion --^-g;-^, which is a conftant quan^ 

■ * 

tity. If the force therefore vary dire6lly as the diffance, the times 
of defcent to. 5 from a ftate of reft are equal wherever P be taken* 



5^4. Cdr. 4, If the force vary ihverfcly as any power of ther di- 
ftance, or n be negative, or lefs than i, let this power be expreffed 

by the number — w — i ;. and V is as ^ — — , or as 

/^ p^ — ^x* • ' 

\/^ — ^m ^ - If th^ f<>rce be invcrfely as the diftance, or /» = o,. 

^^ tn X p Xr 

this expreflion does nqt (hew the variation of velocity. If the force 
be inverfely as the fquare of thediftance^or./K^nfi, ^i$ as ~j£: 



y/m xpx 

or the velocity is as the fquare root of the fpace defcribcd direflly^^. 
aiid inverfely aa the fquare root of the diftance from S: 

m 

S6s* PR0P4. 
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F I G. 565. P&op> ^the trdftu^n PB* AL« OR* i^f clitwp propmhnal 

cuciil. ^^ tbeforfti at t&ofe points, aadtbefgrce^t tk^imtinwd confianf through 

the jpafe A M, eommunicafe s, veioeity, V» ^ual to that quired by the 

body at 0« defending by tbf variabU force, the arta P R mil be equal 

to the re&oi^k AN« Mtdtbe b$dy mvfi have faUeH from P. 



Dem. Let "^ aad^ be the fluxions of the velocities communicated, 
by the variable and condant forces refpeflively, in any periods of 

their defcent; and v.\ Vw : -^ (555)i 



V 



V 



and 'ov\ Vy '.'.PBy^POx AL% AM, and, taking the 
fluents, V* : V* :: PR : AN. If therefore v = F, the areas PR 
and AN are equal, and thef body muft have fallen from P, 

qjs. D. 



566. Con I. If the areas PR and AN he equal, the velocities, 
acquired by the a6^ion iff the c^nftant and variable forces, whilft 
the bodies defcribe, from reft, the fpaces AM and PO^ will alfo 
be equaL 



567. Cor. 2. Becaufe the ar<»a9 -^iVand PR are always equal, 
when the velocities at M and ar^ equal, their increments r aiid 
Mn muft be equal i and if F be the given force at A^ and y = the 
fpace defcribed^ilf^ -F x ^ = Or:ia ORr.Oa^= the force at O 
multiplied into the fluxion of the fpace. 



568. Prop. JJf a body be attraSled towards the point S, by forces 
which always vary as that potwer oftbeuiiftance wbofe exponent is n — r, 
^nd begin to move at any given diftance S P, // is required to ajfign the 
velocity^ V, acquired in defcribing anyjpace PO, fuppofing the magni- 
tude of the force at any given dijidnci SA to be known. 



Let 
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Let the flMgnitaik «£ thi forteatijtf :b«! to tbe force of gia^ 
vity as JP : I, and let . . - 

SOassX}, ani, frooii the fuppofitioHy F ; force at any pDint 



fiTu tf*-" : x!^K and the force at 0=» JI, . Bat, if y Be tfie^ 



%>ace through^ which a body ifi«i(l falP, when a^ed upon by a con^ 
ibuit force^ equal to jP» to acquire x velocity eqjual ta t^ at O^ 

from {s^7) ^^ X ^^ 1^=?^ r and the fluents are equal, or 

Fx.y = ■ iL^ + correftionj. biit when Fxy vanifhesi x^szp^. 



and conftq^ientlv the fluent cortcfted 3» — ^^=r" .• But if j^ 

be the fgace de&ribed by. the foroe of gravity in i^) of any otKei> 
given time 1, and the force ofgravity.be expreffed by i, F==- 

•^/^XPJ « V^^^^^^ M in 1". Qj:. I. 



569. Cor. I. If the force be as Ibme negative power of the di- 

itaiice, or » r— i == — >»» then. F : the force at O, :: ^'"* : pr\ ani 

F X ^""*^ jp X" x"** iV 

the force at O = n^^r^ j the fluxion of Fxy =: — -^j — ahd 

lis fluent = ==±= + cor. 



«ixtf""* 1 — WXX*"* I — wx^" 



«* n 



« fc r^ 



570* Con. 

••Let/rsthf force of grtrity,. 

i = the fpace defcribed by the condant a^lion of/!iv i" =: ]6 feet ntartyy and 
« = the velocity ac<|aited in falling i^' ; and 

#r* ; V* ::Fxj :/x i and ;^» =- ^5 ' ^^ > **«* ^^/= W v = a ^ and ^* =f4 //> and ^ 
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570. Cor. 2. Becaufe 4'F/ and 4^* are given quaadtie^ F* va- 
ries as V^ — x". 

571. Cor. 3. If the body defcend to the center, or x ss o, and 
tbe force vary according to any direA law of the diftance, or in- 
verfe law lefs than the limple, that is, if n be any affirmatiye, 

whole number, or fraflion lefs than unity, V=^ / ^ ^a^ ^^ 

a real finite quantity. Let the force be as that power of x, whofe 
exponent is — 1, i, 2, 3, &c. or « = t, 2, 3, 4, &c^ and V=z 

V^ ixn-i ' >/ 2%a ^ V 3)^4» • V^ 4xj3 '^' 



572* Con 4* If the force be inverfely a$ the <liftance, or fi = o, 

and the body defcend to the center, as before, F = ^ /q^ ^Jr 

is infinitely great. If the force be inverfely as the fquare of the di- 

F:r*x Pa* 

ftance, or « = — i, Fxy^^—^ , and Fy = + cor. = 



Fa^ Fa^ Fa^xp — x . .- y in , P—x ^ 

— = jf^ , and r=s s/^^sFa* x^-- — . From 

X p px ^ ^ px 

hence it appears, as before (564), that the velocity varies as 



573. Prop. Suppofe a body to be impelled by a force varying as that 
power of tbe dijlance from tbe center of force S, wbofe exponent is 
n — I, // is required to ajjign tbe time of defcribing any fpace PO, y»/- 
pofing it to fall from ajiate of reft. 

The fluxion of the fpace s ^= F x 7; and confequently f is 

■ 

X 

equal to the fluxion of the fpace divided by the velocity =55 — j^= 
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; and the time is equal to the fluent of 



\/4jFx/" — «" 



' y =. ■ . Or, if »— I be negative and = — «r, then 






574, Cor. I. Let the force vary as the diftance from the center 

of force jSi or 0195 2, and 3* =« .^^^ — =, x into the fluent of 

^ 4xF 

*^ • • • ' j' 

. ^ t 1 ^ =±& cor. -^ length of a circular arc, wfaofe radius is unity 

and right fine -. If the time vanifti, or a; ss^ the cor. = length 

of a circular arc whofe radius Is i and right fine is^^ or i , and there- 
fore =s a quadrantal arc ; confequently the time of dlefcribing any 

Ipace FO is equal to ^ — jj x into a quadrant — ^-— gxinto th« 

MA . !• t f ., ^ , 

arc whofe right fine is -, the radius being unity. When the body 



•^ ..i \'.^ 



* •• • 'I » * 




defcends to the center, or - = 9, the time is equal to ^^ _. 

into a quadrant* If the radius of the circle =: r, and a quadran- 
tal arc of that circle = ^ the quadrant, of a circle whole radius 

is unity = ^ and the time of defcent to 5 = y/—p ^ ^= a 
given quantity. 



1^^. . Cor, a. If the force vary ihvcrfely as the fquare of the di- 
ftance from IS, ihen V « >^4^^^^/>'r :^ ^^d T' = if '^ 

Ff y/p 



I 



ii 

I 

I 

I 

I 
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cLxvi. \/r^^ ^ s/f^^ ^^^^^T^fS^ ^ *'^° '^ ^"^"* °^ ^-^ 

w ^ . ^ . With iSP ojr / as a diameter, and from the center C de- 

fcribe a circle, and the fluent of i x /- is as; the area P/55i for 

this area = fe£tor PCR-Jh the triangle SBC^o^tH, Pk -h fine OR 

cp . . . vp 

X — , and the fluxion of the area =zRr+mr (PR-irOR) x --— 
.. 4, . .4 

T.-OR:. t^xQg(fim.tnang.),(yip^,or^^ .orxx 



^) 



/j /m^ :.=» X-X^— X arc PJR Hh fiae Qi?. Andbecmife — C 



^ X 



isgiyeo, the tiicc. of deijbribpg PO varies as J? i? 4- Oi^ or as. 
TR^OR^ ^) Qf aj} the area Pfi*S.. 

« ^^ '^ ^. r . ^ :. 

» • • « 

FIG- , '5^6^ , ??^'': • V ^ ^^^ he^in toj^allfrom A, 4t iy reguircd to Jeter^ 

CLXIII. ^^^^ ^^^ J^tf^^ A O ibrwgb ivbicb it mu/i defiend^ when impelled by d 

for^J^^yifig. ^s that ffower of the diflanee wbofe exponent is n t~ i> ^9 

dcqkir^ a Velocity; Y'^^ equal to thai coinn^unicdied^ wbiljl the body de^ 

Jcriiis. 9 fpaceaqUal to — : , t)/ the cohfiant aSfioa of 'a fierce equal to> 



that at A. 



. ,. ■..) 



■ 

^ f * ■ * • 

* I 

• J • . ' * 

Let the force at -/f = i 

• - . jSO 5;;: ^. And the force ^t ^ oi- x :tlie force afr 

;; r*"' :,5f*''i; aiid the force at = .-^^^^ apd 5 xjjhc fjrce^t -<f' 



.« 
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- == &e fluent 0f — "^3^ (5^7) "= "^ 






^ X r^*^ 2 . 2 » 



577* Cor. I. If the force vary direftly as the diftance from the 
center S,,<kjtiei.Zix ga;'^ <>\ /> ^^i-. Vi\ ai^<j^> tffid tbe hcniy midl-fall 
to the cetiter to acquire a velocity equal to that acquired in de- 
Icendii^g^ thi*Q«lgii ^^^i wl^dsi a£ted Uprni^bj^ cdinftsnt fbcce^tEpi^ 



to: that at '^ ': /.'* rw. 



c • * ^ .. 



578^ Cor., 2. If the. force vary inyerfcly as the diftance, or 
iii:±i£. oii « 3^ i .iiii^. ... ; ' ;• wbitih ^ex^effiont does not ihcw the vib- 
iae o^-»: tet itXtts^tia'lfOQDd: by ^' Mowing :^rocefi. Tbe 
^rc? at,^ or ; : forjje at O.:; x : r, amd thc^orce at O s= -^ and 

-:. — r r-x JB.U. rr-.". = ^^ ^~ byp- ^^5^ of x-f-xor. ssr'^ '^Jogr of* 

jr - 

H-rxlog. olr«=5xl»gJ(rf-.. • • • ,.../.' 



» *- •» t • . » 

579, Cor. 3. If the fprce vary inveriely as the fquare of the di- 

V < ^'Vl-'n^'^'- • • • ---• * «^ i^.''*<^- --.' ' ' -'^ :*. ;"i 
fiance from 5, or n =ei- — i ; x ==: .. ^ =: J x r, and the 

r • , / . • » . 

body muft fall through a third of the diftance oA/ or'tdm^^' If 
the force vary according to any law therefore between the direft 
fnnpk^aft4 mv«rfe!duprK^ate titfae/f'tMc'dFffenci'fram 5, the 'body 
muft fjiU to fon^e jn^rmedia^e -Ib^ce^beinw /». . If, thf 

loix^'viivyis ihat^pdwei* of *tne 'dittancc:^inverfcT^ wiofe ex- 
.ur.z Ff« ponent 
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ponent isi 3, 4, &c. or « = — a, — 3, &c; j then ;c= - "*" * ^^ 



-" — t 



2— * - 

^— J , &c. = — ,. •, - ,. -■', &c.; and the fpace fallctt 

2~"3 2|* 5^ • 

. , ' 2ixr 2jxr 

through s= r — r-, r — — r- , &c. 



4' 



; , 



c ' ^ 5^^' Frop. Supprfi the frrce at A t^ be i, and metixn places ttp 

vary as that power of the dijlance whofe exponent /x n-^i, // h re^ 

quired to determine the height to which a Body will afcend when adfed 

nfm by tins variable foree^ : and projeSed from A in the dhreQion %h 

5A 
with a velocity equal to that acquired in falling through -r-^r, as. in tit 

tafl propofition. 

ft 

Let B be the place to which the body a(cends, and the force at 
utf or I : force at any other point 0.;: tTI : if~\ and the fprce at 



I— •• 



But if the body were impelled by % coofUnt for c< 



equal to that at Ay it would afcend through a (pace equaT to - 






and (567) -— == the fluent of-5=r = rr'^s^r, Hr cor. 



2 r— ' axr*-' " " «xr»-*»' 

a„d5i^ = x--r-. andx = ^i^-. C^E-t 

2 21- ^- 

. 581. Cor. I. Suppofe the force to vary direftly as the diffance- 
fcoip 5» or tt= a»i then ^— «=ji — - = ^^rT-> and.x (==i5£.XjJf^ 
:: 4i : 2U: 2I : 1, , . 

J 

562. C«r. 2» If the force vary, iavecfely a« the diftiMice from^iS^, 

ior »== o> X s5 1^ — 'y which, exgreffion docs not flicw. the 

I . mag^ 
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magnitude of x-, but it may be determined by the procefs in. 



583. Cor. 3. If the force vary invcrfery as the fquare of the di- 

2 — iV« X r 



fiance frgm 5, or n 



i„ then X 






ar = SDi 



If the force therefore vary according to any law between the di- 
re^t finiple and inverfe duplicate ratio of the diftance from S^ the 
body will rife to fome intermediate altitude between B and D. 
If the force vary inverfely as the cube, of the diftance, or » = — 2^ 

and i& infinitely great. If there- 



at-*- xr 



25 xr 



then X = -^ 

fore the force vary according, to. a law between the inverfe dupli^ 
cate and triplicate, the body will afcend to> fonje. intermediate* 
i^ace between D and infinity. 



r » 



I . 



• . \ 



9 J 



. 'I 



e HAF. 



»« ' 



* . 
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CHAP. XIII. 



PENDULOUS MOTION*. 






F I G, 584. t>tv. A S ODT^y or number of Mies, conmAed to a right tine 
c^xv. -^^ SP, und moving about a foint S to which it isjkfpend^ 

ed, by tire force of gravity ^ if called a pendukm. 

585. Def. The motion of a pendulum in the fame mreSiion^ from a 
fate ofi^e/iy tiU Pt begins tc rettrh in tm op^c^^ Jire&ion^ is one vibra'^ 

tion or oJiiUatio^ / r ' 

586. Cor. The velocity acquired in defcending from P to F, 
fuppofing jSFto be perpendicular to the horizon, will make the 
body P defcrxbe an arc Vp, whofe perpendicular altitude is equal 
to that of VP (542), and the motion through VP is equal to one 
half of a vibration. And becaufe a pendulum, compofed of any 
number of bodies, will perform a given vibration, or equal parts 
of a vibration, in the fame time as if they were colle6led in their 
center of ofcillation (512); a pendulum compofed of any number 
of bodies may be reduced to one, where one body is conne6Vcd to 
a right line SP, and the length of a pendulum is always under- 
ftood to mean the diftance between the centers of ofcillation and 
fufpenfion. 

587. Prop. If a body vibrate in a circular tfrr P V p, that part of 
the force of gravity, which accelerates and retards it, varies as the 
right fine of the arc intercepted between the body and the loweji point. 

Dem. 

• Kcirs Phyf. Led. XV. HelOiam, Ua. X. Mufchenb. Ch. XTI. CCXCVII. Mac- 
laarln's Newt. Book II. Ch. V. Emerfon's Mcchan. Prop. XL. Hugen. Horol. Ofcil. 
Part 11. Prop, XVI. Rohault's Notes, Part IL Ch. XXVIII. 



^i 



' Dem* Let th^ force of gravity be repreftnted, jn qviaqtity ^nd 
direftion^ by a given line LP pcrpendiciala^ tp the hof-izon, and 
be refolved into two forces, LM parallel ta the firing ^P, and 
PJlf touching the circle in P, of which LM i^ thetenfioij of the 
ftring and has no effed upon the body 'is. motion, and it is accele-» 
rated jind ifetar4?d ^>y Pji^otjlyi therefore :^hc?ucc^l<fm)Ung force 
{A) : fprce pf gravity (G).:: PM : PL *:: PNiSP (fim. triang,),^ 

and ^;= ' sp "* ^'^^ confequeptly -/f varies PiST. .Q;^-!). 

• * • 

588. Cor. I. The vdocity at any pointy is equal to that ac- 
quired in falling through the perpendicular altitude ND (541), 

and v aries as v^^ , or s/ (^V^VDy^j^s/NFr^ ^S-^Vp^zf^S, 
QX s/FV^ ^ ^} {PF j^nd ^^ being chords pf tljf .anc& PFbM 
^r)^ or as the right fyn^ of a circular arc, whpf^ radinas js*^h^ chord 
PF, and vcrfcd fine the difJereijqe between the cji9^-4s PiFand ^/^,. 



589. Cor. 2. If the arc mVht fuppofed equal to two inclined 
planes m^n 4od.n F^ touching tt: at m mid F^xh^b pJines are cqnal, 
and tfae velocity: ip the Jborizontai plane nF \^ uniforim, and the 
^me of defer ibing it is equal to haif the time of falling down mn 
(527): but the time of falling down mn{t) i tinic(7') of falling 
down mF{=^ 2 mn), or down the diameter 2SF:: m n :m F:\ii z^ and 

t zsz- y and canifqu(entJy the ^rnies pf defcribtng mn an^ f^V^ or 

^e time of half a vibration c?t ^—^ and the timcof a wbok vibra- 

4 • 

teon rT:: 3: 2. 



S C H O L I U M* 

* 590. If the T)ody P be aded upon by a force F, perpendicular 
tcxthe horizon, which is to tbe fowe of gravity as the arc PF to 
its fine PNy all vibrations are ifoc^rbnal,; for, let 5P reprefent the 
aonftant force of gravity, and PZ) = P;/and by a refolutioh of 

PL 
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P2> into two, IilAf parallel to 5P, and PAf coincident with 

tlie tangent, this laft is the only part of F that accelerates P. 

But PL I PS :: PAf : PiV (fim. triang.), and 

PL : PS :: PF : PA' (hypoth.); and confequcntly PM=s. 

PV, or the accelerating force is as the diftance from the lowed: 

point If, and P wifl always arrive at Fin the fame time (563). 

PF 
The ifochronal force in a circle, P, is therefore equal to G x -=^7.; 

and, when a pendulum is urged by the force of gravity, the time 
of a vibration will be encreafed with the arc of vibration, becaufe 
the exceis of P" above C is encreafed with that arc. 



FIG. 597. Dep. ]f a circle TV E revolve upon the right line BA, the 

CLXVIL cf^^y^ lif^g 5 Vj\ dejcribed iy 4iny point P of the periphery in one rf- 

volutiony is called a cycloid: B A is the bafe^ V D hiJeBing BAat right 

angles is the axis, V the vertex, PM parallel to the bafe is an ordinate, 

and FPE is the generating circle, (fthe cycloid. 



592, Gon Becaufe eveiy point of the periphery of the gene- 
rating circle has been applied to the bafe BA, it is evident that 
BA is equal to the periphery, and BD to the iemiperiphery of the 
generating circle. 

593. Lemma*. If a circle be defcribed upon the axis as a diameter i 
and an ordinate PM be drawn from any point P, the part ofthisordi* 
nate P L, contained between the point from whence it i^s drawn and the 
periphery of the circle, is equal to the circular arc VL, contained between 
the vertex and the inter fel^ion of the ordinate and periphery . 



Dem. Let FPE be any pofition of the generating circle, and, 
becaufe every point of the arc PE has been applied xo BE, 
the right line jBE = the arc PE = the arc IrD, and the arc LV 
=iED^MN=^PL. C^E.D. 

594. Cor. 
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r -59,4* Cor. Becaufe PL is always equal to .the arcXr ocPi^,.their 
<x)teniporary ijicremcnts or decremwits are equal, that is, the inir 
tial motiqps of the point P, which traces out the^cycloidal arc^ 
Qixp parallel to the bafe jB^, and the other in .the dire^on of the 
tangent to the circle at P> are equal to each other. 



5^5.. Lemma., jin ordinate besng drawn fronk any point T^ofjbe 
cy clot dal arc ^ cutting the periphery of the generating circle^ wboje dia^ 
meter is the axis VD, in L, the chord Vh of the circular arc is pa-- 
ralkl to the line touching the cycloid otF. 



Dbm. Let GP be. a tangent to thectrde atP» and produdng 
JSP.to C, the z. CPg =s L. GPE s= Z.G£P. (the tangents DP and 
DE being equal, £uc. fi. IIL p. ^6.) ss z. EPN: but the initial 
inotions of P, in the directions GP and PL, being equal (594), the 
path of P or P ^ will bife^ the ai^le qPp (compofition of motion), 
and confequently the Z. Cpb s== Z. EPb^fxPb is at right angles t» 
£ P, and F Pt which is parallel to Xf^. is alio pefpendicular to £P, 
aiid therefore a a tangem to the curve at P. Q^. D. 






596. Cor. A tangent to the cycloid at the vertex V is therefore 
perpendicular to the axis VD and parallel to the bafe BA. 

•'-' 597' tLBJKMA* The gflfratiii^ cirfkifii^ defirihed upm the axis 
^s 0:diam<tfry tnd m ordinate being drawn from any point O, cutting 
fkL:iwrifbery.ofi.tbe*circle in R,. the cychidai arc VO is equal to twice 
the correjponding chord of the circular arc VR^ . 

wJ>nHf.\^^m tW >P>Jdin»jte r« mfinitely near |o /20, anpl ri-per- 
.pen«^a;ilji^^ X^ VR produced, and Vr =s Fs^ the angle at V beii>g 
jeyatK^i^eQt.;; and Oo{js=-Rv) and R r are cotemporary increments 
oif the arcV'CTand chord V^i drawing tangents to the circle ;^t 
Tand Ry the triangles )^227'and Rr% having tiic angles at R ver- 
i G g tical. 
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tkal, and th« angles Ti^ft^nd Rvr aUcniatte, are (isHlac> tadr 
confeqncntly S ir ai « ir and K!<v or <l « cs sKi. The increment 
of the arc J^O is thenefoFe equal to- twice the corre%on£ngitia«» 
nent df die chord Vltt «ndj i)ccaurc thef ai« itutfeent and «vaafi£^ 
cent at the fame tine, FO «e t JT JL Q^. D. 



Produce the axis VD makiog^SEZ) sp DV>^ and t^osgh^ drawa? 
lineXiSH parallel to BA^ and let two circles, each equal to DLV^^ 
generate two femicycloids SA^ iSB, each equal to £^or AV-j and if 
t»e extfemky o/\a ficmg iSjCif, wfaofb Idngdi- is ^qktal to f?^ or 
SCA^ be fi«^ at iS; a body coIIeStod in the ether eitreinity X^ wHl 
always be found in. the cycloidal ^rc XFP\. for, becaufe SCX^^'sl 
tangent to the cydnd at C^ CX i» parallel to EA (595)^ and CG^ 
xxzEAi hntCX^si^AE (597>«^Ce?and £fG=:=:e^, and the 
^ordinatcs XL and CR ave equidi&int ffonl ^JD, «* AP^xc Dd^ 
and the arc AE trs tbe arc £i>,. and the diord UJtis piac<Ilel to 
AEorXGz hut JfOasCE^ss the arc .^f£^. and. confcquently tl» 
remaining arc HE{=:LF)z=iGD=:zXL^ and X is in the cycloidal 
arc AXr{s92}. 



599. Cor. Becau(^ iSt2X touches the curve^at C,. it is evtd&nt- 
that whilft X defcdbes a very fmall arc,. C may be deemed quie£> 
cent, or CX is always perpendkruhr tothe-cyckHd^ avc «it Xi and 
very near the vertex V, wheve ^Sli^is pevpendicolftr «o «he curv«^. 4k 
ciicalar arc» wfaofe sadias is iSr, will coaxoide for afmail iliftiitice 
with the cycloidal arc 



<oo. Prot*. J^afenduhm^hegini^vWrateftwn-m^'^tit^t'^ot^ 
it tirck h Atjftnbedt "wbop radim h equal to the ty€htd»1 arc VP, tht 
-vehcity in different pints vnBvnry as tie right Jtm of aritrt^of lUi 
eircki neinfe ^rfeijint is fke^^e defiribediy f ; \ 

Dbm; 



PEKDUI,0V3 MOTION. a3S: 

Dem. The velocity at any poiQt ^is equal to that aA|uired in 
firilin^ through l/k^ (Bjfi(t petyndical flr aWtn^e ArJI'(.^45), whi ch 

is as ^/NR, OS ^I f^-^RF^ or ^ NFx Vp '^VRv, F0^ 99 

^VF*^FE\ or y/FP'^F^^ or %/fO»*— r^*, or qn, QJI.D. 



<oT. Cor. t, Th« velocity theitlbnB eHcreaAis frOM P to i^» ^hem^ 
h is the greateftr being ae V^ and then, it diecreafta in fiich » 
manner that the velocities at all equal diftances from Fxn equal >• 
and confequently the cotemporary changes, or increments as the 
body accedes to ^,,and deoements as it recedes. froqi i^ are equal 
at equal diftance« from F, 



602. .Cor..». If r be die nonibcr of inches through'which a bodjfr 
defcend? from reft by the force of gravity in 1* And A*bethe vcFocity 
acquired in vibrating through f ^or ip falling down the perpen- 
dicular NRi then ^R : j as the f(]ttar^ of the velocities acquired 
in falling through NR and s, 6r as F*x 4^*, and r= \/'NRx 4/ 




y/4,sxNF-FR = ^^x ^FF^ ^RF^^ J^ 



X 



into the right (Ine ^ } and at the vertex (he velocity is equal to 



% 



, /Li Fv , , . „ 



603. Cor. 3*. If a..pendulum begin to ofciHitft at difFerenjt di- 
ftances P^ and ^ frdm the vertex F^ the velocities acquired at 
F in thcfe different vibrations, are p y/WF : y/RFy or as FF ; 
FEt or as FP : F^ or the velocity acqnrred hi vibrating from reft 
'» a» the didadce ffon the ^rtfte tit sAtanAt it Ikee^ to viiw-atew 



604. Cor. 4. If J be the /pace deicribed from scfl^ as in .cor, 2* 
the velocities acquired at F^ in vibrating from different points P 

Gga and 
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♦^ c Jfp ' "' AmS" Oft 

and ^arc^pial tp ^-^^x — , aiid \/YD ^ "T ' ^^^^^^' 
would carry thebbdy pver Aefc- niKiibers of inches in- I'V 



605. Prof, ^he time in which the pendulum vibratet through any^ 
drr QH,t isequti to the time in ^hicb'abid^'wouiddejcribetbe i»r- 
refficmding, eiradarwrc. no.wltb'tbt greait^ velocity Vvy amtinut/ 
uni/ormfy... , : 



• I 



Let M be infinitely near to ^ fo that ^^ may Be defcribed 
uniformly,, and taking Fpj Fq^ Vm^ Fh^ rcfpedtivcly equal to FP^ 
F^ FM^ FHf and drawing the right line ;ii& parallel to F^i nh 
(^^ or ^Jd)inl:i qni F^^ or ^Jd znd.wl are, t» each -other as* 
th£. velocities with which they are defcribed^ and are therefore de^ 
icribed in the fame time. The fame may be proved of the other 
correfponding parts, of ^H. and no^ which are, conieqiicntly^ de« 
icribed in the &mis time. .Q^J). D. 

606. Cbn I. 1rhe times of defcribtng any arcs P^^F art tt> 
each other as the. correfponding circular ^rcsp n^nv, becaufe they 
are defcribed with the fame uniform velocity }. and the time of a. 
whole vibratioa is as the femiperiphery pvx^ 



607. Coc.2.Tlie velocity^ wltb which ^iMTis defcribed, is a£ki^ 




illy equal to ^'-fyfr ^ ^j ^^ the velocity with which nlvs de^ 




fi:ribed, is equal to v^"nEr>^ "^* The time of a, vibration \i 
equal to. the time in which a body would dicfcribc the femiperi» 

^ A t F*D 

phery pvx. with m unifocni velocity equal to 'y/^Ty >^ — »*. 
cheS' in a &CQiid«. * 

» • 

« • 

«o8.eoc. 



rt^dft.TCor.^. If a. bod^ be|irf to ofdlUti from different potnts^. 
P aqd ^ the times of their vibrations dee equal to the times of de- 

icribtrig the femiperipheries of circles, whofe rxdii are FpandF^"^ 

"' /~^ — ~ 

with uniform velocities, which are reipeflively equal to y/'ny- ^ 

-^y mid \/'^jr ^ "^i ^ ^^ tiffle»- are Af the fpaocs or (emi- 

peripheries divided by the -Yclocities, , or divided by their radii J^P* 
and f^^ and arc confequcatly cqiual ; the times therefore of alf 
vibrations^ liowever diifef ent»,are equaL 

• - , ' 

609. PjtOP. Suppofing a pendulum to begin to ofcillnte from any 
point .P> . the time . in^ which M perfonmi - one wbratioHf is to the time of^ 
defient down the am as tbi feripDery^ n^^a.drcTe to its diameter J 

• Dbm: The times of dc(ccnt down D^and FFzvt equal (538);* 
and in this time a bt>dy would defcribe a fpace equal to 2F>^or 
JP^or^/^'with the velocity acquired in falling down FVot FV 
continued uniform; but this is to the time of defcribing ^ v ^ 
with the fame velocity, or to the time of one vibration (607) as- 
the fpacesMefcribed, ov zspVipvxy or as thediameter of a cir- 
cle to its periphery. Q;^. D. 



- 1 



dioi Cor. I. The periphery of a circle, being to its diameter in: 
a.given ratio, it appears again that the times of allvibrktions are 
as the times of defcent down the axis, and confequently are given. 



(r\ f . Cor. 2-. The velocity with which the femiperiphery p vk: 
is dcfcribed, when the time of defcribing it is equal to a vibration^ 



^/^^g^x — (•607) ^ MuUthe time i» equal to ^ . 



» • 




cau&^itnftlQt tbc timeiQl « vBHn^n m u> the- tune of falKng.Aaim 

: tPlf^ the &ime analog as that in thk proppGtiQn. 



• 6 u. . Got. ttw Dkft timr» uf ^yitirfttiooft in- difivreAt cydloidflk be* 
ing e^al to the tUoeso£ defcent down thdt sixes nniltlpUed. into 
tlie lame given quantity, will vary as the times of defccnt d&wn 
the axes, or lengths of the pendukrms} or jfuppolfnif Jtl tO'bef ik^ 
length of a pendulum, and 7* the time of a v^ration, ^nd to be* 
variable j It will be as y/Z^ and L as T** 



t • « 



• • • • . 

613. Cor. 4. If the vibrations l)e very. fmalt the tttmghnat 
fenfibly affe^ed by the cycloidal arcs SJ^SJ^^ and the pendnltrm 
SP will defciibe a circular arc, and hence it appears that veiy 
fmall- vibrati0&& in drciilar arcs ace performed in e^uai . times, 
'the titne^ of defcent down a ckoiihc arc and its chord ace there- 
fan UDeqoalr the former bemg to the time of defcent dowi^ thft 
wis as half the peiiphcry of a circle to its diauieter ; and the lat- 
ter i5'6<|ua]r to the time of defceitf down the diameter^ oif^w: titnea 
the axisi and is con&qiieatl^ to the time of defcent dowa the axis 
as 2:1. . 

. 6]4« Coc. 5< If the pendulum be^n to ofdilate from. B, half 
the time of a vihiatron is to the tinje of defceftt dowii the iniplined 
plane BF^BDiBFi for half the ti'me of a vibration is to the 
time of defcent down the axis, as the femiperiphery of a circle to 
its diameter, or as DFEF{BD) is to D^, and the time down DV 
.: time down; the inelined plane RFiiDV iBF^ and, ex «mio, half 
the time of a, vibration; t time of defcent.dawa the inclined plane 
BF.xBD'.BV. ^ • 



« 



6^^. Cor* «. 31ic fpacc defcnbed by si falling body in x"; may 
•be difcov'ered, if the length of a pehdiifum performbg one vibra- 
tion 



tion 4* « fecbikf b« kn<y«rtt : kt «te tsngHi ^ ifhb )>todfik(ln ^ 

dpheiy pf a ckcle to its diameter :: .3.1 4ii^> &c. (j>) : i and f =:? 
y. But ^-^^ : ^|>ace- iallen through in 1^ (*) :: tj j i* and ;r =ss. 

5^ x/* =s i9}.r mches nearly si: ii.i feet neadf. 



' l6>6. Coc/y. The. IxsigfSixJol liip p hfchthi m ipgrfoaiimUg jqae vi» 
jlra6«n iA'A ^nMycbe difqavefdl, <^ ihe^^pSMeNdsjrMgbaiidnoh Jt 
body defcdtiis kri''ihelui6Wfti ibrieCiAiki^pad^ te^«i^3Ji iiid»ei» 

and (laft cor.): the length, of the pendulum = ^-^ inches: 

ss^D.^ laches. ' . . .* 






^« • V « < • 



617. Con 8. The timeof ^MkF«4I^jp^ion i^^ fae^ 

the length of the pendulum be^ known ;^Tor let' tl be' the given 

kngth of the pendulum in inciies^ and T be the time of one vi-» 

L 
lo^tiwH ^d 7^;:'^rifD9 of *d)^cfiHt ^hratigh ~ :: 3;Yi4i59K^c» ; i :: 

inches,. and <= i6^.i.x izhicbc^Tss 3;i4JJ9>< V ^^xid.ixii 






f*-^iea^rJu■ v :•• -^ 






ing £, > sss /r )^ v^"» and confequehtly N = -' ?<' »y~^* if 

•-♦•/'• *• •} I ♦ * • • ; . • •• ... ^T ... 

«. ^ -« **ii- »r 60X60 / 193x1 ^ , 

T=»6.o X 60*, then N=s zrrrrr x s/-r^^ — ss 60 x to^nxj 
nearly. — - ;. 



:« 619. PkoT« L^M^fifUnlam^ ^bofe length is IZincba^ ti>fe.'or ^ain 
tWijf^numbkr:rf\iil^^om.£kpi^^ Jby n>^Jtt any rmmber. qf'ibauh^ih, 
.to^fini the length ofa^miMlwk tbatJbalLmiridte once mi^./,: 



' V4 






Ts=^ii£ length of the pendulimi required^ and let the num- 
ber^f vibrations performed by T* in i& hours, or b x 60 x 60^' === 
m^ and L performs «r =!= /ij vibrations in b hours } but LiT\:m^ 



* -••« 



mniiin]^ (oi8) and z=:IiX — r— i — • 

J •/ i A J I 



♦ ■» • 



t ' • «ft4«4 «/|*J B ft. 4«**4 ^ -v «»«.J •««.«'#«» WA*» *<«Jt* «Ji 

M 

^ 620. Pit ot>* if ibe Ungtb^f^ a penduium- and the for ci cfgNhyUy^ie 
variable^ the time of an ^dilation varies as tbefquare root of the lengtb 
^:tbcpemdnlm \^^ dimmed iy ibe f^umrt'tmtoj th^ for ct}f g;r^ 



DemI The time oT one ofcitlation varies: as the time 6f<deicent 
7owa the axis, and that is a s the ^qiiare root of the axis directly 

land force mverfely, or as ^ — g- (53^)» o^ *s v/"^?- -QjJ^* §• 

. ?6i I . <Jarr 1. TfaereforeiX is ai ST* Ji €v reod ff* )?^i9jQgiyei^ £ 
is as G : if therefore the lengths of two pendulums, performing a 
%dbratton, ijr ;hefamtf rfhrnber of-Vibk^atiohs/iii'th^^faihi: dirte be 

known» 



•' • 4 
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]caown» tho rttia of the>fDrces of g^vity^ being th« fame wkh (lie 
ratio of thefe lengthsi wHl coniequently be known^ 



622f Cor. Zp Or, if the number of vibrations performed inNthe 
fame time, iii different places, by two pfendylums. whole lengths 
are L and /, be equal to m and m + n refpeflively, the forces of 
gravity G and ^, in the places of obfervation, may be found : for, 

die times of one vibration of the pen4ulums L and ./ are as v^^ ; 
^y~t and m+nim inverfely as the times of one vibration, or as 

O 

^-g : y/— (610), and confequently G : ^ :: iw* x £ : »Hh»l* x 7. 



623. Prop. That part ^ the force ofgravity^ nobiS accelerates or 
retards a pendulum v^rating 4n 4l cychid^ varies dire&ly^as its Stance 
from the vertex. 

Dbm. Let the force of gravity be rcprefeated, in quantity and 
direction, by the line DVt and be refolved into two forces, DF 
parallel to the ftring^ and VF parallel to the tangent at P, or di- 
reftion in which P moves ; and FF (= zVP)^ which only acce- 
lerates P, varies as VP. QJEt D, 

Otherwife: The velocities at i^and M are as ijUy mii the time 
of defcribing ^M is as the included circular arc n li andi fuppoT.. 
ing the time ;; / to be very (mail and given, 4;he accelerating force at 

^\^ as the change of velocity iJ/{453), or as ^^ (fim. trian- 
gles), or, becaufe n I and Vn are given, as f^f or ^^ Q^ D. 

« 

624. Cor. I. The force accelerating or retarding the pendulum 

{jfj : whole force of gravity (G) i: VF : FD :: FP : FB md A zs 

Hh GxFP 



20 FiE¥PVI«Qiys^ M^TI^ail^ 

^^2? } and the tei;ifi0n pf the ftring tGv. f^PifiK^ apd iiSs 

tenfion ag yvw . At the vertex where DP ssDF the tenfion 

o^ the ftring s O, and^ss^t and, at B, Vff sss rj an^^^^G, 
and the teimon ^ o. - 



625. Cor. 2. The tenfion of the ftring : force accelerating or 
retarding P :: DF : PP :: ^/DN : •l^ (fim. trianj^). 



CHAP. 
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C H A P. XI^. 
P R O J E G T I L E MO T I O N. 



6i6u'D9i¥.nr*H^' rm^i or rdniiotii of apffgeEiile, is tkf re0tUneal 

^ JSJhmte Iktweirt tBt puitt tf proji&hn iit/4 ijttptiye *^ 
on any obfiack ; the horizontal range is called the amplitude ; and the 

aA^k ofek^ation is thi angle mfaJriei tit^eentbe h^hulti iittdthe H- 

reSiott ofproje^ion, CM.: 



. 62/. ?ROP. A My pfyeSed in anf. dife^iitf DN». find a^ed ufm FIG. 
hy a tonjlant force, G, in a direSion parallel to 4 rigit Uni D O /«- ^^"^'*' 
etiked in any amigk to DN« wiU defcribe a paraMa^ . . 



«'- ' • ■• «.<* 



Pbm. Let DO be d'efcrib^ from reft, by the* aflioQ oi d in 
the fame time, ?*• ^ which IJfi is defcribed by the .velocity of pro* 
je£lion, and, completing the parallelogram, the bbdy* will, §t the 
end of the time T, evidently be at 22 ^ but DO varies as T* (526), 
or (becaufe the velocity in DN is uniform from the firft law of 
motion, and T varies asiDE) as D£« pr OR*, which is a profwity 
pecuixar fo the common parabola. C^E^^D. . : j 

62 8« Cor. K Th<; parameter belonging to any diameter DO is 

OR* DE* 

equal to ^^q or -j^ (cortic fe£l.); and if the paranteter belong*' 

ing to any point D be equal to "Fd:^ the parabola will paft 

tfarotigh*the point /?• . 

* 
' -' Hha 629* Cor. 



. » 



1 • •% 
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629^ Cor. 2. If the velocity of projection be the fiune, the pa*^ 
rameter belonging to DO will be the fame, whatever be the angle 
€>f psoje6tion ; for the proi.e£lile velocity and 6 being given^. DE^ 

ERy and confequently -wjf^ ^r ther^parameter, ^trc given. 

630. Cor. J. Let IT be the fpace through whkh. a body falla^ 

from reft, when a6):ed upon by the conftant force G^ to acquire a 

velocity, F^ equal to that in any point jD of the curve^ and let v 

be the velocity acquired' in^ falling from B to R^ by the adioi^ of 

feme force G^and Viv:: DE izER (106 >: but TiErR v.V^ini^ 

DE^ 
(5^26.),:; JD>£v.;4EilV and rs=^g^r=i^^ of the paramctcrbe^ 

longing to jDQ^ • 

• 63 f . Gon 4» WCrbe the forte of gra'^aty,- tiie*^axi^ an<f alf dksi^ 
meters of the parabola, are perpendicular to the horizoa$ the ve^ 
locities are equal at equal (liAances^^from the principai vertex ; tho 
time of arriii^ing at the vertex of the axis, or. at thegreateft aid-- 
tude,Js equal to haJf the time of the flight yxhc parabola cuts the: 
horizon ^ and alt lines parallel to the horizon, in equal angl^; and^ 
B'Ei which is parallel to the ordinate. 01!!; is a tangent to thet 
parabola at H;. 

9 

CLXX. *3^ Cor»5^Th€ vefocisy in'^diSerentVpoihtir ^ries m.aribb«<^' 
duplicate ratio of the parameter, belonging, to thoCb points,: or; i£ 
7J£ bethe dire£i;rix and D/ perpendicular to it^ Jn a fubduplicate 
ratio of DLov D S^ S being.the focus, . or, . in the fame parabola,, 
as the perpendiculai^^ 5'}^ upoa^the tangent D 7% The horizontal. 
velocity I)H,. determined by drawing, perpendiculars from the. 
body upon the horizon, varies as D £, and is. confequently unt- 
form Si and the vebcity, therdSore, in any point -D, being as D£„. 
is as the fccant of the angle of" elevation ; and at the principal 
vertex^ Uxe velocity in. the curve and the horizontal .vclocity>.aro 
equaL 

631. Prop- 



^^% PttOP. T§ find tbe Mre&ions in wbicb a bodf^ bein^.fnjeBed ^fj^ 
witt Mnj vekcitj^ V, fnm a given point D^ vnll paji thtough^mf . 

Becaofe F» or the number of feet uniformly deicribed in I'V 
with the velocity of pro}e£tion» is giveiit the ipace DE, defcribed 

from teSt to acquire this velocity^ is known, being equal to 7— 

(iwt. 529)# Draw Djt, equal to 4D£» perpendicular to the ho« 

rizon^ BC perpendicular to DA through its bifedion 6^ and DC, 

perpendicular to jDP; and from Cas a. center, at the.diftance 

CDf describe a circle,, and, if £, r,.be the intededlions of its 

periphery with a right line, palling, through P peipendicular to. . 

the horizon^ DR^ and Dr will be the dire6Uons required ; for. 

(fim. triang.) DA : DR :: DR : RP, and DA :Dr::Dr:rP, 

DR^ Dr* 
and DA{is=i the parameter) =r^-^ or yrp i and .the parabola 



defcribed by a body projefted in either of the directions DR or 
Dr with the .velocity r,. will ^afs througli P (628). <^E. I.. 



634.. Cor% ly Becauie the ^ncs BR and &r are -equal, the lin&» 
DB, makes equal angles with the correfponding dire^ons DR: 
and JDr. Drawing B^a tangent to the circle iit £, a body pro-, 
j^dted in the direction DB, will paf$ through ^ and D^is the. 
greateft diftance upon that line to which the body can be project- 
ed with,±he velocity ^* , 



63 5.: Cdr.2. If DP bfe horizontal, the range upon the hbrizon = p 1 g, 
DP = RN, the fine of twice the angle of elevation FDR; for, by the clxxu. 
property of the circle jlFDR^s=s l-RAD fas 2 £,RCD.^ The hori- 
zontal range is therefore the greateft,. when the angle of elevation iy . 
45^, the fine of twice that angle,, or of 90% being equal to { DA, or 
i of the parameter at £>, or it is equal -to the latus^eftum, for that is* 

always equal to -^^r^vr>which, in this cafe, is.equal to — TrJc^^^^ 

. Becauft 
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;ftoeflufe thfft^ fine<of ittiy angle vanes aa tlie cadKni or diancfir^ if jSk 

horizontal range will be equal to the fine of twice the ad|lfe «# 
elevation ojf this circle multiplied into -j^t or into 4. 






636. Coc.j» If;thj5.am-Al^r produced^ he interfo^ed by, the 
tangent in 3^' the greateft altitade il/r=iAf7'(conic fc£^.)=: 
XFR = f" of the ver£d fine of' twice the txt^ of el4vac(«A i tfWtB 
when this angle is- right, ** of the ver fed fine stll^A. ^oau^ 
the verftd- fines of any angles are as the diameters of the chutes? 
defcribed^ if the circle be defcribed with a diameter equal to> J^^JS^ 
the altitude is equal to the vexfed fine of tmce the onglie of de^ 
vatioh of this cirdei 

637. Cor. 4. The time of the flight is equal ta the time of de- 
£cribing DR with the projcftilc velocity, and varies as DR^ or as 
^Di2, which is the fine of the angle of elevation ; and confequent^ 

ly the time is the greateft when the angle FDR = 90% and it is 
then equal to the time of defcent from reft through the parame- 
ter AD. The time is alfo equal to the time of falling from reft 
through RF, and therefore varies as \/RF, or as the fquare root 
of the verfed fine of twice the angle of elevation, or as the fqtiare 
root of IRFi or the greateft altitude. 



638. Prop. Tbe velocity of project $n, V, and the angle of ekva-^ 
tton being given ^ to defer ibe the path of the projeSlile. 

FIG. ^^t ^^^ *^ numbei- of feet uniformly defcribed in I'V and 

— s=DE=^*'»of the parameter, is the fame whatever be the 

94 

angle of elevation, and the periphery of a circle, whofe radius is 

D£, and center I), will pafe through the foci of all parabolas 

defcribed by a body projeftcd from jD with the velocity J^. Lef 

DE ht perpendicular to the horizon, and DR the diredion of 

pro- 
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pfsjefKoB, and maldag dn anj^ Si>i2 «0^SX>£rS will bcthe 
l^cm : KX drawn perpendiculai to D-S is- tb« diFtfhixi Ttbc 
6iic3iono£ SX drawn paralkl toi>£, k rt» priaci^ vertex, 
and 1$^ the axis; SJf pei^cndiailar to r// is an ordinate) SE 
hi&Et> DTmR and is ^rpendicular to it, and .RF is' a tangent to 
the parabola at r (conic fcA.)- 

639.. Cor. Again, it appears that the arapjitudQ Df is (as in 
art. 635) equal to fouc times the Hne of twice the angle of eleva- - ■ 
tion, for i.MBR = i.SDC= 2^RCN, and DF= 2tiM=s 
itfr^^RN-l 



640. Prop. To JmJ tie kafl vehntj with which a bei) prye3ed, ^i9:^ 
fim a pven.fBtntrlfi vilk hit a-givenfoiiit-9. 

Draw Bl irizonj-and, making PB 
equal to PI P5 by the right line P C, 
neeting .Ot 'i • and, becaufe the trian- 
gles CBP a lilar, CJS = CD, the i.s 
CBP mil BP is a tangent to the 
circle defcri! the diftance CB. Bifeft 
Z>G,draw)i 1, in £; and a bbdjr pro. 
jeSed in tlu ity equal to that acquired 
in falling through ED, will pafs through P (634), and, becanfe 
DP is the greateft range (634), the velocity muft be the leaft 
poffible. Q^E. I. 

£41. Oor. If P be in the bccixon, CJ) and <ri> coincide, and 
the angle of elevation £JDff is equal t(> 45*. 

£40. PSDP. nrrtngitipium} fItMiy9,^u eqiuitt tieprtJUS fto. 
tf theparimtttr enijmn of the angles firmed by tkflaiie andiirec- '^"'"• 
tim ifpryeSim, and the plane and a perpemKailtrrtotie hviaiit, dU 
vided h] the /pure cj the eofne of the fknt'i elevation. 

, Deu. 
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Dim. Phmi trigon.BP:2>K::fin^DJ{Porz.^DR:fin./jD>P. 
ORU}J:;Btu.Djt/toi^JDll:6n./tRDor^JiPDoiDPFi 
and confequently DP .DA:: (mlM)Rx&auLPDR:&n.'U}PFot 
fof.» ^.PDF, and rf^^ ■D-*" «"' ^^J9« « fti. e. PDR 

QiE.D. ' ■■ ■ ■ ( ■^'' ■ ' ' ,^ 

f-fi^i M. '*?■ *^°''.'; ^ ^^- ''•5 ^' '"f *" »»S'' contained betweea 
tuixv. the plane and the direaion- ^= the fine of the angle contained be- 
tween the dire£Hon and the parameters^ perpendicular to the ho- 
rizon i and C = the cofine of the angle contained between the pUne 

and the horizon) and theiangeZ)P='5^^^, and,becaufei)u< 
varies as the fqiure of tlie tetocit;, or F', DP is jc^'"^''^. 
This coroltary may be ^cmi^nflnted difirently by the followine 
procefs : let f' be the velocity of projeaion, or number of feet d^ 
fcribed uniformly in «', and J = the time of de- 

fcribing DR or « P. and RP ) = DP x |, but 

DR = DP X |. therefore D ^T^. «>* con- 

&quentlyflP = ^i^£. 



644. Cor. 2. If DP be bifefted in Mand Mr be drawn perpen- 
dicular to the horizon, the greateft dltitnde ^r= J JIf f= ipR) 

but PJJ : DP :: S : ^and PJ? = 5^ = (fubftituting the va- 

Itle of DP) ^, -i and confcquemly Ur, or the gtcateft.alli- 

■. . F'xS' 
tude vanes as —pi — .■ 

'• • «45.Cor. 



PROJECTILE MOTION, 249 

645. Cor. 3. The tune of the fl^ht is «qoal to the Jthaeof 4e- t i g. 

icribuig VR, ftad is w w-j or, yVssz <tbe oumhec of feet de- 
icribed untfbimly in 1" witih the velocity of projection, the tone 
is «^u$U]r e^al to -gpr- ss (ig, 171.) '^^^ » jumI Jjccaiiie D^ 

IS as F*, the time vaiies a» ^ . The time is alfo eqosfl to t^e 

time or defcent from *reft throogh £A aatd-comequently varies as 
%/PRt or ts ^/W^- 

<646..Cor.4. Stippoling F'to be given, the range DP is the 
greateft when iS^ se ^< or when the direction bifeCh the angle con- 
tained between the plane and the vertical DA^ and if tlie -plane 
DP coincide with the horiron, the ampUtude DP*3*Df {= 

DA X 5 X ^ DA xPRxDF , , . -id *u j- \ 

^5 — -J s=s -^^ ^making DR the cadius) ss 

i^ForJ^iVthe fine of twice the angle 'of ekvation, <Dyf being 
equal to -j^, and ^^, . being given. The greateft altitude 

^47* Prop. Jf htb tie vehciiy of frcjeffim^ V, andtbeangk of 
relevation^ vur}^ the borizontul range or amplitude will vary as the 
fquare if the i^elocity and fine ^ twice the 4^ngle cf elevation. 

©EM. The range, being generally as Qi («45>» win, clxai. 

V^ X 5 -x i? 
^tien DP coincides witli the hoiiaon, be as —^^-t — « «»<*» V ' ''\ , 

the itidiu* be unity, 5 x ^=1 1 of the fine of twice the angle of 
ielevatioh {trigonom.). ««<* *« ■nitplitude oonfeqnently b as.^* x 
•^ine of twice that angle. iaE,l>.. - _ , "» 

Xi Another 
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i^fiotber ^emonfli'ation t • . i \ • ! r .: .•; j .v ,o 



# • • 



t J * /« « 



FIG. . ;Let r = the number of feet defcribed ToniforB^ly in ' i V fcy the 
CLXxvii. n/* 

vdcJcity of projeftion, ahd Vx DL ::' i* :— ^V or the time' of de- 
fcHbihg DL with the velocity pf pro]e£tion> which is equal to the 
jioie of d^fcribing LF from reft, and 2LjF= — r-^^ — :, ^"PP9^V^g { 

9 

to be the defcent from reft ia the firft fecond (529); but, deifribing 
a circle with any diameter Dyi, LF= — j^-r^ — (fim; triang.)* 

and confequently ^, = jjj * and i)L = ^ ^^^^ ; 

and DP(= . jj^. from fim. tiiang.) = ^ j^ t^^ » and; 
as ^* X jR^, bccaufc s and DA are given. QJE. D. 



648. Cor. The greateft ahitiide is generally as — ^ — (644), or 

when 25P is horizontaU as pj-, or, the radius being unity, as 

y^ X verfed fine of twice the angle of elevation ; for S^ =5 [ of thii 
verfed fine.* This corollary is alfo deducible from the fecond dc- 

raonftration; for the greateft altitude 1= — = • =r^ — = 

° 4 ^DA 

DR^ X F* F* % DN 

(fubftituting the value of DL) ^^^^^, = ^sxDA' ^^^ ^^"' 

fequently varies as^* x DiV, s and DA being given. 

649. Prof. 

■ 

* Let the arcs DT^. EFy and the angles DCF and ECF^ be eqaal« and, FCD being the 
CLXXVJ ^^'^ of elevation, EL drawn perpendicafar to the radiuf CJ>^ it the fine, and Dh the rer^ 
ed fine, of twice that angle; and, joining ED and drawing GH from G, the interfedioa 
of CF and ED, parallel to DI, BH =: ^ the fine, and GH n | the icerfed fine. Biit the 
triangles SGH sMd JCG are- fimilar, the angles at Hand G being right, and the £EGHz:;i 
£EDC = Z CEDi therefore EG (= f'iV =; tf) : EHix CE (= i) ; QG {= C;V=J^, and 
£&= 9 X i^ And £G or ^ : GH(zz iLD) ;: C2 ; £G» and confe^uenUy Gif =: S\ 
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« • • ■ • 

649. Pr^d^^ Tie 'Dflodify of projeStion^Yy or number of feet ^df^ 
fcrtbed uniformly, in \" with that velocity ^ ^nd the angle of elevation. 
E, being given^ to find the amplitude ^ altitude^ and time of flight. ' ^ 



*% 



. i..The fpace delcribed from reft to acquire the velocity of pro- 

jeclion is equal to — ,. and the amplitude, when the angle of c|c- 

y% 
vation = 45^, is equal to — (635); but the amplitudes arc as 

the times of twice the angles of elevation, and confequently 

fin. of 90** : Tin. of 2 JS :: — > or I parameter : amplitude, which is 

therefore known. 



2. When the angle of elevation s= 45*, the altitude = 5 of the 

parameter = jp, and, the altitude beiqg always as the vcrfed fine 

of twice the angle of elevation, the verfcd fine of 90^ : verfed fine of 

2E :: Q- : altitude, which is therefore known, 
o s 



. 3. When the angle of elevation is^o^, the tirne of the iQight is 

equal to the time of falling, from reft, down the parameter, — , 

/yi" V" 
and = ^—-r = "T^t and the times of flight being as the fines 

of angles of elevation (637), the fine of 90^ : fine of fi :: — : 
time of the flight, which is therefore khowh. Q^. !• 



650. Prop, ^be amplitude and the angle of elevation^ £, being 
given^ to find the velocity ofprojeSlion^ and the altitude. . 

I i 2 I. Let 
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p. Let the parameter e=s P^ aa4, when the angle of eleratioa is 

■ JP • 

45', the amplitude =» - ; therefore^ the Gxkr of ai? : fin. of 90* :: 

V p s : 

given amf^tude : --^ ^ which b therefore known ^ void the ve« 

kxiity of proje^HcKT, being equal to that acqmred in fatting from 

P / P 

reft throitth — , is alfo known» beings equal to v^ 4 1 x 7 feet in 

4. . . > ■ , 4 

i 
* ) 

. 2. The altitude is found when the parameter b Isaown^ by the 
kf{ propofitioik 

Or, The altitude is eafil^ found by the fonowing procefi : Bw 

ria kSk the amplitude DFlti M, and». drawing JIf T perpendicular ta 

CLXXVir. 2j|7 j|^ angles in the triangle DMT, and the fide DM, are 

known, and MT may be found from trigonometry; and conle*^ 
qucntlyMranLMTisknowm Q^.L ^ 

SCHOLIUM. 

6^1* By a fimHar proceis the converfe of thefe propofitxoos are^ 
eafily folved^^that is; i. the amplitude and altitude being given, to^ 
find the velocity of pro]p6tian and angle of eleva^oa^^ 2^ the ve«-^ 
locity of projection and altitude being given^ to find the amplir- 
. tude and angle of elevation.^. and>. 3.. and the angle of elevatioo. 
and altitude being given, . to find the amplitude and velocity. 

aC HO*LLU M IE 

• 

652. In the theory of projectiles, the medium is fuppofed tO:b^ 
void of lefiftance^ which. fuppofitiou does<not obtain in pradic^, 
Hke refiftan^e of the ^r being variable according to the different, 
vdodtiea and magnitudes o£ the projectiles^, and always confiderf- 

able.. 
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ahle.^ i.If a muiket JaS!, p£ )$^of aninth ctiiimcter^ fiefiecdv 
from a piece fcut^-five wcbes long, mlth kalf ito wdighft of pov* 
der, its velocity U neariy 1700 feet in i^ and its horiaontal ranges . 
when the angle of elevation is 45^, ought to be about feventeea 
miles; but fpofh |>ra£tical writers it appears, that the range ia 
kis than half a Qiile. A» iMn ball^f a4U>. weight, difcharged 
with a full charge «f poWdir, has a velocity of 1650 feet in i\ 
and its horizontal range at 45'' would be about fixteea miles» wer«. 
the path defcribed a parabdla ; but, from experiments, it appeara 
not to be three miles, and not \^^ part of the fpace inveftigated by 
^e theory. When . the velocity of the (hot is about 40a feet ia 
j'', the refiftance of the air is ftill confiderable, and ndther the 
amplitude, height or timd of flight, corre(pond with the theocy*. 
This refinance i& coAfirmed by the conftant obfervation of all con^ 
verfant in the pirojeltid^ of bombs ; for the ranges at elerationi 
equally diftant from 4$% ought, according to tlie theory, tabe: 
equals but the ranges of a (hell pro}e6l:ed at an elevation of 15^ 
er 20^^ are always found to; be greater than thofe pro)e6^ed a6 
elevations ^equal to 60*^ or 65^, though equally diftant from 45^: 

Pro)eftiies,. who^e motion is! fehfible to the eye, are feen to de« 
fcend in a curve obvioufiy fliorter, and inclined in a greater 
angle to the horizon^ than that in which they afcended; and 
whoever views, in a proper fituation, the flight of ftones,.arrows». 
ihells, &c. pro^i5)^ to any coniiderable difl:ance,.may fee evidently 
that the ^rtex <>f the cai've or greateft altitude,^ divides the path 
defcribed into two unequal psrts,. and is more remote from the.* 
poifft of proje^on,'.thati wher&the<projeftile.falls^to the. grounds. 



I 

A 

A53. A body, projected with, a confiderabk ▼cldcity, is^oftent 
npt only affected by the re^ftance of the. air, and defledecL 
IrotB a parabolic path in a direftion perpendicular to* the hori- 
zon, bm is made, to deviate laterally and. thatvgc the plane of. 
tnodon» The path of a tennis-ball,, ftrock with great force, it. 
plainly obfervcd to be incurvatcd lid©way4^a» wteW'as downwards,, 
and to moTC.in a different plknc from that AH(ing>/rom the com*- 

bioedt 
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bined adioa of gravity: and ^fooc^ofi profcdHori. -Buircts are not 
enljrdeprefied beneath dhe Ime.^f jiroyeSbibn^ but deflefbed to the 
right or left of that ditcftibn Myitki9 cefjftafice of the air, or adiont 
of fbme other forces Mr. Robins fixed a barrel^ carrying a baU 
of 1^^ of an inch diameter, and, firing at a.mark, one foot and f^ 
fquare, at the di(lam:e of i So. feet, mifi^^ it only once in fixteeo: 
fiicceflive trialsrj but whftn the Tame I^9ltelvfa$£red with a (mailer 
quantity of powderj /he foitnd the baU:tQ be defle6ted loo yards 
to the right or left of the line aimed at and placed at the diftance 
of 760 yards'; and its direction in the-j>erpendicuiar was equally 
imcertain, its rSnge diflfering fometimes 2po yards. Becaufe the 
£3rce of gravity a^s always ii^ a direfbioQ perpendicular to the ho- 
rizon,, aiiody proje4>ed in anydircftibn wpuld, if liiirf filled, be 
always in the, fame- vertical pJane, v'hich, as is obferved, is not true^ 
in faft-, and, therefore, befidcs the refiftance of the air to the pro* 
grefiive mot ion of the body, there is another lateral force producing 
a deviation from the plahe of projedlion, which is probably the 
inequality of refiftance ;uppn its furface: for, if the furfacc of a. 
projeftile, protruding the particles of a fluid, be equally refifted in, 
every ^>oint, it is obvious that tjbe; plane ijn whicb' it firft mbvcsiis 
not altered. But fuppofing t\}Q i:Qrifl:ances iyipn ^ifffrcntrfides of 
a body to be unequal, it will be impelled, by the greater refiftance, 
towards thofe parts where the refiftance is leaf^i and thus either 
diverge laterally from-.the fifft plane of mpticon, or afcend, 0/ de^: 
fiiend in that planp, beyond the altitude inycftigated by thetheoiylt 
A- motion of rotation cound an axis will, produce tbi$ inequality^ 
o^ refiftance upon tlie different fides of a.projedije, andiConfeti 
quently its irregular motions ; for the parts of a revolving body 
are expofed to the air, which is protruded, in diflferent angles of 
obliquity and with different forces, aiid diiift therefore be differ- 
enriy.refifted* Jf thfi axis of /Qtation be. perpendicular tii) the 4i. 
«fltioh,the bodywilLbc defleaed naturally frgqi the vertical plane f, 
and bcciufe:the velocity of the body/ and- c^nfequently refiftancci 
of the air, are variable,; this defle£rion will be different in different 
points, or it will be a curve line. That this lateral deviation is. 
produced by a motion of rotation feems to he confir;ncd by.expe^l 
riments* : Let a fphere of wood, fufpendcd, freely bya cord In a* 
- • current 
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current of air, be made to revolve round a firing as an axis, and 
the parts of its furface, on oppofite fides, oppofing or confpiring 
with the motion of the particles of the fluid, are unequally im- 
pelled by it, and the fphere is always deflefted towards that fide 
whofe refiflance is le^ll* Or, let a wooden ball, loaded Vfith lead, 
be fufpended freely in a flream of water by a twifted cord ; and, 
as the cord returns to its natural flate, the ball revolves round it, 
and moves graduaiyj;t3}ys^ci9t}ie^ule^«|Wb$^^^ is leaft, 

or where the parts confpire with the tnqtion o^tjig water. .When 
the ball; arrivieft at ite utmoit wt6nt,:it is; quktcent for a iiibij^ 
and returns gradually \o its fiffi fituatidn»' and is again ^eifcent 

tiU thc:inotittn.af the ball twifltUejcor^jt^^ it 

Ithlrt *ihbYeS ^'aHb loWaMS the other *de j ^atid in this 'manner the 
ball continues to vihmtB.tilL its motion bf^d^ftrb^^^^^ 
and it remain quiefcent in its firft lituatibm* flTlte tnag^insde^nd 
dire£tion of refiftance of the air, ahdconfequontSdc^iatic^irom 
theory, can only be afcertained by a feries of ^tperimetifs; yhiich, 
refulting from the operation of cauies .apparently fiuf^uating and 
uncertain, produce an inconfiflencjf in the fame experiments^ 'dnd 
render. the.fub]e/5t at leafl: yery complicated and difficult ^. . 

* Sj^e RoblniS'*]rra^$'0fOtftttie^^ p« ttjy ftc. iind Eder*s True Principles of Gunnery^ 
t>7 Mr* Brown. ' .' 
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S*. art. 48* «• f . Ar ^ KaA A«^ ^^ '^ ' <H <m4 £iE> 

so. ex. s> <Afr or clofeneit. „ '■ _. ^_ 

. . flMenttndef. . . . 

S.«iftf.AH^MmNMA«rAe«MMii*itiili«illw* i 



1 cs. L • by the diicaion of the refiftaaoes \i nnderftood the n^ciioe la wlu& the rt^ 

the qaantities leallr exerted apon the wedge, ^it «^hlcA *odd1>e ex^rtpd 

if no pert were loft. 

iS6. the following ooroIUry wanting to art. 470. If the ciick does not cat or tonch the 

line DHp the bodies will nerer meet. 

^» .^ ^ velocitr of r X A/ 
J97;.art.500. fir * velodty of Fx SJ^ nml = a^ 



198. art. $00. 1. a. for ai x SF^ read ai X ^F X SC. 
^31. art.589. fir arc» rmd dMtd» in which cofoUar] 
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